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Preface 


This book is intended for use in a first course in abstract algebra or a course that 

uses abstract algebra as the vehicle for developing the ability to read and write proofs. 

The subject matter is arranged to cover the familiar number systems (the integers, 

rational, real, and complex numbers) early in the book. For this reason, it will be 

especially useful in a one-semester course for prospective secondary school teachers. 
This book has two primary goals: 


1. to present the subject matter of abstract algebra in a manner that is under- 
standable to students, and 
2. to develop in students a confidence in their ability to read and write math- 


ematical proofs. 


Our Approach 


To meet the objectives listed above, we have tried not only to present proofs clearly 
and simply but also to indicate where the ideas for a proof originate. Whenever 
possible, we proceed from familiar or concrete ideas to new or abstract concepts. 
This approach has influenced our sequence of topics: We believe that students are 
better able to understand the concepts of abstract algebra when they are presented 
in the context of a familiar number system than when they are first met in the un- 
familiar context of groups. We place particular emphasis on examples that involve 
algebraic systems (such as the integers, matrices, and polynomials) with which stu- 
dents have prior experience. 
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We prefer to avoid abstraction for its own sake and so do not always present 
the most general version of theorems. Students taking more advanced courses will 
have many opportunities to experience and appreciate the value of abstraction. 
Nevertheless, we emphasize how the axiomatic method is an efficient way to or- 
ganize, analyze, understand, and draw conclusions about systems with a common 
algebraic structure. 


Distinguishing Features 


Style of Presentation This book is written to be read by students. We have enli- 
vened the material whenever possible, and we have tried to keep our writing simple 
but precise. Although our style is informal, ngor has not been sacrificed. 


Class Tested In addition to the usual number of reviewers hired by the publisher. 
this material has been continually refined by class testing. The manuscript was used 
for seven semesters at Illinois State University by seven different instructors and at 
Texas A&M University by Professor Susan C. Geller. It has benefited greatly from 
their comments. 


Exercises There are more than 2000 exercises in this book. Many of these are 
computational in nature, so the student can develop a firm understanding of the math- 
ematical content before encountering exercises that require a proof. Although there 
are many routine exercises, there is also a sufficient number of more difficult prob- 
lems to challenge better students. Other exercises extend the material in the text or 
introduce new concepts not covered there. This wide range of exercises allows a 
course from this book to be taught at various levels depending on the preparation 
and ability of students. An instructor should choose those exercises appropriate to 
the course and students. 


Supplementary Exercises Each chapter concludes with a set of supplementary ex- 
ercises that require the use of the concepts presented in the chapter. Many of these 
exercises extend ideas encountered within the chapter or explore new ideas not con- 
sidered elsewhere in the text. 


Answers to Selected Exercises Answers to odd-numbered computational exercises 
appear at the end of the book. In addition, the answer section contains a complete 
proot of one or more of the exercises in each section. (These exercises are denoted 
by a circled number, for example, @.) 


Biographical Sketches We have included biographical sketches of some of the per- 
sons who have contributed significantly to the mathematics covered in this book. 
Such material enables students to see that mathematics is a human endeavor and 
places the mathematics being learned into a historical context. 
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Flexibility In order to accommodate the variety of curricula that exist, we have 
made the book as self-contained as possible. In fact, there are only two results cited 
in the text that are not proved or included as exercises—the fundamental theorem 
of algebra and the fact that a polynomial is solvable by radicals over the rational 
field if and only if its Galois group is solvable. Chapter | contains the background 
material on logic, sets, relations, and functions that is prerequisite to the study of 
abstract algebra, and Chapter 2 contains fundamental properties of the integers that 
will be needed in later chapters. Depending on the background of students, some or 
all of the material in these two chapters can be omitted. 

In our desire to make the book self-contained, we have avoided references to 
linear algebra. For students who have studied linear algebra, there are many parallels 
between the concepts encountered in that course and those developed in this book. 
For example, subrings and homomorphisms are analogous to subspaces and linear 
transformations. Instructors whose students have studied linear algebra should em- 
phasize these relationships. 


Prerequisites 


Even though a course taught from this book has few formal mathematical prereq- 
uisites, students are assumed to have the mathematical maturity ordinarily obtained 
by taking at least one year of calculus, including problem-solving and algorithmic 
skills, and the ability to think abstractly. 


Chapter Interdependence 


The sequence of chapters allows flexibility in teaching a course from this book. The 
diagram on the next page shows the logical dependence of the chapters. 

As shown in this figure, Chapters | and 2 provide necessary background for the 
remainder of the book. The study of abstract algebra begins in Chapter 3 with rings. 
This leads naturally to the study of fields in Chapter 4. Most of thts chapter ts de- 
voted to the familiar fields of elementary mathematics: the rational, real, and com- 
plex fields. For the sake of completeness we have included a sketch of the construc- 
tion of the real numbers from the rational numbers via Dedekind cuts. This material 
(in Section 4.6) is not central to the rest of the book and can therefore be omitted. 
Chapter 5 covers polynomial rings, espectally those over the rational, real, and com- 
plex fields. The study of fields culminates in Chapter 6 with a discussion of extension 
fields and the identification of all finite fields. Elementary group theory ts presented 
in Chapters 7 and 8, culminating in a discussion of the insolvability by radicals ot 
the general quintic equation. The book concludes in Chapter 9 with an application 
of group theory to coding. 


5 Polynomials 


6 Extension Fields 


*Section 8.5 requires Chapter 6. 
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To the Student 


The subject of this course is algebra. Since you have been studying and using algebra 
for many years, you may wonder what more there is to learn. Some of you may be 
planning to teach algebra someday. But the purpose of this course is not for you to 
brush up on your high school algebra skills, to spend time multiplying and factoring 
bigger polynomials than ever before, or to solve problems of the type “when Anne 
was twice as old as Bob will be next year, Clara was. . . .” 

The idea of this course 1s for you to understand the algebra you have done in 
the past, even the arithmetic. For example, most people learn a process of long 
division which involves writing down numbers in a certain pattern, then performing 
a series of steps that lead to a quotient and remainder. However, few understand 
why these steps lead to the correct answer. 

But why should you, as long as the answer is right? In the days when human 
beings were paid to do mathematical computations, perhaps getting the right answer 
was the bottom line for some. But now a calculator will do long division problems 
as fast as you can push the buttons, and computers can be programmed to calculate 
the payrolls of major companies or solve large systems of equations tar faster and 
cheaper than humans ever could. 

This does not mean that there is no longer a need for mathematically competent 
people. What it means is that humans will be needed to do what computers cannot: 
to decide what mathematics should be applied to a real problem, to tell computers 
what to do, to invent new mathematics to solve new problems, and to explain math- 
ematical techniques to other humans—in other words, to understand. 

For most topics there are different levels of understanding. and we need to achieve 
them in a certain order. Consider complex numbers. The way most of us were in- 
troduced to complex numbers was by being confronted with a new quantity 1 = 
V~-1 after years of hearing that the equation x” = ~1 had no solution. This strange 
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“number” i combined with the numbers we knew according to the old laws, but it 
had the convenient property that i> = —1. We suppressed our natural disinclination 
toward allowing this interloper into the comfortable realm of real numbers, and we 
even learned to compute that 


(2 + Si) + (7 — 81) = 9 — 33 
and 
(2 + 5i(7 — 8i) = 2(7) + 2(—8i) + 5i(7) + 5i(—8i) 
= 14 — 16i + 35i — 4077 
14 — 16i + 35i — 40(-1) 
= 54 + 19%; 


i 


but somewhere in the back of our minds was the feeling that we had bought swamp- 
land in Florida and now were making the payments. 

Actually there is nothing phony or “imaginary” about the complex numbers, and 
they are very useful in many practical areas, such as the alternating current that 
powers toasters and television sets. But a thinking person will want some justification 
that they exist and follow the usual rules of arithmetic. 

In Chapter 4 of this book that justification will be given. All you have to believe 
in is pairs of real numbers, such as (3, —5) and (6.4. \’2). If you have ever plotted 
points in a plane, you have used these already. These pairs will be added and mul- 
tiplied by the following rules: 


(a, b) + (c, d) = (a + c,b + d), (1) 
(a, b)(c, ad) = (ac — bd, ad + bec). (2) 


Then it will be proved that with these definitions, all the usual laws of algebra hold— 
that is, the associative, commutative, and distributive laws. In other words, you can 
calculate with these pairs just like ordinary numbers. 

Notice that if we take b = d = O in (1) and (2) we get 


(a, 0) + (c, 0) = (a + c, 0), 
(a, O)(c, 0) = (ac, 0). 


If we ignore the “(, 0)” part, this is ordinary addition and multiplication of real 
numbers. Thus the pairs of the form (a, 0) calculate just like real numbers. with 
(a, 0) corresponding to a. In particular, (—1, 0) corresponds to —1. 

You are now invited to take a = 0, b = 1, c = 0, and d = 1 in equation (2) 
and compute 


(O, 1)(0, 1) = (—1, 0), 


so that (0, 1) corresponds to —1. We have found our \’ —1. namely the pair (0, 1); 
and the pair (a, b) generally corresponds to what is usually written as a + bi. 
Thus if you work through the arguments in Chapter 4 you will have attained a 
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higher level of understanding of complex numbers, knowing, for example, that their 
existence is on just as firm a foundation as the real numbers. Even so, other questions 
will occur to you. Will this process of inventing i = V/-1 have to be continued, 
and, if so, will it ever stop? For example, what about the equation x? = i? Will we 
have to introduce a “superimaginary” number j = V/i to solve this equation? The 
answer is no; all equations with complex coefficients have solutions in the complex 
numbers. This result will be discussed in Chapter 5. 

Some may still be bothered with the development of the complex numbers out- 
lined above because it seems to come from nowhere. In particular, what is the source 
of the definition of multiplication given in equation (2)? In Chapter 6 you will find 
out how the definitions in (1) and (2) arise in a natural way. 

In the last few paragraphs we have described a progression of levels of under- 
standing of the complex numbers. There are certainly many more levels, but you 
will probably need a course in complex analysis to reach them. 

Most of the objects you will study in this course are probably already familiar 
to you. These include the integers, rational, real, and complex numbers, matrices, 
and polynomials. But your knowledge may be only that of a consumer, like an in- 
experienced driver who has no idea how an automobile works. If the engine starts 
making a funny noise, the driver does not know whether to ignore it, stop the car 
and walk to the nearest gas station, or take some action in between. A little basic 
knowledge would help him or her to get more out of the car. In the same way, this 
course should give you the background you need to be an informed consumer of the 
standard systems of mathematics. 

Now for some specific tips about taking this course. You have probably already 
been told that mathematics is not a spectator sport, and that the only way to learn 
mathematics is by doing it. We are repeating this advice here because it’s true. You 
can’t learn to play the guitar or shoot free throws just by watching someone else, 
and you can’t learn abstract algebra just by reading this book or attending lectures. 
Your mind must be in gear and active. When reading a mathematics book you should 
always have paper and pencil handy to work out examples and the details of com- 
putations. When attending a mathematics lecture it is best to have read the material 
already. Then you can concentrate on seeing if your understanding of the content 
agrees with that of the professor, and you can ask questions about any difficult points. 

Of course one of the best ways to be active in learning mathematics 1s by doing 
exercises. There are many exercises in this book—some are purely computational, 
others test understanding of concepts, and many require constructing proots. An- 
swers to odd-numbered computational exercises are in the back of the book, but 
don't look before you have determined your own answer. If your work consistently 
gives the same answers as in the back of the book, then you can have confidence 
that you are on the right track. 

There is a common notion (reinforced by some courses) that if you can't figure 
out how to do a problem in five minutes you should go on to the next problem. This 
attitude becomes less and less relevant the more skillful you become —in any field. 
Very few accomplishments of any importance can be done in five minutes. 

Many students do not realize the importance of learning the technical language 
of what they are studying. It is traditional in mathematics to give short, common 
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words special meanings. Words such as set, function, relation, ring, field, and group 
have precise definitions that must be learned. Otherwise, how can you understand 
what you read in this book or what your professor is saying? These technical words 
are necessary for efficient communication. How would you like to explain a baseball 
game to someone if you were not allowed to use the particular language of that sport? 
Every time you wanted to say a pitch was a ball you would have to say it was a 
pitch that was not in the strike zone and that the batter didn’t swing at it. Com- 
munication on such a basis would be cumbersome, if not impossible. 

Finally, proper terminology is necessary to share information in a useful way 
with others. Mathematics is a human endeavor, and human cooperation depends on 
communication. In the real world, it is seldom sufficient simply to figure something 
out. You must be able to explain it to other people and convince them that your 
solution is correct. 

Doing proofs probably causes more fear and frustration than any other part of 
learning mathematics. It is a challenge that every serious mathematics student must 
confront. Like anything else of value, it will involve failure as well as success. and 
will take time. You will not just wake up one moming and be able to write proofs. 
The most important step for beginners is to learn what is and what is not a proof. 
The standards are absolute; everything must be nailed down. You will have to worry 
about things that were glossed over before. For example. if vou divide by a real 
number, could it be zero? Every case and detail is important. De not think vou have 
to be a genius to write proofs, however. Not everyone is a Michelangelo, but anyone 
can learn to apply paint to canvas and make it stick. 

How do you start in finding a proof? To begin you must understand completely 
what you are trying to prove and what is assumed. You must know the definitions 
of any technical terms involved. Unless you can close the book and write down 
exactly what you are trying to prove from memory, you probably do not understand 
the problem well enough to solve it. 

What about the proofs of recent or related theorems in the book? Could one of 
them be adapted to solve your problem? Could the theorem itself be applied? What 
about the exercises that come betore 1? Unless some particular method of proof is 
specified, any previous exercise may be assumed. Perhaps Exercise 28 contains a 
fact that is just what is needed to prove Exercise 29. 

Don't get locked into a single way of proving something. Let vour mind wander 
free; consider a variety of ideas. Of course most of them won't work. but vou have 
to start somewhere. Discovering proots demands a strange combination of the free 
conceptual flow of an artist and the rigid standards of an IRS auditer. You need the 
flexibility of mind to come up with original ideas, yet the discipline to discard any 
that do not work. ‘ 

You should not expect to write down even the most straightforward proof in its 
final version after one attempt, any more than you would type out a short story and 
turn it in without corrections or revisions. More hints on constructing proofs, in- 
cluding examples, will be found in Section 1.1. 

We hope your study of abstract algebra is successful and that you get from it 
techniques and attitudes that you will find useful for the rest of your life. 


CHAPTER 1 


Mathematical Preliminaries 


In this chapter we will review some familiar mathematical structures, paying special 
attention to the particular algebraic rules holding in each. These will provide ex- 
amples for later chapters, in which we will shift to a more abstract setting, classifying 
systems by the algebraic rules they satisfy. This abstraction will provide a more 
efficient derivation of additional rules and will allow us to understand better the 
important algebraic constructions of mathematics. 


1.1 LOGIC AND PROOF 


In mathematics words must be used in a precise way. In this section we will consider 
the conventions by which mathematical truths are expressed and how further truths 
can be derived from them. 


Statements and Truth Tables 


Mathematical discourse can be broken down into statements, that is, assertions that 
are either true or false. For example 

Se 12 
is a statement (it happens to be false), while 


onions smell bad 
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is not a statement, since people would disagree whether it is true or false. Another 
nonstatement is 


ba => IP 
if there is no other information about x. 


Statements may be combined to form more complicated statements. If P and Q 
are statements, then 


PandQ 
is true exactly when both P and Q hold. Of the following statements: 


(a) 5 < 12 and2 < 3 
(b) 5 < 12gand 2 = 3 
(co) 3 > Terand:2-<— 3 
(d) 5 > 12 and 2 > 3, 


only statement (a) is true; statements (b), (c), and (d) are false. On the other hand 
PorQ 


is true exactly when at least one of statements P and Q is tme. Of the following 
statements: 


(6) 5 = lyon 2 = 3 
(Gd) 3 [Zeon 2 >°3 
in) > = 12 or 2 5 
(h) 3S =] 12 or 2 3, 


all of statements (e), (f), and (g) are true: only statement (h) is false. Note that in 
mathematics “or” is always used in the inclusive sense. including the case when P 
and Q are both true, as in statement (e) above. 

Our usage of “and” and “or” can be summarized in the following truth table. 


PandQ PorQ 


true true true true 
true false false true 
false true false true 
false false false | false 


Another way to combine statements P and Q logically is as 
P implies Q 
or 
if P, then Q. 


This very important compound statement, called an implication, has the following 
truth table. 
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P implies Q 


true 


true false false 
false true true 
false false true 


Thus the implication “P implies Q” is true unless P is true and Q is false. 
To illustrate “P implies Q” we consider a landlord who runs into a tenant on 
the street, and asks if he has paid his rent. The tenant says 


S,: If you had my furnace fixed, then I paid the rent. 
This has the form 
if P, then O, 
where P and Q are as follows. 
P: The landlord had the furnace fixed. 
Q: The tenant paid the rent. 


The possibilities are as follows. 


Fact if P, then Q 


(i) The landlord had the furnace 
fixed, and the tenant paid the 
rent. 

(j) The landlord had the furnace true 
fixed, and the tenant didn’t pay 
the rent. 

(k) The landlord didn’t have the false 
furnace fixed, and the tenant 
paid the rent. 

(1) The landlord didn’t have the false 
furnace fixed, and the tenant 
didn’t pay the rent. 


false 


true 


true 


We consider that the tenant has told the truth except in case (j). Notice that he 
is truthful in case (k), when he pays the rent even though the furnace has not been 


fixed. 
The converse of the statement 


P implies Q 
is the statement 
Q implies P. 
In our example, the converse of the tenant's statement is the statement 


S,: If I paid the rent, then you had my furnace fixed. 


~ 


4 Chapter 1 Mathematical Preliminaries 


In general an implication and its converse have different meanings, and one may be 
true and the other false. For example in circumstance (k) mentioned above, when 
the rent is paid even though the furnace is not repaired, statement S, is true, but its 
converse S, is false. 

If P and Q are either both true or both false, we say 


P if and only if Q. 


P if and only if O 


true 


true false false 
false true false 
false false true 


It can be shown that this amounts to saying 


(P implies Q) and (Q implies P). 


The statement 


not P 
means that P is false; it is true if and only if P is false. as shown in the following 
truth table. 
[e not P 
true false 


false | true 


We call not P the negation of the statement P. 
The contrapositive of the implication 
if P, then Q 
is the statement 
if not Q. then not P. 
For example, the contrapositive of statement §, is the statement 
S;: If I didn’t pay my rent, then you didn’t have my furnace fixed. 


It can be shown that the contrapositive of an implication is true if and only if the 
original implication is true. 


Statements Involving Variables 


Many mathematical statements involve variables, which are qualified by words such 
as “for all” or “there exists.” Suppose we are talking about the integers, that is. 
the whole numbers 0, |, —1, 2, —2. 3, —3. ete. Consider the following statements. 
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(A) For all n, 22 + 1 is odd. 
(B) For all n, n° = xn. 


5 
< 


n 


(C) There exists an n such that is an integer. 


(D) There exists an n such that n°? + 34 = n? +n + 1. 


Statement (A) really amounts to infinitely many assertions, namely that 
2-0 + 1 = 1 is odd, that 2-1 + 1 = 3 is odd, that 2-(—1) +.1 = —1 is odd, that 
2:2 + 1 = 5 is odd, etc. The fact that 1, 3, —1, and 5 are all odd does not confirm 
statement (A) in general, although it might lead us to suspect its truth. 

Likewise statement (B) asserts that 0° => 0, 1° = 1, (-1)° = —-1, 2? = 2, etc. 
The four statements just listed are all true, but again this is not sufficient to confirm 
statement (B) in general. In fact, taking n = —2 leads to the statement (—2)’ = —2, 
or —8 = —2, which is false. Thus statement (B) is false. This illustrates the fact 
that only a single counterexample is sufficient to show that a “for all” statement is 
false. 

The truth of statements of existence such as (C) and (D) is easier to confirm 
than that of “for all” statements. For example, since (—3)' + 34= 7 = 
(—3) + (—3) + 1, statement (D) is true. That is, statement (D) is true because —3 
is an integer, and 


mt+34=n7+n+1 


forn = —3. This illustrates the most common way of confirming the truth of a “there 
exists” statement, namely, by actually exhibiting an object of the type that is claimed 


to exist. 
Showing that a “there exists” statement is false is more difficult, however. For 


example, none of 
0? + | +1 (-1/’ + 1 2 


9 s 


Saeed 3 3 3 3 


are integers. Yet these five examples do not show that for no integer n is (n° + 10/3 
an integer, and so they do not in themselves imply that statement (C) ts false. 

A famous assertion of the falsity of a “there exists” statement is that of the 
French mathematician Fermat, who in the 1600s claimed that the following statement 
is false: 


(E) There exist positive integers x, y, z, and n, with n > 2, such that 


The truth or falsehood of statement (E) has never been settled to this day. 

The negation of a “for all” statement is a “there exists” statement, and the ne- 
gation of a “there exists” statement is a “for all” statement. For example, the fol- 
lowing are the negations of statements (A) through (D). 


(A’) There exists an m such that 2n + 1 is not odd. 


(B’) There exists an n such that n° <n. 
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Proofs 


2 
n 
(C’) For all n, ane is not an integer. 


(D’) For all n,n? + 344 n° +n+ 1. 


It is easy in mathematics to come up with statements whose truth is not obvious; 
examples are statements (C) and (E) above. Such statements call for either a coun- 
terexample or a proof, that is, an argument sufficient to convince a knowledgeable 
person that the original statement is true. Such an argument consists of a sequence 
of statements, each of which can be seen to be true on the basis of previous state- 
ments in the argument, rules of logic, definitions, previously proved theorems, etc. 

Although it is possible to establish in logic strict rules for the structure of a proof, 
in mathematics it is traditional to write proofs in a more informal style. Such in- 
formality has its limits, however, and a proof should satisfy the basic standards of 
the language in which it is written. Thus a proof should be written in English sen- 
tences, each beginning with a capital letter, ending with a penod, and including other 
appropriate punctuation. The best way to learn an acceptable style for writing proofs 
is to study those in your textbooks and mathematics classes. 

We will now give a few examples of proots. These will involve familiar concepts 
that we will study in more detail later. For the purposes of our examples, however, 
we will need only a few properties of the integers. An integer 7 is even if m = 2k 
for some integer k, and odd if n = 2k + | for some integer k. We take it to be 
known that every integer is either even or odd, but not both. 


@ PROPOSITION 1. /f 7 is an even integer, then n° is also even. 


Proof Since n is even, we have n = 2k for some integer k. Then 
nome (2k) = 22K). 
Thus n? = 27, where j is the integer 2k?. and so by definition 1’ is also even. 
The statement of Proposition 1 is of the form “for all n. if Por), then Qn)”, 
where 
P(n) = “niseven” and Q(n) = “n’ is even”. 


In such a statement P(7) is called the hypothesis, and Q(71) is called the conclusion. 
The proof given is called a direct proof, in that we simply assume the hypothesis 
and after some argument arrive at the statement of the conclusion. The proof of our 
next proposition uses a less straightforward attack. 


‘We use the symbol Ml to signal the end of a proof or example. 


1.1 Logic and Proof 7 


M@ PROPOSITION 2 [fn is an integer and n° is even, then n is even. 


A direct attempt to prove Proposition 2 would be to assume that n? = 2k for 
some integer k and then try to show that 7 has a similar form. This does not work, 
mainly because taking a square root is not as simple algebraically as squaring. 

We will prove Proposition 2 by proving instead its contrapositive. Recall that 
the contrapositive of the statement 


if P, then Q 
is the statement 
if not Q, then not P; 
and that this is equivalent to the original statement. Thus the contrapositive of 


if n? is even, then n is even 


if n is not even, then n” is not even. 


Proof (of Proposition 2) We will prove the contrapositive, namely, that if n is not 
even, then n° is not even. (If you are going to use a particular type of proof, it is 
helpful to tell the reader so at the start.) If n is not even, then n is odd, and so 
n = 2k + 1 for some integer k. Then 


NW = Ghat ly 40° + 4k + 1 = 2(2k° 2k) +1. 
We see that n° is odd, since it is of the form 2j + 1, where j is the integer 2k” + 2k. 
Thus n’ is noteven. @ 
Many theorems contain the words “if and only if”. As we have already indicated, 
“P if and only if Q” 
is equivalent to 
“if P,thenQ” and “if Q, then P”. 


Thus the proof of an “if and only if” statement usually consists of two separate 
arguments. Consider, for example, the following proposition. 


@ PROPOSITION 3 /fn is an integer, then nis even if and only ifn is even. 


To prove Proposition 3 one would have to combine the proofs of Propositions 


1 and 2. . ene’ 
Sometimes a proof involves considering cases. The following proposition ts an 


example. 
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M@ PROPOSITION 4 /f the integer n is odd, then n° — | = 8m for some integer m. 


Proof Since n is odd we can write n = 2k + | for some integer k. Then 
n?-1=(2k+ IP -1= 4k + 4k 4+1-1=4kk + DD). 


We need to show that the latter expression is of the form 8mm. 


Case 1 The integer k is even. 
Then k = 2j for some integer j. Thus 


n> — 1 = 4(2j)(2j + 1) = 8(2j? + J). 
We see that n”7 — 1 = 8m, where m = 2)” + j. 
Case 2. The integer k is odd. 
Then k = 27 + 1 for some integer j. Thus 
n? — 1 = 4(2j7 + 1)(27 + 1 + 1) = 4027 + 1I)Qj + 2) 
S27 cE Gj bl): 


Here we see that n> — 1 = 8m, where m = (2j + 1)(j + 1). 


Since in either case n” — 1 = 8m for some integer m. the proof is complete. MH 


Of course in a proof by cases it is necessary to be sure that the cases considered 
include all possibilities. This is true tor the proof of Proposition 4. since the integer 
k introduced at the start of the proof must be either even or odd. 

We conclude our examples with a classical proot that was known to the Greeks 
at the time of Pythagoras, around 500 B.c. 


a 
@ PROPOSITION 5 /fr = —. where a and b are integers, then r° # 2. 


b 
(The usual way of stating this proposition is “\ 2 is irrational.”) We will give 
what is known as a proof by contradiction, or an indirect proof. To prove an 
implication “it P, then Q~ by contradiction, we assume that both P and not Q are 
true, and then arrive at a statement that is clearly false. 


Proof (of Proposition 5) We will give a proof by contradiction. We assume that 
r = a/b for integers a and b, but that r* # 2 is false. so that r?> = 2. Since we could 
cancel any common factors of 2 in the integers a and 6, we can assume that at least 
one of a and b is odd. 

Now r* = 2, and so we have 
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We see that a’ is even, and so Proposition 2 tells us that a must also be even. 
Let a = 2k, where & is an integer. From the last displayed equation we have 


(ky = 4h = 257, 
2k = b'. 


Thus b’ is even, and so b is also even, again by Proposition 2. 

In the last two paragraphs we have proven that both a and b are even. But this 
contradicts our previous assumption that at least one of a and b is odd. This con- 
tradiction proves Proposition 5. 


Almost everyone experiences a certain amount of frustration and uncertainty when 
beginning to learn how to construct proofs. Most proofs contain some element of 
the unexpected that even a very intelligent and conscientious person may overlook. 
Thus one cannot expect to write proofs in a mechanical fashion the way a competent 
student might work differentiation problems in a calculus course. One must accept 
the idea that not every problem can be done in five minutes, or an hour, or even a 
day. Statement (E) above has baffled the best mathematicians for more than 300 
years, and still is the subject of much effort. Just as a baseball player who gets one 
hit in every three at bats is considered an excellent hitter, no one should expect to 
bat 1.000 in finding proofs. 

As helpful as studying correct proofs can be, in the end one learns to do proofs 
by attempting to do them. No one would expect to learn to swim or play the piano 
purely by reading books, and the same goes for constructing proofs. Mistakes are 
to be expected, and even the best mathematicians make them occasionally. Even- 
tually, however, success becomes more frequent, and one develops the confidence, 
inventiveness, and flexibility of mind that facilitate finding proofs. 

In this book, especially in the earlier sections, we will often try to show where 
the idea of a proof comes from. It is conventional to present proofs in a compact 
and dry form, with all the guesses, unsuccessful attempts, mistakes, and misunder- 
standings suppressed, just as an artist might block out a painting in pencil, making 
many changes and corrections, before executing the final version. One should not 
get the idea from such proofs that they sprang to their author’s minds in a perfect 
state, any more than a novelist would sit at a typewriter and type out the final version 
of a book, sending it to the publisher after accumulating a sufficient number of pages. 
Many of the theorems in this book took decades and even centuries of effort before 
coming to their present stage of development. 


EXERCISES 1.1 


In Exercises 1—10 tell which (if any) of the four statements given are true. 


1. (a) 3>Sand3>1 2ei(aies => 0 and’ —3 — 0 
(b) 3 > 5 and3 < 1 (b) 5< 0 and -3 > 0 
() i= Sel Bis I (c) —5 > Ovand 3 > 0 


i=) 


(ay.3 < 5and3> 1 (ayy 5 = 0 and 3 
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3; (a) S > —8 or 1 + 2 =3 4. (a) 1+3=Sorl+2>3 
(b) S = —8 or 1 + 2—3 ib) 1+3=Serr+2z<s 
(ey S$ = —8 orl 3 = 2 @1+3<Sorl+tZ2=3 
(d) 8>-80rl+3=2 (@d) 1+3=S%rl+253 

5. (a) 3+ 5>8 imphes3 +5 > 9 6. (a) 3 > 2 implies 9 > 4 
(b) 3 + 5 > Simpiigsss +35 <9 (b) 3 > 2 implies 9 < 4 
(c) 3 + 5 <9 implies 3 + 4 > 8 (c) —3 > —2 implies 9 > 4 
(d) 3+ 5 <9 implies 3 +4< 8 (d) —3 > —2 implies 9 < 4 

Te (a) if 3 = 5) then 3 = 5 8. (a) if 3 < 5, then —3 < —5 
(b) if 3 > 5, then 3 = 5 (b)Mif'3">"5, then’"=3"> —5 
(c) if 3 = 5, then 3 > 5 (c) if —3 > 5, then 3 < —5 
(d) if 3 < 5, then3 =5 (d) if —3 < 5, then 3 > —5 


9. (a) 1 = 2 + 3 if and only if4=5 + 6 
(b) 1 + 2 = 3 if and only if 4+5=6 
(c) 1 <2 + 3 if and only if 4 +5 <6 
(d) 1 + 2 < 3 if and only if 4<5+6 


10. (a) 2 < 3 if and only if 4 < 9 
(b) —2 =< —3if andionly if —4 < —9 
(c) 2 > 3 if and only if —4 > -—9 
(d) —2 > —3 if and only if 4 >9 
In Exercises 11-16 give the (a) converse, and (b) contrapesitive of the given statement. 
Ah Se sGethen Or 3. 
125 If Se=omthenyou—ca6: 
13. If it rained on Friday, then the flower show was postponed. 
14. If Sally found the purse, then she turned it in to the police. 
15. If you took the red pill, then you got better. 
16. If the boat didn’t leak, then the survivors made it to the island. 
In Exercises 17-24 give the negation of the given statement. Assume the variable n refers to 
an integer. 
17. For all n, (n + 2)(n + 3)(n + 4)/4 is an integer. 
18. For all n,n’ + n is even. 
19. There exists an n such that n? +n + 1=0. 
20. There exists an m such that (n° + 3)/13 is an integer. 
21. Everyone likes vanilla ice cream. 
22. There is somebody who leaves wet towels on the furniture. 
23. Some animals can see in the dark. 


24. All new cars come with a radio. 


G5) Prove that the statement of Exercise 17 is false. 
26. Prove that the statement of Exercise 20 is true. 
27. Is the statement of Exercise 18 true or false? 
28. Is the statement of Exercise 19 true or false? 


29. Use a truth table to show that “if P, then Q” is equivalent to its contrapositive. 
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1.2 SETS 


In this section we will introduce basic language that will be useful in describing the 
algebraic structures that are the subject of this book, namely, the language of sets. 
Although we will not formally define the word “set,” we will use it to refer to a 


collection of objects of some sort. In order that a set be well defined it is necessary 
that we are able to determine whether any given object is in the set or not. For 
example 


the set A of (past or present) Presidents of the U.S. 

is well defined, but 

the set B of bad people 
is not. We indicate that an object x is in a set S by writing 

ze S; 

for example 

John F. Kennedy € A. 
If x is not in S, we write x ¢ S; for example 

Benjamin Franklin ¢ A. 


The objects in a set S are usually called the elements of S. 

One way to define a set is simply to list its elements between curly braces. For 
example, we could define the set 7 having exactly the three numbers |, 2, and 3 as 
elements by 


e—etl.2, 3}: 


Likewise we could indicate the set of integers, which we will always denote by  , 
by 
= ees ey 0, 1, Qe}. 
A variation is the notation 
{x: SG}, 


where S(x) is some statement about x. This is read “the set of all x such that S(x)”, 
and indicates the set of all objects x« for which S(x) is true. For example we have 


T = {x: x is an integer and 1 = x = 3}. 


In this notation x is a “dummy variable”; any other letter not already in use could 
be substituted. Thus 


T = {y: y is an integer and | = y = 3} 


also. | 
We say that sets X and Y are equal and write X = Y in case X and Y contain 
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exactly the same elements. Thus a set is completely determined by its elements and 
nothing else. For example 


{P, 2) = (2, =A 2a. 


If every element of X is also in Y, then we say that X is a subset of Y, and write 


ER 
we also say that Y contains X and write Y D X. For example, if 
T, = {1, 3}, 
then 
Tyre & 


It follows from these definitions that 
Sous 
for all sets S, and 
X = Y if and only if X C YandY C X. 
The union of sets X and Y is defined by 
XUY= {&:x€ Xorx € ¥}, 


and the intersection of X and Y is defined by 


XN Y = {x:x € X andx € FY}. 


@ EXAMPLE 1 If 
D = {1,3,4} and E= {Il, 4, 5, 6}, 
then 
DWE = {1, 3455346), 
and 


DNE={i,4}.. @ 


It is easy to check that for any sets X and Y 
ZO Y QA U F. 


Sometimes we are interested in the set difference of X and Y. which is defined 
by 


X\Y = {x:x © Xandx € Y¥}. 


@ EXAMPLE 2 If D and E& are as in Example 1, then 
D\E = {3}, and E\D = {5,6}. @ 
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The set with no elements, called the empty set, is denoted @. Two sets X and 
Y are Said to be disjoint in case 


XNY=@. 


@ EXAMPLE 3 If the sets D and E are as in Example | and 
i —5, 6, 7}, 
then D and F are disjoint, but E and F are not. 


When only two or three sets are involved, Venn diagrams are often used as 
shown in Figure 1.1. 


XUY XNY X\Y 
Figure 1.1 


The Venn diagrams shown in Figure 1.2 suggest that 
Pires N) C (LVM) UN 


for any sets L, M, and N. A formal proof, however, consists of applying the defi- 
nition of a subset; that is, showing that for any element x, 


feet ity UW Nyatihenx (Ll 1M) ON. 


LA(MUN) (LAM)UN 


Figure 1.2 


M@ PROPOSITION Jf L, M, and N are any sets, then 
Pht NGL MM) UN. 
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Proof Suppose x € L M (M UN). Then by the definition of set intersection 
xE€L and xEMUN. 
Likewise, by the definition of M U N, we have 


xEM or xEN. (ta 
Casel xEM 
Then since we already know that x € L, we have 
yee ET Me 


Thus by the definition of union 
eit) aN. 


Case2 xGN 
Then immediately from the definition of union 


XSi My ON 


Since either Case | or Case 2 (or perhaps both) must hold because of (1.1). the 
proof is complete. 


Usually a proof that two sets X and Y are equal consists of two parts, namely. 
proving X C Yand YC X. 
We denote the number of elements of a finite set S by |S|. so that if 


T = {1, 2, 3}, 


then |7| = 3 and |@| = 0. 
Given sets X and Y, by the Cartesian product of X and Y we mean the set of 
ordered pairs 


X X Y= {(x, y):x € X andy € ¥}. 


M@ EXAMPLE 4 If, as before, D={1, 3. 4) and E={l. 4. 5. 6}. then DX E= 
{(1, 1), (1, 4), 1.5), C1. 6), (3. 1). (Sierras G3, Gy a 17. ee Se, Gh 
a 


In general, if |x| = m and |Y| = n, then |X x Y] = mn. 
Sometimes it is necessary to deal with the union or intersection of more than 
+ - ae 65 
two sets. Suppose that S, is a set for each i in some set 7. Then we define 


US; = {x: x € S; for some i € /}, 


rE] 
and 
NS, = {x: x © §; for all i € J}. 


ig! 


‘The definition that follows will be needed only in Section 4.6 and Chapter 6. 
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M@ EXAMPLES Let / = {3, 4, 5}, and fori € / let S, = eer a). This’S, = 
{3,435.6}, Se={4,5; 6, 7: 8}, and S; = {5, 6, 7, 8, 9, 10}. Then 


UU! Smet ame 7, 8. OO ad 1S, = {5,6} 


ie! iel 
EXERCISES 1.2 
9 In Exercises 1-20 let A = {1, 2, 4} B = {2, 4, 6}, C = {0, 1}, D = {1, 3, 5, 7}, and E = 
{2, 6}. Tell whether each of the following statements is true or false. 
Aes z ECB Ap (78) 
CBee aay 34 S.1GA 65.3, 226 
Ts S2GeD 8. DEC S10) GC 
10. {1}ED it A WE. B 1258 SA Oe 
13. A and D are disjoint 14. C and E are disjoint 15.2 GA 
me BC BNC ioe 2) GAs 18. (6, 2)EA XB 
19. (2, 2) € (A X B)\B 20. AXBDAXE 


In Exercises 21—39 express the given set by writing its elements inside curly braces. The sets 
A, B, C, D, and E are as described before Exercise 1. 


aL ANB 22. AUB 235 GiWED 

24. BND Zoe Af (B UE) 265 (A 1B) UE 

Zi. BY (A 1D) 28. (BU AYTYD 295 ANS 

Ses (A\ C)U (E\ A) SF. AN(BOE) S25 GOB 

33. (A X B)\(E XB) 34. (A\E) XB 353 (C X E) (EE xX) 


36. {x: x © Z and |x — 2| < 2} 

37. {q: g © Zand q’ < 10} 

38. {y: y © =, y 2 0, and |y + 3| < 5} 
39. {kik © Z, k > 0, and 1 < k’ < 15} 


In Exercises 40—50 prove the given statement to be true for all sets A, B, and C. 


40. BC(AUB)N (BUC) 
4 AN OC AUB Nwu C) 

42. (ANB)U(BNC)CB 

43. ANBCAU(BNC) 

4) (A UB) N BUC) =BUANC) 
45. AN (BU CY (ANB) U(ANC) 
SG ASIWKGy=(Aex BYU x C) 
47. AX (BNC) =(AX B)N(A XC) 
48. A\(B\C) 2 (A\B)\C 

49. A\ (BUC) C (A\B) U(A\C) 

50. (A\ B) U (B\ A) = (AU B)\ (ANB) 
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In Exercises 51~56 determine whether the statement given is true for all sets A, B, and C. 
If it is true, then prove it. If not, then give a counterexample. 

SIR (A WG) OU (A GB Aanre ere 

52, AN(BUC)DAUB)N(CNA) 

53. AN (B\C)=(ANB)\C 

54. AU(B\C)=(AUB)\C 

55. (AN B)XCDAN(BXC) 

56. (A X B) 1 (B X A) = (ANB) X (ANB) 


In Exercises 57-65 assume that A, B, and C are sets such that A D B. A and C are disjoint. 


|A| = p, |B| = q, and |C| = r. Find the indicated numbers. 

57. |AUB| 58. IAN Bl 59. |A \ Bl 

60. |B \ Al 61. |A\C| 62. |AUC| 

63. |A x C| 64. |ANC| 65h A x By ac 


In Exercises 66-68 let S; = {x: x € Z and —i = x S i} for any positive integer i. Compute 
U S;and  S; for the given set I. 
ied, ey 


66. J = {1, 2, 3, 4} 67. 1 = {2. 4, 6, 8} 68. J = (x: x € Zand x > 0} 


1.3 THE REAL AND COMPLEX NUMBERS 


Probably the most familiar algebraic system is the set ‘Kk of real numbers, which 
are often pictured as the points of a line. (See Figure 1.3). 


~| 
e eo ~e ee a 


So 


5 


Figure 1.3 


For the present we will take the existence of the real numbers for granted. along 
with the operations of addition and muluplication. These operations obey various 
rules, such as 


Ifx © ‘Rand y € ‘R, thenx + y= y +x. 


An even more fundamental rule is the closure of ‘Rk under addition and multiplication: 
ome 


Ifx € ‘Randy €'‘R, thenx + y © ‘Rand xy E 'R. 
The real numbers admit an order, indicated by “<”, where 
a0 
means that a is to the left of b in Figure 1.3. The statement 


a=b 


‘a> or a = b: 


i DiS 
Dessyd); 
and 
2a 2 7 
are all true, while - 
2 
and 
Dee 


are both false. The symbols “>” and “=” are defined similarly. 


Subsets of the Reals 
Important subsets of the real numbers are the previously mentioned integers 
Pree 2, AO, 1, 2, 3,45 ao rs 
the positive integers 
ib he, a 
and the natural numbers 
PO M5. 2.3 <n} 


The natural numbers are exactly those reals that can equal the number of elements 
of some set S. Notice that 


a Ge Ge. Gan 


and that the sets 2, 2°, and WV are also closed under addition and multiplication. 
The rational numbers are defined by 


a 
Q= {faexvesoxol, 
Thus among the elements of Q are 
3 ey 11 173 


= tre ab 1.73 =. 
5 3 1 100 


n 
Note that 2 C Q since any integer n can be written as Ff © @: Thesset: Qusvalso 
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closed under addition and multiplication, since 


a ad + be ac ac 


‘ 
a= and = eee 
b d bd bd_ bd 
Real numbers that are not rational are said to be irrational. Such numbers exist: for 
example, in Section 1.1 we proved that V2 is irrational. It can be proved that a real 
number is rational if and only if it has a decimal expansion that is terminating, such 


as 
19 
— =4.75, 
4 


or repeating, such as 


51 
=. = —4.636363 .... 


where the 63’s repeat forever. Thus the decimal expansions of irrational numbers 
neither terminate nor repeat. 


The Complex Numbers 


There is another set of numbers that can be thought of as containing the set ‘R. The 
complex numbers C are the set of numbers of the form 


a+ bi, 


where a © 'R, b © ‘R, and i satisfies the equation 7 = -1. If the reader has had 
doubts about the existence of such entities. and in particular the mysterious “7” whose 
square is negative, he or she ts to be congratulated for a healthy skepticism. The 
logical status of the complex numbers will be considered later in this book. we hope. 
to every reader’s satisfaction. For now, however. we will continue to take them on 
faith, so as to use them in examples. 

Complex numbers are added and multiplied as follows. 


(a + bi) + (c + di) = (a +c) t+ (b+ dy 
(a + bi\(c + di) = (ac — bd) + (ad + bedi 


Instead of memorizing the second of the above definitions, one can use the equation 


A I along with usual algebrate rules for addition and multiplication as follows. 
(a + bi\(c + di) = a(c + di) + (bi\(c + di) 
= ac + adi + bei + bdi* 
= ac + adi + bci + bd(—1) 
= (ac — bd) + (ad + be)i 
For example 


(1 — 3i) + (7 + SD) = (1 + 7) + (-3 + 5)i = 8 + 21 
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and 


I 


(1 — 38)(7 + 5i) = 1(7 + 5) + (-31)(7 + Si) 
7+ Si — 21i — 15)? 
7 — 16i — 15(—1) 


Zoo Gh 


I! 


The complex numbers are pictured in a plane by associating the number a + bi 
with the point with coordinates (a, b), as in Figure 1.4. The real numters are con- 
sidered as a subset of © by identifying the real number a with the complex number 
a + Oi. Thus ‘R corresponds to the x-axis in Figure 1.4. 


Figure 1.4 


With this convention, we now can write 


oS ONS COR. C. 


Binary Operations 


Given real numbers + and y, we can compute v + y and a+ y. Furthermore, the use 
of “+” and *-” follows certain rules. To understand these rules better, we will look 
at operations (such as + and -) in a more abstract setting. 

We will start with the familiar system ‘RK of real numbers. For each pair xv and 
y of real numbers there is defined a unique sum 


Ry, aie 


which is again a real number. Addition is an example of a binary operation, that 
is, a rule such that, given an ordered pair of clements from some set S$, a uniquely 
defined third element in S is also given. For example, given the ordered pair (3, 5) 
in the Cartesian product ‘RK X ‘RK, the binary operation “+ ~ gives us the element 


also in ‘R. 
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Other binary operations on ‘R are multiplication and subtraction, since given any 
pair of real numbers (x, y) € ‘R X ‘R, both xy and x — y are uniquely defined real 
numbers. Division is not a binary operation on ‘R, however, since, for example, 


(5,0) © R X R, 


but 5/0 is undefined. 

Determining whether a rule defines a binary operation on the set S depends on 
S as well as the rule. Let us consider the set of positive real numbers. which we 
will denote by R*: 


R* = {x E R: x > O}. 


Then division is a binary operation on the set ‘R” of positive real numbers. since if 
(x, y) © ‘R* X ‘R*, then y cannot be zero, and the quotient of positive numbers is 
positive. On the other hand division is not a binary operation on =. since 
(3,2) € &* x 2%, but 3/2 is not in 2°. Likewise subtraction is a binary operation 
on Z but not 2°, since 


Gi8s)e2 <2, bute 3 — Siar ogee . 


Binary operations abound in mathematics, and need not apply only to numbers. 
For example, set intersection is a binary operation on the set of all subsets of some 
fixed set S. 


Rules for the Addition and Multiplication of Real Numbers 


Now we will list some of the rules satisfied by the operations of addition and mul- 
tiplication on the real numbers. 


Properties of the Real Numbers 


Let x, y, and z be any real numbers. Then 


(a) x + yee y +x (commutativity of addition) 
(b) xy = yx (commutativity of multiplica- 
tion) 
(cys st Oot =" + yy) +z (associativity of addition) 
(d) x(yz) = (xy)z (associativity of multiplication) 
(e) xy 7) = xy +z (distributivity) 
(f) There exists a unique element 0 € 'R (zero element) 
such that if w € ‘R, then w + 0 = w. 
(g) There exists a unique element 1 € ‘R (identity element) 


such that if w € ‘R, then w- 1 = w. 
(h) There exists a unique element —x € ‘R (additive inverse) 
such that x + (—x) = 0. 


(i) Tf x# O then there exists a unique ele- (multiplicative inverse) 
ment x ' € ‘R such that x: x ' = 1, 


Even though the above rules are very familiar, they deserve a few comments. 
Rule (e) involves both operations of addition and multiplication. Interpreting it cor- 
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rectly requires knowledge of the convention that multiplication is applied before ad- 
dition unless the contrary is indicated with parentheses; otherwise the rule would 
have to be written 


yet Z) cee(ry) + (xz): 


Some rules can be simplified because of the existence of others. For example, it is 
unnecessary to say in (f) that 0 + w = w because of (a). Likewise without (b) two 
distributive laws would be necessary: (e) and 


oy) 2 yee 


There are other sets that can be substituted for ‘R such that all nine of the given 
rules still hold. Among the systems previously discussed these are the rational num- 
bers Q and the complex numbers (. Checking (a) through (i) for Q and C is fairly 
straightforward, except perhaps for (i) as applied to C. The reader should check that 
if a and b are in ‘R and 


a+ bi#0 


(so that a and b are not both 0), then 


(a + vi a ) 
a Bea Ss a 
J 


and so 
a —=/9} 


(a + bi)! = —— + ——— i. 
a+b at+p 


Other systems satisfy only some of (a) through (1). For example the integers = 
satisfy (a) through (h), but not (1), since 2 © =, but no element w € = satisfies 
2w = |. Since rules (a) through (e) hold in (, it is easy to see that these five rules 
also hold in any subset of (, including all of ‘R, Q, 2, 2°, and .\. The same cannot 
be said of rules (f) through (1), however, since these involve the existence of certain 
elements. 

There are many familiar algebraic rules not among the nine listed. For example, 
the fact that 


O*x = Oforall x € ‘R Cle) 


is not among our nine rules. It can be proved that any set satisfying all of (a) through 
(i) must also satisfy (1.2). In particular, this means that (1.2) must hold also if ‘kK is 
replaced by Q or (. Rather than prove (1.2) separately in Q. ‘KR, and ¢. it is more 
efficient to consider an arbitrary system satisfying (a) through (i) and prove (1.2) 
for it. The proof would thus cover not only Q, ‘Rk, and (,. but any system satisfying 
(a) through (i). This is the advantage of considering abstract systems sauistying cer- 
tain assumptions. We will begin such a program in Chapter 3. 

We can also investigate rules (a) through (1) tor operations other than addition 
and multiplication. Many useful binary operations do not satisty all of (a) through 
(i). Consider subtraction, for example. Replacing “+” by “—” in (a) gives 


yeasty — x, 
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which is not true for x = | and y = 2. Likewise the subtraction version of (c) is 
Ky > 2) ee 
which is untrue for x = y = 0 and z = 1. 


@ EXAMPLE We will show that the binary operation # defined on the positive real numbers 
by 
xy 


Ley = 
4 x ye to) 


is associative. Let x, y, and z be any positive real numbers. Then 


+ 2h A yz 
eT 
yes § et 


ree) 
y. 


XYZ 
X(et z FD yee (yer zeae) 
XYZ 
wy chee F chavs t we eS 1” 


while 


ll 
FH 
ta 

il 


(x # y) #z 


xy tie ty t+ DE +1) 
XVZ 


vv se + w Pe ewe eg eh 


Thus we see that x # (v # 2) = (v # y) # = for all positive real numbers x, vy, and 
z, and so the binary operation # is associative. M& 


EXERCISES 1.3 


In Exercises 1-8 tell whether the given set is closed under (a) addition and (b) multiplication. 


i... (—1,.030 2. {x: x € Z and x is even} 
3. {x: x © Z and x is odd} 4. (1, 4,7, 10s 132} 
CAP peel 6. {1, 4, 9,116, oe) 


7. {a+ bia € Zand bE 2} 8. {a + bi: a © Z* and bE 2"*} 
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In Exercises 9—14 express the given number in the form a/b with a © Z and b € =*. 


9.7 106 
eae | ae 

11. 5.333 ... (the 3’s repeat) 12. 4.1666 ... (the 6’s repeat) 
13-°6:123 1437131 
In Exercises 15—18 write the given rational number as a repeating or terminating decimal. 
15. 43/8 16. 13/9 

17. 80/33 18. 3/125 

In Exercises 19-24 write x + y and xy in the form a + bi with a and b in ®. 

Me k= ort t, y= 30 ax = 24 31,3 21 

2x Dewey — 7 tt 22. x =i, y=4+ 3i 

23. x =it+6,y=3—- Si 24. x=1/2+ 2i,y=4+ 6 

In Exercises 25—30 tell whether the indicated rule is a binary operation on S. 

25. S=R, , y) > x- y 26. S=2*, (x,y) > x-y 

27. S = Q, (x, y) > x/y 28.S = 40; 1, 2; 3},.G, y) 


29. S = {-2, -1, 0, 1, 2}, &, y) > {x — y| 30. S=Q, &, y)ox’? + y? 
In Exercises 31-36 tell which of rules (a)—(1) are satisfied if ‘R is replaced by the given set. 


3leuee” aee'R™ 

33. {x € Q: x = 0} 34. N 

357 {..., —4, —290, 2, 4, 6, ...} 36. {a + bi EC. a, b E 2} 

In Exercises 37-42 tell whether the binary operation * on § is (a) commutative, (b) asso- 
ciative. 

37. S=R',x*y =x/y 

38. S=R,x*y =x + 2y 

SIS exe yy — x 

40. S = Z, x * y = the maximum of x and y 

41. S=R,x* y =o + y)/2 

42)S=R,x*y=x+y- xy 

In Exercises 43-48 write the inverse of the given complex number 2 in the form z | = a + bi, 


where a and b are real. 


43.2=4-3i 44.2=44+ 01 ASp=i=2 +7 


46. 2= V2 + Vii 47. z= .25 + .75i 48. z= -1 + .75i 


1.4 FUNCTIONS 


In the previous section we defined a binary operation on a set S as a rule that as- 
sociates each ordered pair in S X S with another element of S. We will generalize 
such rules in the following discussion. 
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Functions 


Let S and T be sets. By a function f from S into T we mean a rule that associates 
with each element x in S one and only one element f(x) in T. The set S is called the 
domain of f and T is called its codomain. We call f(x) the image of x under f. The 
idea that f is a function from S into T can be expressed symbolically by writing 


fret. 


m@ EXAMPLE 1 Let S = 7 = ‘R and consider the following definitions: 


fi) aa rae 
$= Vx, 
fs(x) = a solution y to y* = |x|. 


Here f, is a function from ‘R into ‘R, but not f. or f;. For each real number x there 
is exactly one real number x”, so f, defines a function. For example. f\(2) = 2° = 4. 
fiQ3) = 9, and f,\(—2) = 4. 

The problem with the definition of f. is that it cannot be applied to all real 
numbers x. If x = 0, then Vx exists. If x < 0, however. then \ x does not define 


a real number. 
The definition of f; does not satisfy the requirement in the definition of a function 
that f(x) be only one element of T. For example, let x = 4. Then 


sien 
means 
yom 4. 
which has the two real solutions vy = 2 and vy = © 2. The definition of f, does not 


tell us which one to choose. Thus f, is not a function. 


M EXAMPLE 2 Let S be the set of all residents of Bakersfield, California. and let T be the set 


of all people, living or dead. Which of the following define functions from S$ into 
fia 


2\(x) = the oldest brother of x 

2.(x) = the mother of x 

(x) = the grandmother of x 
Solution Only g, ts a function. Since not everyone in Bakersfield has a brother, 
gi(x) is not defined for all x © S$, and so g, is not a function from S$ into T. The 
definition of g, fails to satisfy the uniqueness requirement for a function, since most 


people have two grandmothers. Each person has exactly one mother, however, and 
so g, is a function. @ 
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We say that a function f: 5S — T is one-to-one in case whenever x, and x, are 
in S and x, # x, then f(x,) # f(x). Since any statement is equivalent to its contra- 
positive, we could also say that a function f is one-to-one if and only if whenever 
F(,) = f(x), then x, = x,. Neither of the two examples of functions we have con- 
sidered so far, f; and g,, are one-to-one. 

Recall that f|: ‘R > ‘R was defined by f(x) = x’. Since 2 # —2, and yet 
fi(2) = 4 = f\(—2), the function f, is not one-to-one. 

Likewise g, was defined to be the mother of x, where x was a resident of Ba- 
kersfield. Since there are certainly two persons in Bakersfield with the same mother, 


82 iS not one-to-one. 
As an example of a one-to-one function let us consider h: ‘R > defined by 


AG 2x. + 1. 


We will prove that h is one-to-one. 
@ PROPOSITION 1 /fh: '‘R — 'R is defined by h(x) = 2x + 1, then h is one-to-one. 


Proof We must show that if x, # x, then h(x,) ¥ A(x). Since there are many rules 
for manipulating equations, but not for statements of inequality, we will prove in- 
stead the contrapositive, namely 


if h(x,) = h(x,), then x, = x). 
Suppose A(x,) = h(x). Then 
2x, + 1 = 2x, + 1, 
2x; = 2x2, 
and so 
X; = X. 


This proves that 4 is a one-to-one function. 


@ EXAMPLE 3) Which of the following functions from ‘K into ‘RK are one-to-one? 


h(x) = |x| 
ney x ifx = 0 
oe e+ | lite 
— 7 x ifx - 0 
a lx =| iter 0 
pic =x! 


Solution It can be shown that /, and A, are one-to-one. The function A, is not one- 
to-one because A,(1) = h,(—1) = 1. The function A, is not one-to-one because 


ho(1/2) = h{(-1/2) = 1/2. @ 


there exists x © S such C 
of some element in S. This ic 


fonto T fnot onto T 


Figure 1.5 


The function f,: ‘R > ‘R defined by f(x) =x° is not onto ‘R. since for all x. 


x° = QO. For example, —3 © ‘R = T, but there is no number a € ‘K = S such that 
f(x) = x’ = —3. Likewise the function g, defined from the set S of residents of 
Bakersfield into the set T of all people by 


g(x) = the mother of x 


is not onto 7, since there are certainly many people who are not the mother of a 
resident of Bakersfield. To be specific. let y = Winston Churehill. Then there is no 
x & § such that g,(x) = y. 


@ PROPOSITION 2) The function h:*R °K defined by h(y) = 2y + 1 ix onto R. 
(Before giving the proof, we will show where it comes trom. Given v E “R. we 
need to show that there exists an x € ‘R such that h(x) = y. This means 
2x 1a: 
This happens if 
oeavy— )y 


or 


and this is the x we will use.) 


A(x)=2x+ 1 


: y- 1 
= 2: aot 
2 
aly — 1) 
ay 


Thus A is onto ‘R. Wl 
@ EXAMPLE 4 Which of the four functions in Example 3 are onto ‘R? 


Solution Only /, and h,; are onto ‘R. The function h, is not onto ‘R because h,(x) = 
|x| = 0 for all x. Thus A,(x) = —3 is impossible, for example. 
The function hf, is not onto ‘R since 


] 
ge) = — 3 


has no solution. For if x = 0, then 
hx) = x = 0, 
and so h,(x) # —1/2; while if x < 0, then’ 
h(x) =x - 1 <1, 


and so A(x) # —1/2. : 
The reader should check that if y € ‘R, and if 


y ify=0 
X= 
y-1 ify<0, 


then A(x) = y. He or she should also contirm that Ayn y ) * pferanys € ‘A. Thus 
h, and h, are onto ‘R. @ 
Given a function f: S — T, by the image of f we mean 
{y: f(x) = y for some x € S$}. 


Thus in Figure 1.5 the hatched portion of each set 7 represents the image of /. Clearly 
f is onto T if and only if the image of f is the codomain T. 


@ EXAMPLE 5 Find the image of the functions in Example 3. 


Solution We have already determined that fs and /r, are onto ‘RK and so the image 
of each of these functions is ‘RK, the codomain. The image of (1) =v, 1s clearly 
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{x € R: x = O}. Finally, the image of h, is {x © ‘Ri x = 0 orx < —1}, as we see 
from Figure 1.6. @ 


0 
domain R 
codomain R 
-1 0 
Figure 1.6 


It should be pointed out that whether a function is one-to-one or onto depends 
on the domain S and codomain 7 as well as on the rule defining f. For example. the 
function f,: ‘R —> ‘R defined by 


= x 


is neither one-to-one nor onto ‘R. Yet if we change the domain and codemain to the 
set R* of positive reals, then f,: ‘RX — R” defined by 


Fx) =x? 


is both one-to-one and onto ‘R°. 
Likewise, if we define H: 2 —> = by 


H(x) = 2x + I, 


then H is one-to-one (as was the similarly defined /: ‘RK — °R) but is net ente 2, 
since there is no x € < such that 


A(x) = 2x + 1=0. 


@ EXAMPLE 6 Consider the functions with domain .\ and codemain 
Which are one-to-one and which are onto .\? 


.\ defined as follows. 


Poy x 
F(x) = |x -— 2| 
F,(x) = |x + 2! 


Solution The function F, is one-to-one. but not onto .\, since there is no x € .\ 
such that F,(x) = x* = 2. 


The function F is not one-to-one, since F,(1) = F,(3) = 1; but it is onto Y. 


The function F; is one-to-one but not onto -V since F(x) = |x + 2| = 1 is true 
fornox€ V. 
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Notice that a binary operation on a set S is nothing more nor less than a function 
from S X S into S. For example the function M: ‘R — ‘R corresponding to the mul- 
tiplication of real numbers could be defined as 


M((x, y)) = xy. 


The usual binary operation notation is usually more convenient than function nota- 
tion, however. For example, the associative law 


(xy)z = x(yz) 
becomes 


M((M((x, y)), 2)) = M(x, M((y, z)))) 


when written using standard function notation. 
There is a more formal definition of a function that avoids talking about a “rule.” 
Consider, for example, the sets 


e= 1152, 3},, Y= Aly 243-41, 
and the function g: X — Y defined by 


g(x) = xt+ 1. 
Then 
g(1) = 2, 
g(2) = 3, 
and 
gis) = 4; 


and since X has only three elements, all the information about the rule defining g is 
contained in these three equations. (See Figure 1.7.) 


Figure 1.7 
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Thus this information is expressed by the three ordered pairs 
(1,2), (2,3), @G,4), 


which are all the pairs (x, g(x)) for x € X. 
We see that we can associate with any function f: S — T a subset of the Carte- 


sian product S X 7, namely 
F = {4,f@)) x © 5). 


Not every subset F of S X T corresponds to a function from S into T, however. The 
requirement in the definition of a function that f(x) be defined for each x © S means 
that if x € S, then F must contain an element (x, ») for some y in T. The further 
requirement that f(x) be only one element means that if (x, y,) and (x, y2) are in F, 
then we must have y, = yo. 


@ THEOREM 1.1 For each function f: S — T the set 


F = 1g): hE 5} 
is a subset of S X T satisfying both of the following conditions. 
Ifx € S, then (x, y) © F for some y € T. (1.3) 
If (x, y,) © F and (x, y2) © F, then y, = y>. (1.4) 


Conversely, given any subset of S X T satisfying (1.3) and (1.4), if we define f(x) 
to be that unique y € T such that (x, v) © F. then f is a function from S into T. 
Furthermore, the function f is one-to-one if and only if whenever (x,. v) and (x3, Y) 
are both in F, then x, = x2. It is onto T if and only if whenever y € T. then there 
exists x © S such that (x, y) € F. 


Proof Everything except how the conditions that f be one-to-one and onto affect 
the set F has already been discussed. We leave this part of the proof to the reader. J 


EXERCISES 1.4 


In Exercises 1 8 tell whether a function f from S into T is defined. If not, tell why not. 
1. S= T SOR, F(x) T/T +") 
2,8 =T ='R, f(x) = 1/(l + x) 
3. S = T ='R, f(x) = y such that y € Z and |x — y| < 1/2 
4.S=T=R, f(x) = y such that y € ZandOs x - y < J 
5. S is the set of all people, T = ‘R, f(x) = the weight of x in pounds 
6. S is the set of all people, T = ‘R, f(x) = the year of birth of a parent of x 
a ifce= 0 
xt 1 iif | 


li 


7,.S=T=R, f(x) = 


8. S=T=2, f(x) = i ifxg 0 


x ite" | 


[ samme 2 in 
as S=T= eer (x = 1) 
10, $=T= 8, f(x) = a ifx #0 


0 ifx =0 


11. S= T= R8, f(x) = 5x+2 

1S — T=, f(x) =x + 1 

13. S]= 7 —2" fix) =xt1 

14. S=T = 2*, f(x) = 2x 

=e ripe tea 9) 


18. S=2,T= 2", f(x) = 
F(x) ge =o 


esr il jlisec< 6 


MP Sh Tt {1, 2, 3, 4, 5}, f(x) -{ 1 ifx=5 
x= 


17. S=T = 8", f(x) = Vx 

x/2 if x is even 
(eS Dy2 if istedd 
(ie, WY ios > (0) 
(y,x) ifx=0 


1. S=T=2,f0)= | 


9. S=T= RX RSG) = | 


i Si TRE iy y)) =e ey, x — y) 

21. S is the set of all living people, T = .V, f(x) = the weight of x, rounded down to the 
nearest pound 

22. S is the set of all living people, T = {0, 1, 2, ..., 10}, f(x) = the last digit of the year 
x was born 


In Exercises 23-28 determine the image of the function f. 


282 ST = Ri f(xy = x? 24) Se Tie Rf (x) ae 
25) SPSS, fae — I 26; Sue Tek’, (Oe wee 
x “taxes 0 
27. S=T=R, = |x| — 3 255 — 7 =, = 
OTT f(x) ew Pemex) 


29. Let f: RK — ® be defined by f(x) = 5x + 7. Prove that f is one-to-one. 
30. Let f: R > ® be defined by f(x) = (x + 1)/3. Prove that f is one-to-one. 
31. Let f: R > ® be defined by f(x) = (x — 7)/2. Prove that f is onto ‘RK. 
32. Let f: R — R be defined by f(x) = (3x — 5)/4. Prove that f is onto 'R. 
33. Let f: R — ® be defined by 


’ if +2 if*#o 
Cr) 
: x 2 ia # 0. 


Prove that f is one-to-one. 


Prove that f is one-to-one. 
35. Let f: R — ® be defined by 


x+1 ifx=0 


foy= fe ifx <0. 


Prove that f is onto R. 
36. Let f: R — ® be defined by 
x ifx=0 


Pe itisc << (0), 


F(x) -{ 


Prove that f is onto ‘R. 
37. Let f: ‘R > ‘R be defined by f(x) = (x — 2)*. Prove that f is one-to-one and onto ‘R. 


38. Let f: 2* — Z be defined by 


x/2 if x is even 


ae ta = x)/D) ieee 


Prove that f is one-to-one and onto =. 
In Exercises 39—44 list the elements in F = {(x, f(x)): x © S}. 


39. S = {1, 2, 3}, T= {l, 2, «. 216) =? 
Me) if xe 


40. S=T = {I, 2, 3, 4}, f@) = 
cs e ited 


aS ={1, 2, 3, a= i) = 2 

42. S =T = {1, 2, 3, 4}, fix) = |x - 5] 

43. 8 =(l 4916) == fay 

44. S = {1, 2, 3, 4}, T= <, f(x) = [2 — x] + |x| 


In Exercises 45—50 tell whether the set F corresponds to a function f: S — T. If so, tell 
whether f is one-to-one or onto. 

45. S=T = {1, 2, 3}, F = {(, 2), (2. 1). GB. 3)} 

46. S = Tl, 273, 4 F = 4, 2), 1), Garey 

47. S=7T = {l, 2,3, 47°F ={0, 21, 3). 23) 4), Gee.) Gal), Ga 
48. S = {1, 2, 3, 4}, 7 = 2, F = {(, 1), (2, 4), @. 9), (4, 15)} 

49. S=T={1, 2,3,4.5). F ={1. ), GD Gale) Cee 

50. S=T = 2", F = {(1, 2), (2. 4). G. 6), ...} 


$1. Prove the last two sentences of Theorem 1.1. 
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1.5 THE ALGEBRA OF FUNCTIONS 


Functions themselves can be combined in ways that satisfy algebraic rules. Consider 
three sets, S, 7, and U, and two functions 


J2S— T sand g: T> U. 


The situation is shown graphically in Figure 1.8. 

Given an element x € S, its image f(x) is in T, which is the domain of g. Thus 
we can apply g to f(x) to obtain the element g( f(x)) € U. Since this can be done 
for any element of S, we have a new function with domain S and codomain U, 
namely 


iB — Os 


defined by 
(gf) = a(f()). 


The function gf is called the composition of f and g. Anyone who has studied cal- 
culus has already met functional composition; in fact the “chain rule” for differen- 
tiation applies to the composition of functions. Notice that, even though f is defined 
on the first set S and g on the second set 7 in the sequence § — T — U, the com- 
position of f and g is written gf instead of fg. This is because we are following the 
usual convention of writing functions on the left (f(x) instead of (x) f), and so a 
second function gets applied even further left. 


Figure 1.8 


@ EXAMPLE 1 Consider f: = — .\ defined by f(x) = x° + 1 and g: .\ > Q defined by 
g(y) = (y — 3)/5. Then gf: 2 — Q, and if x © = then 


ee = 5 


(gf (x) = g(f)) = gx’ + 1) = : Bg. a 


The notation gf for the composition of fand g suggests multiplication, and under 
the right conditions functional composition follows some of the same rules. Consider 
three functions 

fot, g: 7 U, and h: U> V 
Notice that the codomain of f is the domain of ¢ and the codomain of g ts the domain 
of h, as shown in Figure 1.9. 
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Figure 1.9 


In this situation we can form the composition of f and g and the composition of 
g and h, getting gf: S—> U and hg: T — V. But since gf: S—> U andh: UV, 
we can also form the function h(gf): S > V. Likewise f: S > T and hg: T— V. 
so we can form (hg) f: S — V. The next theorem says that the functions /(g f) and 
(hg) f are the same. 


@ THEOREM 1.2 Suppose we have functions f: S > T, g: T > U, and h: U > V. Then 


hg f) = (hg) f. 
Thus functional composition is associative. 
Proof Since, as we have already seen, both h(gf) and (hg) f have domain § and 


codomain V, all we need to show is that they give the same image for each element 
of S; that is, that 


if x € S, then [h(g f) |x) = [(Ag) f](2). 
But by the definition of functional composition 
[A(g f)]@) = A((e fC) 


= h(g( f (x))). 
Likewise 


[(hg) f(x) = (hey fo) 
= hig’ Coy 
Thus we see that [h(gf)](x) = [(hg) f(x) for allx ES. @ 


Inverse Functions 


Consider a function f: S — 7. By the definition of a function. for each element 
x © S there is a unique element vy © 7 such that v = f(v). If f is one-to-one and 
onto, then this can also be turned around. That is. if vy © 7. then there exists a 
unique x € S such that f(v) — vy. The existence of ¥ follows from the fact that f is 
onto T, and its uniqueness follows from the fact that f is one-to-one. A function 


f: S— T that is both one-to-one and onto T is called a one-to-one correspondence 


from S§ to 7. 


@ EXAMPLE 2 We saw in Section 1.4 that the function h: ‘R > ‘RK defined by h(x) = 2x + 1 


was one-to-one and onto ‘kK. Thus it is a one-to-one correspondence from ‘R to itself. 
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If y € ‘R then there is a unique x € ‘R such that A(x) = 2x + 1 = y. In fact, when 
we proved that # was onto ‘Kk, we found that A(x) = yer y= 1/2) oe 


As we have seen, when f is a one-to-one correspondence from S§ to T each y € T 
corresponds to a unique x € S such that f(x) = y. Thus a new function g: T—> S 
can be defined as follows: 


g(y) =x ifandonlyif f(id)=y. 


The function g is called the inverse of f, and is denoted a. In Example 2, where 
we had A(x) = 2x + 1, we found that 


z ve! 
a) 
i 2 
M@ EXAMPLE 3 Find the inverses of the following one-to-one correspondences: 
fie Rk =k iewhere 7,2) = x’, 
fo: RR’, where f(x) = 2e*"', 


x ifx=0 


>:ROR, h = 
eter Here! 3) te ifx <0. 


Solution We have y = f,(x) = x° if and only if x = Vy. Thus f, '(y) = Vy. We 
could also give the formula for f, beast '(x) = Vx, or use any other letter in place 


— we have y = f,(x) = 2e*"' if and only if 
BS 2, 
3x — | = In(y/2), 
3x = 1+ In(y/2), 


[1 + In (y/2)]/3. 


I! 


il 


x 
mhusfigitx) = [1 + Inie72)]/3. . 
Finally if x = 0, then y = f,(x) = x if and only if x = y. Also if x < 0, then 
y = f(x) = 2x if and only if x = y/2. Since in any case x and y have the same 
sign, we have 
ify =O 


J 
»—] o ‘ 
(y) = 
fs Be ify < 0. 
Of course the definition of f,' could also be written with \ instead of vy. @ 
@ THEOREM 1.3 Suppose that f is a one-to-one correspondence from Sto T. Then 


(a) f—' exists; 
(b) f | is a one-to-one correspondence; 
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(c) the inverse of f~' is f; 
(d) f '@) =x forallxES and f (f~'(y)) = y for ail y € T. 


Proof The existence of f ' has already been argued. The proof of the rest of the 
theorem is left for the exercises. I 


In order for the composition gf of the functions f and g to be defined. the co- 
domain of f must equal the domain of g. Things are much simpler if we consider 
functions from a set into itself. If f; S > S and g: S — S. then gf and fg are both 
defined, although in general they will not be equal. 


@ EXAMPLE 4 Consider the functions f and g, both from ‘R into ‘R, which are defined by 
f(x) = x’ and g(x) = 3x — 5. Then 
(gfx) = gf @)) =e@") = 3x — 5, 
while 
(fa)(x) = f (g(x) = f (3x — 5) = (3x — 5)’ = 9x’ - 30x + 25. BS 
If S is any set, we will denote by ‘F(S) the set of all functions from S into S. 
We have seen that functional composition is a binary operation on ‘I(S). and by 
Theorem 1.2 this operation is associative. We call the particular function that sends 
every element of S into itself the identity function on S. and denote it by /,. Thus 


I;(x) = x for all x € S. By part (d) of Theorem 1.3, if f is a one-to-one correspen- 
dence from S to 7, then 


f fats and ff'=I,. 


In general if f: S > S, then (f1,\v) = fUsQ) = fa) tor all x € S. and so fl, = 
f; a similar proof shows that also 


lef “. f. 
It must be remembered that if f € -1(S), then the inverse f | exists only if f is 


a one-to-one correspondence. We define «1 *(8) to be the set of one-to-one corre- 
spondences from S into itself; clearly 


tS) eres). 


The set ‘F*(S) is quite structured, as the following theorem shows. 


@ THEOREM 1.4 Ler S be a nonempty set. Functional composition is an associative binary 


operation on the set t*(S) of all one-to-one correspondences from § into itself. This 
set contains an identity element I; such that 


I;f=fls =f 
for each f © T*(S). Also, if f © P*(S), then there exists f~' © -P*(S) such that 
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Proof Everything in this theorem has already been proved except for the fact that 
‘F*(S) is closed under functional composition. We must show that if f and g are one- 
to-one correspondences from S into itself, then so is gf. 

To show that gf is one-to-one, let us assume that x, and x, are distinct elements 
of S. We must show that. 


(gf(x1) F (gfx). 


Now f(x,) # f(x) because f is one-to-one. Then g(f(x,)) # g(f(x2)) because g 
is also one-to-one. But from the definition of functional composition this says that 


(gf)@1) F (gf Ox). 


The proof that gf is onto S is also simple and will be left for the exercises. 


EXERCISES 1.5 
In Exercises 1-8 let the functions f, g, h, F, and G be defined as follows. 
toh? Re ig ox + 2 
gs Rh > Caeiy)'— 2 + xi 
h: QR, W(x) = Vx? +1 
F: Z—>Q, F(x) = x/2 + x?/3 
G: N> Z, G(x) =x- x’ 


Determine whether each listed composition exists. If so, give its domain and codomain, and 


write a formula for it. 


oes 2. fe 3. fh 
4. hF 5. hf 6. FG 
7. (gh)F 8. h(FG) 


In Exercises 9-16, f: S — T is a function. Find a formula for f~', if it exists. 


9, S=T=R',f(x) = Vx 
TO), Se SS oe Se ae Cs) = WV 


1. S=2,T=%,fW=k 

12. S= Rt, T= {x © R81 0 <x < I}, fs) = Wu t+ VD) 
80S = T = 0, w= G + 5)73 

Mm S=T 2. f@erexr 


ep fie x° Cif, 0 
15. S=T=R, f(x) = baa 
ise 1 = NV, FO) x id 
In Exercises 17—19 assume that f is a one-to-one correspondence from § to T. These exercises 
complete the proof of Theorem 1.3. 
17. Prove that f ‘' is a one-to-one correspondence from T to S. 


18. Prove that f~'f = I; and ff! = /,. 
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19. Prove that (f ')”' =f. 


20. Prove that if f: S — T and f is onto T, then there exists a function g: JT — S such that 
fg = 1,. Give an example of such functions f and g for which f is not one-to-one. 


21. Prove that if S # @, and if f: S — T and f is one-to-one, then there exists a function 
g: T — S such that gf = Js. Give an example of such functions f and g for which f is 
not onto T. 


In Exercises 22-26 assume that f: S — T and g: T — U are functions. 
22. Show that if gf is onto U, then g is onto U. Give an example where gf is onto U but 
f is not onto T. 
23. Show that if gf is one-to-one, then f is one-to-one. Give an example where g/f is one- 
to-one, but g is not. 
24. Give an example where gf is a one-to-one correspondence. but neither f nor g are. 
25.' Prove that if f and g are both one-to-one, then gf is one-to-one. 


26.’ Prove that if fis onto T and g is onto U. then gf is onto L’. (This finishes the proof of 
Theorem 1.4.) 


@7) Suppose f: S > T, g: T> U.h: T— U, and gf = hf. Preve that if fis onto 7, then 
g = h. Give an example where f is not onto 7 and g ¥ Ah. 


28. Suppose f: S— T, g: S— T, h: T — U, and hf = hg. Prove that if h is one-to-one, 
then f = g. Give an example where h is not one-to-one and f ¥ gz. 


29. Suppose f: S— T, g: T— S, h: T— S, gf = Is, and fh = I;. Prove that f is a one- 
to-one correspondence and g = h =f '. 


1.6 RELATIONS 


In Section 1.4 we saw that each function f: S — T corresponds in a natural way to 
a subset of S X 7 satisfying the following conditions. 


If x € S, then (x, y) € F for some y € T. 
If (x, y,) © F and (x, y,) € F, then y, = yp. 
Sometimes we need to consider subsets of § \ T that do not correspond to functions, 
however. For example, the circle with equation vo + = 25 corresponds to the set 
G = {(x, y): @, y) E'R X ‘Riand x? + y?=925}. 


This does not correspond to a function from ‘RK into “Rk beeause (4. 3) and (4. —3) 
are both in G, contradicting the second condition above. 

For the rest of this section we will only consider subsets of S * T where S = T. 
Any subset R of S x S is called a relation on §. If (a. y) © R. we will also write 


WR y, 


"Exercises 25 and 26 are cited in Section 3.6. 


We indicate that 


xR y is false 
by writing 
xRy, 
so that in our example 
1B 3. 


Thus the set G mentioned above is a relation on ‘R and 3 G 4 (since 3? + 4° = 25), 
while 2 ¢ 5. 

Although the concept of a relation may seem too general to be useful, such is 
not the case. For example the symbol “<” defines a relation on the real numbers, 
namely 


H = {(x, y): (x, y) ER X Rand x < y}. 
Thus 
(>) eH and (5,2) € A, 
although it is more usual to write 
2 3and Sie: 


A relation on a finite set can be expressed by actually listing all its elements. 


Thus if 
Y ={1,2, 3;4} 
and . 
C = {(x, y): , y) EY x Yandx < y}, 
then 


C= 1¢2). (152),(1, 4), (2,5), (2, 4). (3, 4)}- 


m@ EXAMPLE 1 Let Z = {x € 2:1 x 10} and D = {a. y) € Z x Za yf. Write out the 
elements in D. 


eee “ 
# eA a) ace : ay 
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Solution There are 100 elements (x, y) in Z X Z, but most do not satisfy x < ie. 
For example, (1, 2) © D since 1° < 2, but (2. 3) ¢ D since 2° < 3 is false. In 
fact 


D = {(1, 2), (1, 3), 1, 4), (1, 5), (1, 6), (1, 7), 1, 8), 1, 9), C1, 10), 
(2, 5), (2,6), (2, 7), 278), 2.9), 2,10), 1 ae 


Properties of Relations 


Relations may satisfy certain rules, some involving binary operations as well. We 
list some rules satisfied by the relation < on the real numbers. 


Properties of Less Than 


For all real numbers x, y, and z 
. Exactly one of the following is true: 

x jx — yy y= x: (trichotomy) 
If x < y and y < z, then x < z. (transitivity) 
ifn = y, then + 2 y + Zz. 
If x < y and O < z, then xz < yz. 


Let us rewrite the above rules for an arbitrary relation R defined on some set $ 
of real numbers containing 0. 


For all elements x, y, and z of § 
(a) Exactly one of the following is true: 

xR, X= yy, yR x: (trichotomy) 
(b) If x R y and y R z, then x R z. (transitivity) 
(cy liz Ry, then G+ 2a (yz). 
(d) Ifx R y and OR z, then xz R yz. 


M@ EXAMPLE 2 Consider the relation A defined on = by 


xAy_ if and only if lx] = yl. 


This relation does not satisfy (a), sinee 2 A 2 and 2 = 2 are both true. Rule (b) does 


hold for A, since if [x] = |¥| and |v] = |z|. then ja} = Ic}. Rule (ec) fails for A. For 
example 2 A (- 2), but (2 + 2) A (-2 + 2) is false. The reader should prove that 
(d) does hold for A. 


Two other rules that hold for the relation A of Example 2 are 
xAxforallx€‘R (reflexivity) 
and 
xAyimplies yA x (symmetry). 


For |x| = |x| for all integers x; likewise |x| = |y| implies |y| = |x|. 
Relations that are reflexive, symmetric, and transitive are given a special name. 
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Definition of an Equivalence Relation 


We say that a relation E on a set S is an equivalence relation if it is reflexive, 
symmetric, and transitive, i.e., 


teor all x © °S (reflexive property) 
ifx E y, then y E x (symmetric property) 
if x E y and y E z, then x E z. (transitive property) 


The most basic equivalence relation is that of equality, which is an equivalence 
relation on any set S. 


@ EXAMPLE 3 Consider the relation E on the set S = {1, 2, 3, 4, 5, 6} defined by 
eo 1, 1) ee), (te, 2), (2; 6), Gale Gy 3), (3579), 
(Qya)7 a. 1a). >), (6, 2), (G50),- 
It can be checked directly that E is an equivalence relation on S. For example con- 
firming that E is reflexive amounts to checking that (1, 1), (2, 2), (3, 3), (4, 4), 
(5, 5), and (6, 6) are all in E. One way to visualize which elements of S are related 


is by drawing lines between them, as in Figure 1.10, where we have not drawn a 
line from each element to itself. 


Figure 1.10 


If x € S, we define 
ix] = {ye S: yE x}. 


Thus 
[1] ={y ES: yE 1} = 41, 3, 5}. 
2] = {2, 6} 
Bl =x!.3, 5} 
[al 4). 
[S} = {1, 3, 5}, 
and 


[6] = {2. 6}. 
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These sets are pictured in Figure 1.11. 


Figure 1.11 


Notice that there are really only three sets of the form [x]: 


E13) = (Sl — {he 
i Ol 4220); 
and 
[4] = {4}. 
and that every element of S is in exactly one of these sets. 
In general, given a set S, we say that sets S,. S.. ... form a partition of S in 
case none of the sets S,. S., ... is the empty set O. and every element of S is in 
exactly one of the sets S,. S:. ... . For example the sets (1. 3, 5}. (2. G@}, and {4} 


form a partition of the set {1, 2, 3. 4.5. 6}. The following theerem gives the con- 
nection between the equivalence relations on a set S and the partitions of S. 


@ THEOREM 1.5 (a) Let E be an equivalence relation on a set 8. Then the distinct sets of the 
form |x] = {y: y E x} form a partition of S. 


(b) Conversely, suppose S,, S,, ... is a partition of a set S, and define a 
relation E on S by 


xEy ifandonly if x andy are in the same set S, for some i. 


Then E is an equivalence relation on §S. 


Proof (a) Assume that & ts an equivalence relation on S$. Clearly the sets of the 
form [x] are nonempty, since v € [x] by the reflexivity of E. This also shows that 
every element of S is in at least one set of the form [x]. It remains to show that no 
element of S is in two distinct sets of the form [x]. We will do this by assuming that 
x € [y] and x € [z], and proving that [y] = [z]. 

Since v © [y} we have v E y by the detinition of [y]. Thus y E x since E is a 
symmetric relation. Likewise x € [2] implies x E z. But since vy E x and x E z, 
transitivity gives y E z. 
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Now we will show that [y] C [z]. Let w be any element of [y]. This means that 
w Ey. We have already proved that y E z, which together with w E y and transitivity 
implies w E z. Thus by definition w € [z]. This shows that [yle@alz). 

Since y and z started the proof with the same status, if we can prove that [y] C 
[z], we can also prove [z] C [.y] by a similar argument. Together these set inclusions 
imply that [2] = [y], which is what we wanted to prove. 

(b) The proof of part (b) is much simpler, and we will leave it for the exercises. 


If E is an equivalence relation on S, then the sets of the form [x] are called the 
equivalence classes corresponding to E. It is not hard to show that x E y if and only 
if [x] = [y]. 

If S is infinite, there may or may not be infinitely many equivalence classes 
corresponding to E. For example the equivalence relation A defined previously on 
= by 

xAy if and only if |x| = |y| 
has infinitely many equivalence classes, namely 
foe eZ, — 2}; 13, —Shyan- 
On the other hand the relation B defined on Z by 
xBy ifandonlyif x — yiseven 
can be shown to be an equivalence relation. It has only the two equivalence classes 
ae Foe 0, 294 Gun ea} 


and 


EXERCISES 1.6 


In Exercises 1-4 let § = {1, 2, 3, 4, 5}. List the elements in the relation R on S. 


2 . ) 
1. x Ry in case x = y’ 2. x R y in case x° S y 


3; ky injcasex + y = 7 4.4K y in Cer" + > =" 26 


5. Show that the relation G defined at the beginning of this section also does not satisty 
the first condition listed there for corresponding to a function from ‘R into ‘K. 


In Exercises 6—11 tell, as in Example 2, which of rules (a), (b), (c), and (d) are satisfied by 
the given relation on ‘R. Give a counterexample for each rule that does not hold. 

6. x Ry if and only if x = y 7. x Ry if and only if xy = 0 

8. x Ry if and only if x < 2y 9. x R y if and only if 2x < y 

10. x R y if and only if |x — y| < 1 1. x RK yt andtonly ifx — y & = 
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In Exercises 12-21 a relation R on a set S is given. Tell which of the reflexive, symmetric, 
and transitive properties R satisfies on S. 


12. S = all people, x R y in case x is the brother of y , 

13. S = all people, x R y in case x is the mother of y 

14. S = all people, x R y in case x is a descendant of y 

15. S = all people, x R y in case x has a parent in common with y 

16. S = 2, x Rein case x —3/ <2 

17. S = 2, x R y in case x and y are both in {4n, 4n + 1, 4n + 2, 4n + 3} for some 
Eee | 

18. S = 2, x R y in case x — y is even or ry > 5 

19. § = 2, xR y in case xy = 1 

20. S='R,xRyincasex -yEQ 

21. S ='‘R, xR y in case xy = 0 


In Exercises 22-27 determine the equivalence classes of the equivalence relation E on S. 


22. S = {1, 2, 3, 4, 5, 6}, x E y in case x — y € {—3, 0, 3} 

23. S = {1, 2, 3, 4, 5, 6}, x E y in case [3 — 2| = |3 — y| 

24. S={n € 2:n #0}, x E y in case xy > 0 

25. S = Z, x Ey in case x = y or else |x — y| = 1 and the larger of x and y is even 
26. S = ‘R, x E y in case the largest integer < \ is the same as the largest integer = v 
27. S='R, x E y inseasex = y- 

28. Prove part (b) of Theorem 1.5. 

Prove that if E is an equivalence relation on S, then x E y if and only if [x] = [y]. 


30. Define a relation R on = by x R y if and only if x? — y? = 6k for some k € 2. Show 
that R is an equivalence relation on =. 


31. Let S be the set of all equivalence classes tormed by the relation R of the previous 
exercise. Does 
x] + Ly] = & + yl] 
define a binary operation on S? 
32. Let S be as in the previous exercise. Does [1] ¥] [av] define a binary operation on S? 
In Exercises 33-39 give an example of a relation on S = 41, 2, 3 with the specified prop- 
erties. 
33. Reflexive and symmetric, but not transitive 
34. Reflexive and transitive, but not symmetric 
35. Symmetric and transitive, but not reflexive 
36. Reflexive, but not symmetric or transitive 
37. Symmetric, but not reflexive or transitive 
38. Transitive, but not reflexive or symmetric 


39. Neither reflexive, symmetric, nor transitive 
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1.7 MATRICES AND POLYNOMIALS 


Matrices 


In this section we will introduce two other algebraic systems that will be useful as 
examples in the succeeding chapters. These systems both admit the binary operations 
of addition and multiplication. The algebraic properties these operations enjoy will 
be studied in greater detail later. ° 


By a matrix (the plural is “matrices”) we mean a rectangular array of complex 
numbers. An example is 
a2 O03 
el A 


This isa 2 X 3 (read “2 by 3”) matrix, since it has 2 rows and 3 columns. In general 
an m X nm matrix is one with m rows and n columns. We will denote the set of all 
m X n matrices with entries in the set S by .M,,.,,(S). For example .¥f,..,(R) denotes 
the set of all 2 x 3 matrices with real entries. Two matrices are considered equal 
if they have the same number of rows and same number of columns, and all the 
corresponding entries are equal. 

Two matrices in .¥1,,.,(S) are added by adding the corresponding entries. Of 
course the set S must be closed under addition in order for this always to make sense. 
For example 


=o | 3 -5| |-2+1 0+3 3=5 
5 12 —4), 2 -6 Oo; 5+2 12-6 -4+0 


We will use a system of double subscripts for the entries in an arbitrary matrix, 
denoting the entry in row é and column j/ of the matrix A by A,,. For example, if 


ae | ec0 oS 
5” ilera4 
then A,, = —2, Aj. = 0, Ar; = —4, and generally for a 2 X 3 matrix A 
A ae A), Ai Ai; 
Ax, Az Ads 
We can define the addition of two m * n matrices in a very Compact form using 


this notation: 


(A a Bip Aj, * B;, for 1 = = m and ] <j< n 


Suppose that B and C are matrices with entries taken trom a set that is closed 
under both addition and multiplication. In order that the matrix product BC be de- 
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fined it is necessary that the number of columns of B must be the same as the number 
of rows of C. In other words, for a product of the form 


(m X nmatrix)(r X s matrix) 


to be defined, we must have n = r. In this case, the product is an m X s matrix. 
Before giving the general definition of matrix multiplication, we will show an ex- 


ample. 
2 Bh {||| = 3 x 2(—2) + 3:5 2°0+ 3-12 2-34.54) 
() = 9) Se! 0(—2) + (-5)5 0-0 + (—S5)12 0-3 + (—S5)(—4) 
_{| 11 36 -6 
I 150) 20 
Notice how 


Wie) +) 3 a) 


the entry in row 1 and column | of the product matrix, is the sum of the products 
of the corresponding entries of row | of the first matrix (2 and 3) and column | of 
the second matrix (—2 and 5). More generally, the entry in row 7 and column j of 
the product matrix is the sum of the products of the corresponding entries of row i 
of the first matrix and column j of the second. This is shown graphically in Figure 
la. 


column j 


Figure 1.12 


The general definition is as follows. Let X be an r X ys matrix and let Y be an 
Ss X ¢ matrix. Then we define 


Xi; Ayah Aye Vip te: Yi Zii2ie... Ze 
XY = Xas Xn . . Xa, er ee . : . Va Foy 2x tx ° ; , 2 
Ky Xi ose RLY eo. ee a ne 
where Z,, = X,¥,, + X.¥2, + ... + X,¥,,. In the usual summation notation we could 


write this as 


5 


Zi; > XY ij: 


y 
k=] 
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An m X n matrix with m = n is said to be square, for obvious reasons. If S is 
closed under addition and multiplication, then the square matrices in .¥f,,,($) can 
be both added and multiplied, with results back in .M,,,..,(5). Thus in this case addition 
and multiplication are both binary operations on .1,,.,(S). The algebraic rules these 
operations follow will be treated in Chapter 3. 


Polynomials 


Let S be a set of complex numbers that contains 0 and is closed under addition, 
subtraction, and multiplication. A polynomial over S is an expression of the form 


P(x) = a,x" + a,x" | + +++ + ax + ap, 
where do. d,, ..., a,. Called the coefficients of P(x), are all in S. If a, ~ 0, then 


we say that the degree of P(x) is m, and call a, the leading coefficient of P(x). Two 
polynomials 


act «++ ax + dy: a, ~ 0; and b,x” + +++ + bx + bo, 5, #0, 


are considered to be equal exactly when m = n and a; = b; fori = 0, 1, ..., n. 


We denote the set of all polynomials over S by S{x]. For example the polynomial 
of degree 3 


3.5x° + Ox? + (-2)x + 4 


is in Q[x] but not in S[x], since 3.5 ¢ <=. It is conventional to write this polynomial 
as 
gn — 24. 

suppressing terms with coefficient 0 and writing —|a,|x* in place of +a,x' when 
a, < 0. . 

If two polynomials in S[x] have the same degree, then we add them by adding 
the corresponding coefficients; that is 

(age + ao" | + +> + ay) + (b,x" + Byuix" | + +++ + Bo) 


(La) 
= (a, + bay a5 (a 1 ste b,,. ))x" ar a ot (a 3 bo). 


If two polynomials have different degrees we use the same definition, adding terms 
with O coefficients to the polynomial of lower degree so that (1.5) can be applied. 
For example 


(35x? — 2x + 4) + (22x* + x* + x — 7) 
= (Ox? + 35x° + Ox? — 2x + 4) + (22x* + x? + Ox? + x— 7) 
= 22x* + 36x’ + Ox? —x - 3 
= 22x* + 36x° — x — 3. 


The subtraction of polynomials is defined in a way analogous to (1.5), namely 


in Secon 1. a ee site ie tana tae! re a 1€ ts. F 

(3x? + 2x — 7)(—x? + x? — x + 2) 

= 3x7(—x? + x7 — x + 2) + 2x(—x? + x? — x + 2) + (-T)E’ + x? — x F 2) 

= (—3x° + 3x* — 3x? + 6x7) + (—2x* + 2x? — 2x? + 4x) + (7x* — 7x? + Tx — 14) 
= 3) + G20 (3 2 ae Oe — ge 
Se el — 14 


A more formal definition is that 
(G_,X" + a,x" | +--+ + aba" = tee: EB 
= Capek PCa eee oP <a 
where 


A 


Ce = Agdy + Ady, + Arzy-2 + -+> + Qahy = Ss ab,_, 


1-0 


fonk=— 0, lee ere ert. 


EXERCISES 1.7 


In Exercises 1—14 let 


| Ry 
me a | 

# es a if | 0 | core 
b 2 

12 3 

304 

o-[3 | E=| 04 “a rel if G=cA. 
-1 7 -- 


Evaluate whichever of the following are defined. 


LA. +B eet SAR 
4. BC 5. DB 6. CB 
Copa!) ay By a 9. D(A + B) 
10. DA + D TEE, 12. E3, 


13. Gs, I4. G,. 
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In Exercises 15-20 let P(x) = x? + 2x + 3, Ox) = x4 +27 + 1, RQ) = 2 -— x? +3. 
Compute each listed polynomial, and give its degree. 

iSeP@) + OG) 16. Q(x) + R(X). 17. P(x)Q(x) 

18. O(x~)R() 19. @&&) — xP(x) 20. xR(x) — 2Q(x) 


21. Give an example of polynomials P(x) and Q(x) in ‘R[x] such that neither P(x) nor Q(x) 
is in [x], and yet P(x) + Q(x) © [x]. 


22. Give an example of polynomials P(x) and Q(x) in ‘R[x] such that neither P(x) nor Q(x) 
is in [x], and yet PO) © Zi]. 


23. Give an example of two polynomials P(x) and Q(x) in ‘R[x], each with degree 5, such 
that P(x) + Q(x) has degree 3. 
In Exercises 24 and 25 let S(x) = ix? + (1 + i)x — 3 and 769) = (Gi = be ap Pe are Sit 


24. Compute S(x) + T(x). 25. Compute S(x)T (x). 


26. Prove that if A and B are in .™f,,.(R), thenA+B=B+A4. 
27. Give an example of matrices A and B in M,,..(‘R) such that AB # BA. 


28. Show that there is an element Z in .¥f2,..(‘R) such that if A is in Af,,.(‘R), then 
A+Z=Z+A=A. 


29. Show that there is an element 7 in ™,,.(‘R) such that if A is in 2,.(R), then 
Al =IA=A. 
30. Prove that the matrix Z in Exercise 28 is unique. 


31. Prove that the matrix / in Exercise 29 is unique. 


In Exercises 32 and 33 let I be as in Exercise 29, and let 


ee: See 
a=|! 2] and p~|! a 


32. Find a matrix C in .¥f2,,('R) such that AC = J. Show that C is unique. 
33. Show that there is no matrix D in .¥f2,..(‘R) such that BD = J. 


34. Show that if X, Y, and Z are in .Mf2,.(‘R), then X + (Y + Z) = (X + Y) + Z. 
6s) Show that if X, Y, and Z are in M,.,(R), then X(YZ) = (XY)Z. 
36. Show that if X, Y, and Z are in .V,,..('R), then X(Y + Z) = (XY) + (XZ). 


Supplementary Exercises for Chapter 1 


In Exercises 1-6 prove or disprove that the given statement holds for all sets A and B. 


1.(AUB)\B=A 
2. (A\B) UB=AUB 


3s 
4. 
3: 
6. 


Te 
8. 
a: 


10. 


J Ue 


12. 


(A\B)\A=@ 

A\(B\A)=A 

(A U B) X (B U A) = (A X B) U (B X A) 
(A X B)\(B X A) = (A\B) X (B\A) 


Prove that if A and B are finite sets, then |A U B| = [A] + |B] — |A N Bi. 
Let x * y = 2xy + x + y. Show that * is an associative binary operation on —. 
Let (a, b) * (c, d) = (ad + bc. bd — ac). Show that * is an associative binary operation 
on < X A. 
Prove that if * is a commutative and associative binary operation on a set S. then # is 
a commutative and associative binary operation on S X S, where 

(a, b) # (c,d) =(a*c,b*d). 
Let f(x, y)) = (2x + 3y, x + 2y). Show that f is a one-to-one correspondence from 
2 xX Z onto itself, and give an explicit formula for f~ '((u, v)). 


Let g((x, y)) = (2x + 3y, 2x + y). Show that this formula defines a one-to-one corte- 


spondence from ‘R X ‘R onto itself, but not a one-to-one correspondence from = X = 
onto itself. 


. Let f: S — T be a function, where S and T are finite sets. Show that |S| < |T| if f is 


one-to-one, and [S| = |T| if f is onto T. 


. Suppose g: S — S is a function, where S is a finite set. Show that if g is either one-to- 


one or onto S$, then it is a one-to-one correspondence. 


. Give an example of a function g: = — = that is one-to-one but not onto. 
. Give an example of a function g: = —> = that is onto but not one-to-one. 
. Exhibit a one-to-one correspondence between .\ and <. 


. Let S and 7 be nonempty sets. If 8) = m and 7 n, how many functions from S§ inte 


T are there? 


. How many of the functions in the previous exercise are one-to-one? 
. How many functions are there from {1, 2, 3, 4} onto {1, 2}? 


If x and y are in ‘R*, write x R y in case x/y © Q. Show that R is an equivalence relation 
on ‘R”. 


. Let R be the relation of the previous exercise. Prove or disprove that if x R y and 


u Rv, then (xu) R (yy). 


. Let R be the relation of Exercise 21. Prove or disprove that if x R y and u R v, then 


(RA Bande 


Euclid 


After the death of Alexander the Great in 323 B.c., the vast em- 
pire that he had established became divided. Thus the province 
of Egypt came to be ruled by Ptolemy 1, one of Alexander's gen- 
erals. Ptolemy established a library and a university (called the 
Museum) at Alexandria. The Museum attracted many of the lead- 
ing astronomers, scientists, and mathematicians in the Greek world. 
One of these was Euclid. 

Very little about Euclid’s life is known. Most of our infor- 
mation about him comes from the Commentary on the First Book 
of Euclid’s Elements, written by the philosopher Proclus (410- 
485 a.bD.). No birthplace or date of birth is known for Euclid, and 
he is sometimes confused with Euclid of Megara, a student of 
Socrates. It is believed that Euclid studied with students of Plato 
or perhaps even at Plato's Academy. What is known is that he 
was one of the first teachers at Ptolemy’s Museum, where he 
produced the most influential mathematics textbook of all time, 
the Elements. 

Apparently there is little in the Elements that is Euclid’s orig- 
inal work. His role was to organize known results in a logical se- 
quence and occasionally to provide new proofs of known results 
consistent with the sequence he had chosen. It is through the 
Elements that we have come to know almost all of the mathe- 
matics developed during the Greek Classical period. 

Because Euclid’s name is so closely associated with ge- 
ometry, it may be surprising to find reference to him in a book 
on algebra. Indeed, most of the Elements and Euclid’s other writ- 
ings is devoted to geometry. In fact, the Greeks regarded a num- 
ber as being represented by a line segment, and so all of Euclid’s 
terminology and results have a decidedly geometric flavor. But 
Euclid’s Elements is intended to be a textbook treating all of el- 
ementary mathematics, and so Book II is devoted to what we 
would call algebraic identities, Book V to proportion, Books VII, 
Vill, and IX to the theory of numbers, and Book X to irrational 
numbers. Among the subjects treated in Books Vil, VIll, and IX 
are the greatest common divisor, the Euclidean algorithm, the 
least common multiple, the fundamental theorem of arithmetic. 
and the fact that there are infinitely many primes 
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CHAPTER 2 


The Integers 


The first number system with which we become familiar is the integers. As young 
children we learn to count, and later in elementary school mathematics we learn to 
perform the basic arithmetic operations with integers. Throughout this book the in- 
tegers will serve as a model for algebraic structures that we will study extensively. 
In this chapter we will discuss properties of the integers that will be seen again in 
our study of polynomials. 


2.1 DIVISIBILITY 


If a and 6 are integers, then a + b, a — b, and ab are also integers, but a/b may 
not be; and questions of when a/b is also in = lead to a deeper understanding of 
the integers. Since a/b = k € = implies a = bk, we will give the following defi- 
nition in order to avoid mentioning the operation of division: Let a and b be integers. 
If b = ak tor some & © &, then we say that a divides b (or that a is a divisor or 
factor of b) and write 


alb. 


If a divides b, we also say that b is a multiple of a. If a does not divide b, then 
we write afb. 


m EXAMPLE 1. We have 3/12, since 12 = 3-4, and 4 € =. Likewise 4/12, 5|—35, —2|26. 
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—7|—28, and 6|0. On the other hand 3/13, 9/3, and 0/5. @ 


The next theorem lists some elementary properties of the relation “|” on = 


~- 
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@ THEOREM 2.1 Leta, b, and c be integers. 


(a) If alb and blc, then alc. 
(b) If alb and alc, then a\bx + cy for any integers x and y. 


Proof (a) Of course statement (a) amounts to the fact that the relation “|” is tran- 
sitive on =. Suppose alb and b|c. Then by definition 6 = ak for some integer k and 
c = bj for some integer j. Thus 


c = bj = (ak)j = a(kj), 


where kj is an integer. This means that a|c. 
The proof of (b) is left as an exercise. 


The Division Algorithm 


In elementary school one learns to divide an integer by another, producing a quotient 
and remainder. For example, without doing the calculation, we know that if the 
division 

7) 43865 


is carried out, the result will be a quotient g and a remainder r, where both g and 
r are integers, and r is 0, 1, 2, 3, 4, 5, or 6. Thus we have 


43865 _ z r 
7 : i 
or, again avoiding the operation of division, 


43865 = 7qg +r, where O=r< 7. 


Not only do the integers g and r exist, but they are unique: thus if two people divide 
43865 by 7, they should both get the same quotient and remainder. We now state 
this in a formal way. 


@ THEOREM 2.2 (The Division Algorithm for =) Let a and b be integers, with a > 0. Then 
there exist unique integers q and r such that 


b=aqt+r and OSr<a. 


In order to prove the division algorithm, we will need to use an important prop- 
erty of the set of natural numbers .\: Every nonempty subset of \ contains a smallest 
element. We refer to this property of .\ by saying that .\ ts well-ordered. The fact 
that .\ is well-ordered is actually an axiom about the natural numbers; it cannot be 
proved from other properties of the integers. That .\ is well-ordered is certainly 
plausible, however, for if we view the natural numbers along a number line, this 
property asserts that every nonempty subset of .\ contains a leftmost element. : 

Note that other familiar number systems do not share this property. The set ~ 
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of integers, for example, does not have this property. There are subsets of = that 
contain no smallest integer. The set of negative integers, for instance, contains no 
smallest element; for if x is a negative integer, then x — 1 is a smaller negative 
integer. Nor does the set of nonnegative real numbers have this property. In this 
case the subset {r € ®: r > 0} has no smallest element; for if x belongs to this subset, 
so does the smaller real number x/2. 

Knowing that .V is well-ordered, we now can verify the division algonthm. 


Proof of Theorem 2.2 In order to prove the existence of the integers q and r, we 
will use the fact that .V is well-ordered to show that there is a nonnegative integer 
of the form b — ag that is less than a. We will choose r to be this integer. 


Define 
S = {x € N: x = b — am for some m € 3}, 
and consider the integer m = —|b|. Since a is a positive integer, we must have a = 1. 
Thus 
alb| = |b| = |—-b| = —0, 
and so 
b — am = b — a(—|b|) = b + alb| = O. 
Hence S # ©. 


Because .V is well-ordered and § is a nonempty subset of .\. S must have a 
smallest element r, and r = 0. Moreover, by the definition of S there is an integer 
q such that 


b-aq=r. 
We claim that r < a. Assume on the contrary that r > a. Then 
Osr-a=(b—-aq)-a=b — aq + 1). 


It follows that r — a € S. But then r — a is an element of S that is less than r. 
which is the smallest element of S. This contradiction shows that r < @. Thus 


Osr=bD- aq<a, 
and so 
b=aqt+r and CSF = a2. 


proving the existence of the integers q and r. 


Next we must show that q and r are unique. Suppose that there are integers q, 
r, q', and r’ such that 


b=aq+r with Oxsr<a and b=aq'+r' with O<r' <a. 
We must show that g = q’ and r = r'. Now 


ag t= a0 
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and so 
ag ar — r. 
Since 
C= 7" <a and =a <= = 0, 
addition of these inequalities gives 
as a Ps ak ire 
Hence 
"age q) <a 
agg 
Since q — q’ is an integer, it follows that g — q' = 0, and so q = q’. Moreover, 
P= b—ag7= > — aq =F. | 


Thus the integers q and r in the division algorithm are unique. 


Since 
43865 3 
=—— = 6266 + —, 
7 7 
we see that if a = 7 and b = 43865 in Theorem 2.2, then the quotient and remainder 


are q = 6266 and r = 3, respectively. We can check that 
43865 = 7: 6266 + 3, and Os 7. 


mM EXAMPLE 2 Find the quotient g and remainder r in the division of b by a in each of the 
following cases: 


(ja =9,b= 51, 
(ii)a =51,b = 9, 
(iia =9,b=0, 
(iv)a = 9,b = —S1. 


Solution (i) Since 
51=9-5 + 6, with 0=<=6<9, 


we have q = 5 and r = 6. 
(ii) Since 
= 51-0 + 9, with O= F< 5i;, 


we have g = 0 and r = 9. 
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(iii) Since 
0=9-0+0, with 0o=0<9, 


we have q = 0 andr = 0. 
(iv) In part (i) we divided 9 into 51 to get 


ST S83 0; 
and it is tempting to multiply this equation by —1, getting 
—51°="9(]3) + oy 
Taking g = —5 and r = —6 is incorrect, however, since 
0O=-6<9 
is false. The correct application of the division algorithm is 
=S1 = 9(—6) + 3, with 0=3<9. 

Thus q = —6 and r = 3. & 


The Greatest Common Divisor 


We have defined an integer d to be a divisor of an integer ¢ if ¢ = dq tor some 
integer g. This integer q is just the quotient in the division of c by d. Note that if 
d is a divisor of c and c > 0, then d = c. For if d > O, then the quotient q in the 
division of c by d is positive, and so 


c =adqg2d-1=4d. 


On the other hand, if d <= 0, then certainly d = c because c > 0. 

Let a and b be integers, not both 0. As its name suggests, the greatest common 
divisor of a and b is the largest integer that divides both a and b. We denote the 
greatest common divisor of a and b by ged(a, 6). Because | divides both a and b, 
the greatest common divisor of a and b is always positive. 


@ EXAMPLE 3 The positive divisors of 60 are 1, 2. 3. 4.5, 6. 10, 12. 15, 20, 30. and 60. and 
the positive divisors of 135 are 1. 3, 5. 9. 15. 27, 45. and 135. Comparing these 
two lists, we see that 15 is the largest integer that divides both 60 and 135. Hence 
the greatest common divisor of 60 and 135 is 15; symbolically, 


gcd(60, 135) = 15. @ 


M@ EXAMPLE 4 The positive divisors of 117 are 1, 3, 9, 13, 39, and 117. and the largest of 
these that divides 36 is 9. Hence gcd(117, 36) = 9. @ 


Examples 3 and 4 show one approach to computing the greatest common divisor 
of two integers: Simply list all the positive divisors of a and all the positive divisors 
of b and determine the largest number common to both lists. If a@ and b are large, 
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however, this method could be quite tedious. An easier method of computing the 
greatest common divisor makes use of the division algorithm. This method first ap- 
peared in print in Book VII of Euclid’s Elements, and so it bears his name. 


@ THEOREM 2.3 (The Euclidean Algorithm) Let a and b be integers such that a > 0. Suc- 
cessively apply the division algorithm as follows: 


b=aq, +r where 0 <r, <a, 

a = 1r1qQ2 + rp ay here) < rs. < Te 

r; = 1293 + 13 where 0 <r; <r, 
Vana = Veda ot Th where 0 <r, < r,-1, 


Tn-1 = TrQn+1 +0; 


Then the greatest common divisor of a and b is the last nonzero remainder r,,. 


Proof Let d denote the greatest common divisor of a and b. Because 
Fr-1 = FrQn+1> 
we see that r, divides r,_,. It now follows from Theorem 2.1(b) that r, divides 
feo Taide Tn. 
Continuing in this manner, we see that r, must divide each of the numbers 
(eae r-> Pia wanden: 


Hence r, divides both a and b, that is, r, is a common divisor of a and b. Therefore 
r, <= d, the greatest common divisor of a and b. 
Now d divides both b and a, and so d must divide 
r, = b- aq, 
by Theorem 2.1(b). Likewise since d divides both a and r,, d must divide 
Po = Fl "\qQ2- 
Continuing in this manner, we sce that d must divide each of the remainders r), .... 


Tyas a-1, and r,. But if d divides r, andr, > 0, then we must have d = r,. Since 
both r, = dandd<=r,, it follows thatd=r,. @ 


m@ EXAMPLE 5 We will use the Euclidean algorithm to compute the greatest common divisor 
of 4307 and 1121. Since the algorithm requires that we divide a into b, we choose 
b to be the larger of the given integers. In this case, we take b = 4307 anda = 1121. 
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Now apply the division algorithm to 1121 and 4307: 
4307 = 1121(3) + 944. 
Next, apply the division algorithm to the previous remainder and divisor: 
1121 = 944(1) + 177. 
Continuing in this manner, we obtain: 
944 = 177(5) + 59 
177 =959(3) + 0. 
Since the last nonzero remainder is 59, we see that ged(1121. 4307) = 59. 
Notice the pattern formed by the numbers when performing the Euclidean al- 


gorithm. 


4307 = 1121(3) + 944 


a i 


1121 = 944(1) + 177 


j A 


944 = 177(5) + 59 


{/ 


177 = 59(3) + 0 


The calculations performed in using the Euclidean algorithm also enable us to 
express gcd(a, b) in the form av + by for some integers a and y. To do so. we solve 
for each of the nonzero remainders in the equations above: 


1 


4307 — 1121(3) = 944 
177 


944 — 177(5) = 59. 


{ 
tI 


1121 — 944(1) 


Beginning with the equation in which ged(a, /) occurs as a remainder, we work 
backwards, substituting for each remainder using the expression obtained in the pre- 
ceding equation. For instance, using the equations in Example S$. we obtain 


59 = 944 — 177(5) 
= 944 — [1121 — 944(1)](S) = 944(6) — 1121(5) 
= [4307 — 1121(3)](6) — 1121(5) = 1121(—23) + 4307(6). 
Hence 59 = ax + by for x = —23 and y = 6. 
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@ EXAMPLE 6 Find the greatest common divisor of 23,933 and 31,759 and express it in the 
form 23,933x + 31,759y for some integers x and y. 
Taking a = 23,933 and b = 31,759 in the Euclidean algorithm, we obtain: 


31,759 = 23,933(1) + 7826 
23,933 = 7826(3) + 455 
7826 = 455(17) + 91 
455 = 91(5) + 0. 


Since the last nonzero remainder is 91, the greatest common divisor of 23,933 and 
ST faois9 1. 
To express 91 in the form ax + by, we work backwards from the calculations 


above. 
91 = 7826 — 455(17) 
= 7826 — [23,933 — 7826(3)](17) = 7826(52) — 23,933(17) 
= (Biro? = 25,9531 52) — 23,9337) 
= 23,9336— 69) 4. 31,759(52). 
Hence 91 = ax + by for x = —69 and y = 52. 

In the examples above, we have illustrated the use of the Euclidean algorithm 
with positive integers. Since gcd(a, b) = gcd(a|, |b|) by Exercise 46, this proves to 
be no restriction, for we can always replace a negative integer by its absolute value. 
For instance, it follows from the calculations in Example 6 that the greatest common 
divisor @f 23:938 and»—31,759 ® alsov-91, and 91 = 23,933(—69) + (—31,759)(—52). 

In our examples the greatest common divisor of a and b could be expressed as 


ax + by for some integers x and y. The next result proves this in general and tells 
us even more. 


@ THEOREM 2.4 Let a and b be integers, not both zero. The greatest common divisor of a and 
b is the smallest positive integer expressible in the form ax + by for some integers 
x and y. 
Proof Define 
S = {k © 2*:k = am + bn for some integers m and n}. 
Note that because at least one of a and > is nonzero, 
a eb meet bb & §. 


Hence S is a nonempty subset of =’, and so S must have a smallest clement d because 
-V is well-ordered. Since d € S, there exist integers «and y such that dé av + by. 

It suffices to prove that d is the greatest common divisor of a and b. Apply the 
division algorithm to a and d to obtain integers q and r such that 


a=dqtr and O Sd. 
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Now 
r=a- dq 
a — (ax + by)q 
a(1 — xq) + b(—yq). 


If r > 0, then the preceding equation shows that r € S. But r < d and d is the 
smallest element in §. Hence we must have r = 0, so that 


a = dq. 


Thus d divides a, and a similar argument shows that d divides b. Therefore d is a 
common divisor of a and b. 

Let c be any common divisor of a and b. Since d = ax + by. it follows from 
Theorem 2.1(b) that c divides d. But d > 0 because d € S. Hence we must have 
c <= d. Therefore d is the greatest common divisor of a and b. 


Recall that we defined the greatest common divisor of a and b to be the largest 
integer that divides both a and b. Although this definition is the natural one for the 
integers, it makes use of the ordering of the integers. It is convenient in other cir- 
cumstances to have another formulation of this concept that does not use the ordering 
of 2. Such a formulation is given by the next theorem, which will be the medel for 
our definition (in Section 5.2) of the greatest common divisor of polynomials. 


@ THEOREM 2.5 Let a and b be integers, not both 0. If d is the greatest commen divisor of a 


and b, then both of the following conditions hold: 


(1) d divides both a and b, and 
(2) if c divides both a and b, then c divides d. 


Conversely, if d is an integer such that both (1) and (2) hold, then ud is the greatest 
common divisor of a and b. 


Proof Let d be the greatest common divisor of a and 6. Then d divides both a and 
b by definition, and so condition (1) holds. It follows from Theorem 2.4 that 
d = ax + by tor some integers v and y. Henee if ¢ divides both a and b, then ¢ must 
divide d by Theorem 2.!(b). Thus condition (2) also holds. 

Now suppose that d is an integer satistving both conditions (1) and (2). Then 
d # 0 because 0 does not divide a nonzero integer. We will prove that |d| is the 
greatest common divisor of a and b. Because of (1). it is clear that jdj divides both 
a and b. So to prove that |d| is the greatest common divisor of a and b, we need 
only prove that |d| is the largest divisor of a and b. Suppose that ¢ divides both a 
and b. Condition (2) implies that ¢ divides |d}. But sinee ¢ divides |d| and {d| > 0, 
we must have c = |d|. Thus |d| is the greatest common divisor of a and b. I 


Interchanging the words “greatest” with “least” and “divisor” with “multiple” 
in the definition of the greatest common divisor yields a dual concept. Let a and b 
be nonzero integers. The least common multiple of a and b is the smallest positive 
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integer that is a multiple of both a and b. We denote the least common multiple of 
a and b by Iem(a, b). The least common multiple of a and b can be computed easily 
from the greatest common divisor of a and b. (See Exercise 61.) Many other im- 
portant properties of the least common multiple are presented in the exercises. 


EXERCISES 2.1 


In Exercises 1—12 tell whether the statement is true or false. 


1. 7/63 2. 5(-15 3. 17/51 

4. —3|0 5. 0|0 6. 0|4 

7. —35(7 8. 2|61753 9. 9{182745 
10. 7/6170 11. 3|77-51 12. 6|334- 909 


13. Prove Theorem 2.1(b). 

14. Prove that the relation “|” is reflexive but not symmetric on Z. 

15, Prove that alb if and only if |aj divides |b]. 

16. Prove that 1|b for all b € 2. 

17. Prove that alO for all a € Z. © 

Prove that if a|b and b # 0, then a < |b]. 

19. Prove that if a|b and bja, then |a| = |d|. 

20. Prove that if a|b, then a*|b’. 

21. Prove or disprove: if a, b, and c are in 2* and albc, then alb or alc. 


— 
ad 


22. Prove or disprove: if a, b, and c are in 2° and ab = c’, thena = x* and b = y* for some 
integers x and y. 


In Exercises 23—31 find, if possible, integers q and r such that b = aq+ randO=Sr<a. 


23. a=5,b= 43 24. a= 17, b = 60 25. a= 13,5=91 
26. a= 51,6= 17 27. a= 31,b5=0 28. a= 7, b= —80 
29. a = 11, b = —100 30. a = —7, b = 40 31. a=0,b= 44 


_ 


32. Suppose a, b. qg. and r are integers such thath © aq + rand Q~ r © a. Show that alb 


if and only if r = 0. 


In Exercises 33-40 use the Euclidean algorithm to compute the greatest common divisor d 
of a and b. Then express d in the form ax + by for some x, y © = 


33. a = 4851 and b = 5929 34. a = 9798 and b = 552 

35. a = 76,128 and b = 3120 36. a = ~24 and b = 81 

37. a = 390 and b = —720 38. a = —5917 and 6 = —5063 
39. a = —7661 and b = 4183 40. a = 1349 and b = —2413 


41. Why must we require at least one of a and / to be nonzero in the definition of the greatest 


common divisor? 
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42. 
43. 


51. 


52. 


Let a be a nonzero integer. Prove that ged(a, 0) = |al. 


Let a, b, and c be integers such that c = ab + 1. Determine ged(a, c), and justify your 
answer. 


. Let x, y, and n be integers with n = 2. Show that if x — y is divisible by nm, then 


gcd(x, n) = ged(y, n). 
Prove that if x, y, and z are nonzero integers, then gcd(xy, xz) = |x| - ged(y. z). 


. Let a and b be integers, not both 0. Prove that ged(a, b) = ged(|a|, |b)). 
. Let a = bx + cy for some integers b, c, x, and y with b # 0. Prove that gcd(c, b) divides 


gcd(a, b). 
Let a be a nonzero integer. Show that if x € =*, then ged(a, a + x) = ged(a, x). 


. Let a and b be integers, not both 0. Prove that ged(a, b) = 1 if and only if there exist 


integers x and y such that ax + by = 1. 


. Let a, b, and c be integers such that a ¥ 0. Prove that there exist integers x and y such 


that c = ax + by if and only if gcd(a, b) divides c. 


Let a, b, and c be integers such that a # 0. Prove that ged(a. bc) = | if and only if 
gcd(a, b) = 1 and ged(a, c) = 1. 


Let a and b be integers, not both 0. Prove that if ged(a, b) = d. then ged(a/d. b/d) = 1. 


63) Let a, b, and c be integers such that a # 0. Prove that if a divides bc. then a divides 


54. 
55: 


56. 


57. 
58. 


59. 


60. 


gced(a, b)-c. 
Let a be a positive integer. Determine gcd(a, a + 2). Justify your answer. 


Let a and b be integers, not both 0. Prove that if ged(a. b) = 1. then ged(a*. b*) 
Is the converse true? Justify your answer. 


Ul 
= 


_ 


Let a and b be integers, not both 0. Prove that if ged(a. b) = 1, then ged(a + b. ab) = 
Is the converse true? Justify your answer. 


Why must we require that the least common multiple of a and b be positive? 


Why must we require both a and 6 to be nonzero in the definition of the least common 
multiple? 


If both a and are nonzero integers that divide the integer m, prove that lem(a, b) divides 
m. Deduce that Iem(a, 5) divides ab. 


Let a and b be nonzero integers. Prove that lem(a, b) = Iem({a}, |d)). 


Prove that for any nonzero integers a and b we have lem(a. b) = fab|/gedta. b). 


62. 
63. 


Determine Icm(c, c + 2) if c is a positive integer. Justify your answer. 


Let a and b be nonzero integers. Prove that ged(a + b, Icm(a, b)) = ged(a, b). 


2.2 THE PRINCIPLE OF MATHEMATICAL 
INDUCTION 


Although the fact that .\ is well-ordered cannot be proved from other properties of 
the integers, it is logically equivalent to the principle of mathematical induction, an 
important method of proving theorems about integers. In this section we will discuss 
this principle. 
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Suppose we wish to prove that for any positive integer n, the sum of the first 
n odd positive integers is n°; that is, 1 = 1’, 1 + 3 = 27,1 + 3 + 5 = 3°, and, in 
general, 


1+ 3 +++ + (Qn — 1) =n’. 


The principle of mathematical induction enables us to verify such results. We now 
state this principle formally. 


@ PRINCIPLE OF MATHEMATICAL INDUCTION Ler S(n) be a statement involving the 
integer n. Suppose that for some fixed integer r, both of the following conditions 
hold: 


(1) S(r) is true, and 
(2) whenever k is an integer such that k = r and S(k) is true, then S(k + 1) is 
true. 


Then S(n) is true for all integers n = r. 


To use the principle of mathematical induction, we must verify both conditions 
(1) and (2) above. Proving that some statement S(r) is true establishes a base for the 
induction, and verifying condition (2) shows that whenever the statement is true for 
some integer, then it is also true for the next. Condition (2) is usually called the 
inductive step, and the assumption that S(k) is true in (2) is called the induction 
hypothesis. 

It is not difficult to see why the principle of mathematical induction works. If 
condition (1) in the principle holds, then we know that statement S(r) is true. If also 
condition (2) in the principle holds, then we can use condition (2) with k = r to 
conclude that S(r + 1) is true. Using condition (2) with k = r + 1 now shows that 
S(r + 2) is true. If we then apply condition (2) with k = r + 2, we see that S(r + 3) 
is true. Continuing in this manner, it is plausible that S(m) is true for each integer 
ne 

We will demonstrate the use of the principle of mathematical induction to es- 
tablish the formula above for all positive integers n: 

1+ 3+ --> + (2n-— 1) =n’. 
In this case the statement S(n) to be proved is the preceding equation. Since the 
result is to be proved for n > 1, we choose r = | as the base of the induction. Thus 
the first part of the proof is to show that the formula is true for 2 = 1. In this case 
we must show that 1 = I°, which is obviously true. Next we assume that S(k) is 
true and prove that S(A + i) must also be true. Thus our induction hypothesis is that 


oe ee ee — 1K, 
and we must prove that 
b+ 3+-+* + (2k + 1) = (k + 1. 


To establish this result, we manipulate the left side until it equals the right side. This 
manipulation will require using the induction hypothesis, and so we look for a way 
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to incorporate it into the calculation. In this case, it is not hard to see how to use 
the induction hypothesis: 


P+ 34+) + (2k+ 1)=[1 +3 +--° + (2k —1)] + (2k + 1) 
=k + (2k +1) 
=(k + 1, 


which verifies the formula when n = k + 1. Because both conditions (1) and (2) 
have been proved, the principle of mathematical induction allows us to conclude that 
S(n) is true for all integers n = r = 1. Hence 1 + 3 + --- + (2n — 1) = nn’ is true 
for all positive integers n. 


@ EXAMPLE 1. We will use the principle of mathematical induction to prove that for any non- 


negative integer n and any real number x ~ 1, 
n+1 
2 n mie 
le ea a ae 
a 
As in the preceding example, the statement S(7) to be proved is the equation 
above. The proof will be by induction on n with 0 as the base of the induction. For 
n = 0 the left side of the equation is 1, and the right side is 
x — 1 eel 


= = | 


ll = 


Therefore the equation is true for nm = 0, and so S(O) is true. 
Now we assume S(k) for some nonnegative integer k, that is, we assume that 
the equation is true for some nonnegative integer k. Hence 
lx +x s+ + x Se 
We must prove that the equation is true for k + 1. that is, 


Pex txr tees toh tg ght = 


To prove this equation, we will use the induction hypothesis to rewrite the left side: 


b+ x tix? bees tx! te SL + x fi? te tee) tae 
oe 
ae 
sa 4 + Pe) 
2 —— a“! 
gil duty ht? oka 
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Thus we have proved that the equation is true for k + 1, and so the statement S(k + 1) 
is true. Therefore the equation is true for all nonnegative integers n by the principle 
of mathematical induction. 


@ EXAMPLE 2 Let a and b be integers, not both 0. We will prove by mathematical induction 
that if gcd(a, b) = 1, then ged(a", b) = 1 for all positive integers n. 

Let S(7) denote the statement: “the greatest common divisor of a” and b is 1.” 
Since the statement is to be proved for all positive integers n, we take 1 as the base 
of the induction. For 7 = | the statement to be proved is that gcd(a’, b) = 1, which 
is true by the hypothesis. 

Now we assume that S(k) is true for some positive integer k, that is, we assume 
that gcd(a’, b) = 1. We must prove that S(k + 1) is true, which is the statement that 
ged(a‘*', b) = 1. Since ged(a, b) = 1 and ged(a‘, b) = 1, Theorem 2.4 asserts that 
there are integers r, s, u, and v such that 


ar+bs=1 and a‘u + bv = 1. 
Multiplying these two equations gives 
(ar + bs)(a‘u + bv) = 1°1 
a*'ru + b(sa‘u + arv + sbv) = 1. 


Taking x = ru and y = sa‘u + arv + sbv, we see that x and y are integers such that 
a‘”'x + by = 1. Thus by Theorem 2.4 we have gced(a‘*', b) = 1, proving S(k + 1). 
Therefore S(n) is true for all nonnegative integers n by the principle of mathematical 
induction. 


In using the principle of mathematical induction in our examples above, we 
explicitly defined the statement S(n) to be proved. Although knowing this definition 
is necessary to understanding any proof by induction, standard practice is not to make 
the definition of S(m) explicit as part of the proof. We will usually follow this practice 
henceforth. Nevertheless, the reader should carefully formulate the statement S(71) 
when reading or writing a proof by mathematical induction. 

Our next result is a useful theorem’ that will be proved by mathematical induc- 
tion. Before we can state this theorem, however, we will need to introduce some 
new notation. If r is a positive integer, then the number r factorial, denoted r!, is 
the product of the integers from | through r. Thus 


i= 1, 


Dio 1-2 = 


Nw 


ll 


3S 2° 3° = 6, 


and so forth. For convenience we also define 


Of = 1. 


‘The binomial theorem is needed only for Sections 4.3 and 6.5 
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If r and n are integers such that 0 = r = n, we define the binomial coefficient 
oy) (1s 
"| to be the number 
r r! 


(n — nr)! 


10 12 
@ EXAMPLE 3 Compute 4!, ial and ‘a 


Using the definitions above, we obtain the values 
4'=1-2:°3-4 = 24, 
(I 10! 10! 7S 


= =— = = 210, 
4 4!(10 — 4)! 4! 6! 1-2-3:4 
and 
! ! 0-11-12 
2) tt Oe 
2 91(12— 9)! 9! 3! 1-2-3 


Every binomial coefficient is an integer (see Exercise 14) and. in fact. 


n n! n! n n! n! 
0 O!(n— 0)! O!n! n ni(n—n)! nO! 


for every nonnegative integer n. We will also need the following useful relationship 
among the binomial coefficients. 


M@ LEMMA /fr and nare integers such thatO Sr <n — 1, then 
n )s n) = n+ '. 
Peto ae rae 
Proof Let r and n be integers such that0 = r = n — 1. Then 


( n )+ oo ee ys 
aaa | r (r+ D)in-—-r-—l! sr'in— nr)! 


(n —r)-n! (r + 1)-n! 


(r+ Din-n! (rt IDMn —- 7)! 


Gar) (re len 
(r + 1)\(n — r)! 


(a & | 
=(" hi). = 


Our next result asserts that the binomial coefficients occur as coefficients in the 
expansion of binomial expressions. 
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M@ THEOREM 2.6 (The Binomial Theorem) For any positive integer n and any real numbers 


x and y, 
n Wu N\ n reat n ~  e n 
ay = et xy + XT Ay fee + ie 
cman= apr (i)era + (yer + (op 


Proof The proof will be by induction on n. For n = 1 the left side is 
(x+y =xty, 
and the right side is 


(sles (‘r= (Hes (Ie ecty 


Hence the theorem is true for n = 1. 
Assume that the theorem is true for some positive integer k, that is 


k ee Aes 
(x + y= Gi aL ae y+ ()x" 2? Bind een (i) 


Then by the induction hypothesis, the distributive property, and the lemma, we have 


(x + y)**! = (x + y)(x + y)* 


| \| 
~ = 
—— 
ee + 
So 
Sa” ‘“— 
—  ...m) 
is 
oF S 
ee 
—< = 
— =~ ~~ 
Sage eee” 
= “ni 
| ten 
wer —_ Pd 
———- 
ar » 
Eo 
a | 
NY = Ze 
eum” 
> ate 
_ 
to i IE 
‘— NOS 
to 3 : 
ar — 
a 
=) 
te 
ah ata 
a 
—s 
_———— 
“ + 
—- 
a 
- 
SS 


i 
— =< 
S = 
re 

~ 

+ 
—S 
a 

a= 
a 
Se 

i= — 
~ 

m 

ra 
| 
ais 
to 2 
ad 

oe 
Fai 
= = 
a 
_ 
= 

~ 
= 

ae 


‘ k+1\, co Ep SR 
(power 


+ (? : sy + : ' 


Thus the theorem is true for k + 1. and so the equation is true tor all nonnegative 
integers n by the principle of mathematical induction. 


| 
De 
es 
ae 
= 
— + 
SS ee 
* 
ae 
we) 
+ 


I 
aT 
= 
FE 
—— 
~ 
+ 
aa 
= 
+ 
ie 


i) | 
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Recursive Definitions 


The principle of mathematical induction can be used not only to prove theorems, 
but also to define expressions. Such definitions are called recursive definitions. The 
following examples illustrate this idea. 


™@ EXAMPLE 4 For any nonnegative integer k we can recursively define the number k! as fol- 
lows: 
(a) If kK = 0, then k! = 1. 
(b) If k is a nonnegative integer for which k! is defined, then we define (4 + 1)! 
by (kK FD! = hl ke 
Statements (a) and (b) define the expression n! for all nonnegative integers n. 
For by taking S(n) to be the statement “n! is defined.” we see that: 
(1) S(O) is true [by (a) above], and 
(2) whenever k is an integer such that k = O and S(k) is true, then S(k + 1) Is 
true [by (5)]. 
Therefore S(m) is true for all positive integers nm by the principle of mathematical 
induction; that is, n! is defined for all positive integers mn. @ 


@ EXAMPLE 5 Let A € .¥f2,,(¢R). For any positive integer m we can recursively define the 
expression A” as follows: 


(a) If nm = 1, then A” = A. 
(b) If k is a positive integer for which A* is defined. then we define A‘”' by 
A SAA: 
As in Example 4 we see that A” is detined for all positive integers by the principle 
of mathematical induction. 


Giving recursive definitions enables us to apply mathematical induction to prove 
results using the definitions. We will take this approach in Sections 3.3 and 3.5 to 
define the concepts of multiples and exponents. 


Mathematical Induction and Well-Ordering 


To conclude this section, we will show that the principle of mathematical induction 
is logically equivalent to the fact that .\ is well-ordered. Thus. if either one is true. 
the other must be true also. 


@ THEOREM 2.7) The following are equivalent statements. 
(a) WN is well-ordered. 


(b) The principle of mathematical induction holds. 


Proof We will prove that (a) implies (b) and (b) implies (a). 
To prove that (a) implies (b), we suppose that .\ is well-ordered and show that 
the principle of mathematical induction holds. To show that the principle of math- 
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ematical induction holds, we must prove that S(m) is true for all integers n = r if 
S(n) is a statement involving the integer n such that 


(1) S(r) is true, and 
(2) whenever & is an integer such that k = r and S(k) is true, then S(k + 1) is 
true. 


First we will show that the set 
X = {j€ 2: j = Oand S(j + r) is false} 


is empty. Assume that X # ©. Since .Y is well-ordered and X C -V, X contains a 
smallest element mm. Because S(r) is true, necessarily 0 ¢ X. Thus m = 1. Moreover 
S((m — 1) + r) is true because m is the smallest element in X. But then (2) implies 
that S(m + r) is true, contradicting that m € X. Hence X = ©. 

Now suppose that n = r. Let j = n — r= 0. Since j € X, the statement 


S(j + r) = S(n) 


must be true. Therefore S(7) is true for all integers n = r, and so the principle of 
mathematical induction holds. Thus (a) implies (b). 

To prove that (b) implies (a), we suppose that the principle of mathematical 
induction holds. We will prove the contrapositive of the fact that .V is well-ordered: 
If Y is a subset of .V having no smallest element, then Y = ©. Let Y be a subset of 
-V having no smallest element, and let S(n) be the statement “if 7 is an integer such 
thatO = j = n, then j ¢ Y.” Then S(O) is true because otherwise 0 € Y, in which 
case Y has a smallest element. Now suppose that S(k) is true for some nonnegative 
integer k. Then 0, 1, ..., k do not belong to Y. It follows thatk + 1 € Y, for 
otherwise k + 1 would be the smallest element in Y. Thus 1, 2, ..., k, k + 1 do 
not belong to Y, and so S(k + 1) is true. The principle of mathematical induction 
therefore implies that S(m) is true for all positive integers n, andsoY= ©. 


EXERCISES 2.2 


In Exercises 1—12 evaluate the given numbers, where k and n are integers such that) =k =n. 
1. 4! 25! 3.6! aoe! 


| n re : ee 
9. (") 10. (, : ) 11. ("" forn = 2 12. ab | ') 


A ape 
13. Let k and n be integers such that 0 = k = n. Prove that @ : ( ae ), 


14. Let k and n be integers such that O* & 9 on. Prove by mathematical induction that 


is an integer. Hint: Use the Lemma to Theorem 2.6 


n ee gg LEY = on 
. Prove that (") + (") t i (") 1s 


1 


74) 
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16. 


k k +1 


n 
Let k and n be integers such that 0 = k < a Prove that (7) = ( é ) 


In Exercises 17 and 18 determine what is wrong with the given induction arguments. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


~ Prove that ify is a positive real number. then (1 + 4)" 


We will prove that 5 divides 5n + 3 for every positive integer n. Assume that for some 
positive integer k, 5 divides 5k + 3. Then there is a positive integer m such that 
5k + 3 = 5m. Hence 


5(k + 1) +3 = (Sk + 5) +3 = (5k + 3) +5 =S5m+5 = S(m + 2). 


Since 5 divides 5(m + 1), it follows that 5 divides S(k + 1) + 3, which is the statement 
that we want to prove. Thus by the principle of mathematical induction. we see that 5 
divides 5n + 3 for every positive integer n. 


We will prove that, for any positive integer n,. all members of a set of m persons have 
the same age. If a set contains only one person, then all its members have the same age: 
so the statement is true if m = I. Assume that in any set of & persons. all persons have 
the same age, and let {x,, x2, .... x,-,} be any set of kK + | people. Then by the induction 
hypothesis, all people in each of the sets 


ore eee and Lone Came ee 


have the same age. Thus x), x2, ..., x, all have the same age, and x2, x3, ..., Xg4) alll 
have the same age. It follows that .x,..¥2......¥,-) all hawe the same age. which completes 
the inductive step. Hence by the principle of mathematical induction we see that. for any 
positive integer n, all members of a set of nm persons have the same age. 


n(n + 1) 

Provertiatel’-ty Zeta te — for every positive integer rn. 

] Eee kyle cal 1 1 (n + 1)(n + 2) - 
Prove that (3 oF i)(% 1 -] (; oF -) tee (; + *) =  ——? for every positive 
integer n. 

, mn + 1)Q2n + 1) 
Prove that] +4+9+ ++: + n= ——— for every positive integer 7. 
] I 1 | 
Prove that {1 — > | ide : ay (al bake aah = cae for every positive integer 7. 
prove hase ee = 
rove that—— - Re ire sitive i 
io oie ae eee or every positive integer n. 
n(n + 1) 

Prove that | + 8 + 27 +--+ + n° = ———— for every positive integer 7. 


~ 1 + na for all positive integers 
n. 


- Prove that 1-3-...-(2n — 1) = 2-4-...-(2n — 2) for all integers n = 2. 
. Prove that n? < 2” for all integers n = 5. 


. Prove that 4" < n! for all integers n => 9. 


I l 1 
: PLO ee ‘s+ + <2 — — for all integers n = 2. 
n 


n 
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1 ] 
30. Prove that —~ + —— + -++ + —= > V*n for all integers n = 2. 


1 
Vi v2 Vn 
31. Prove that (1 + 2 +--+ +n) = 1° + 2? +--+ + a for all positive integers n. 
eet) tae 
32. Prove that 17 - 2? + --- + (-1)"4r = — for all positive integers n. 
@3) Prove that 12 divides 4" + 3” — 7” for all positive integers n. 
34. Prove that 133 divides 11"*' + 12”~' for all positive integers n. 
35. Prove that 3 divides 2” — 1 for all positive integers n. 
36. Prove that 2” divides (n + 1)(n + 2) ... (2n) for all positive integers n. 
37. Prove that if x, y © =, then x — y divides x" — y” for all positive integers n. 
38. Prove that 8" divides (4n — 2)! for all integers n = 5. 


39. Give a recursive definition of the union of n sets S,, S:, ..., S, using only the definition 
of the union of two sets. 


40. Give a recursive definition of the intersection of n sets S;, S:, ..., S, using only the 
definition of the intersection of two sets. 


41. Prove that for any positive integer m and any sets X, A,, A>, ..., A, 


meta, ADU... UAL) = (XNA) ON AKNAD ON... NANA, 
42. Prove that for any positive integer n and any sets X, A,, A2, ..., A, 


ANA ON AgiN 1A i= (X \iAge U(X WA5) U ... U CX NAD): 


2.3 PRIME FACTORIZATION 


Recall that an integer p is called a prime if p > | and the only positive integer 
divisors of p are | and p. The first few primes are 2, 3, 5, 7, 11, and 13. Every 
integer n = 2 can be expressed as a product of primes in essentially one and only 
one way. Our goal in this section is to prove this basic fact about the integers. 

We have seen that the principle of mathematical induction is a useful tool for 
proving results about the positive integers. In order to prove that every integer n = 2 
can be expressed as a product of primes, a slightly different version of the principle 
of mathematical induction is required. 


m@ SECOND PRINCIPLE OF MATHEMATICAL INDUCTION § Ler S() be a statement involving 


the integer n. Suppose that for some fixed integer r, both of the following hold: 


(1) S(r) is true, and 
(2) whenever k is an integer such that ko > r and all of the statements S(r), 
Sir + 1), ..., Setanectrue, then S(k t+ 1) is true. 


Then S(n) is true for all integers n = r. 


It is condition (2) that is the difference between the second principle of math- 
ematical induction and the version presented in Section 2.2. In the second principle, 
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we assume not only that S(k) is true, but also that the preceding statements S(r). 
S(r + 1), ..., S(k — 1) are true. Hence, because we assume more when using the 
second principle than in using the first principle, the second principle should be 
easier to apply. It is more complicated than the first version, however. and usually 
is not needed. 

We will use the second principle of mathematical induction to establish the ex- 
istence of a prime factorization for every integer n = 2. 


@ THEOREM 2.8 Every integer greater than | is either a prime or a product of primes. 


Proof Let n be an integer greater than 1. The proof will be by induction on 7, 
using the second principle of mathematical induction. Since 2 is a prime, the state- 
ment of the theorem is true if n = 2. 

Assume then that for some integer k = 2. the statement of the theorem is true 
for n = 2, 3, ..., k. We must prove that k + | is a pnme or a product of primes. 
If k + 1 is a prime, the conclusion is immediate: so suppose that k + | is nora 
prime. Then there is a divisor r of k + 1 such that 1 <r <k + 1. Since r divides 
k + 1, there is an integer s such that rs = k + 1, and we must have 1 << s<k + 1. 
Thus the induction hypothesis can be applied to both r and s. It follows that both 
r = P\p2.-. Pm and $s = q\q> ... q, are primes or products of pnmes. But then 


k+ 1 =rs = pip2--- PmONQ2 --- 4: 


is a product of primes. Hence the statement of the theorem is true for k + 1, and 
so the statement is true for all integers n = 2 by the second principle of mathematical 
induction. 


According to Theorem 2.8, any integer > | is either prime or can be expressed 
as a product of primes. Thus, for instance, 19 is prime and 


WOO = 2°2* 2°-3°3<5 


is a product of primes. For our present purposes it will be convenient to regard a 
prime as a “product” of a single prime (namely itself). Thus the conclusion of Theo- 
rem 2.8 can be stated as: Any imteger greater than 1 can be expressed as a product 
of primes. Ot course, the sequence in which the prime factors are listed is unim- 
portant; for example, we could also write 


Gd0 = 5 -2<3°2-5-2. 


But other than such reorderings of the prime tactors, the factorization of an integer 
greater than | into prime factors is unique. This means that if two different people 
factored 600 into prime factors, they would beth obtain three factors of 2. one factor 
of 3, and two factors of 5 in some order. Before we can prove the uniqueness of a 
prime factorization, we must establish a preliminary result. 


@ THEOREM 2.9 Leta. b. and © be integers such that a # 0. If ged(a, b) = 1 and a divides 


bc, then a divides c. 
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Proof By Theorem 2.4 there exist integers x and y such that 
ax + by = }, 
Multiplication by c yields : 
acy Fibcy = c. 


Now a divides a, and we are given that a divides bc. Hence a divides c by Theorem 
2288). 'B 


@ COROLLARY Let? ¢,. c2. and p be integers. If p is a prime and p divides c,c>, then p 
divides c, or C>. 


Proof Consider d = gcd(p, c,). Because d is a positive divisor of p and p is prime, 
we must have d = p or d = 1. If d = p, then p divides c,, because d divides c,. 
On the other hand, if d = 1, then Theorem 2.9 guarantees that p divides c,. Thus 
in either case p divides c, orc). Hf 


The Corollary to Theorem 2.9 can be generalized to a product of n integers by 
a straightforward induction argument that we leave as an exercise. (See Exercise 
oa) 

We are now able to prove the principal result of this section. 


@ THEOREM 2.10 (The Fundamental Theorem of Arithmetic) Any integer greater than 
1 can be expressed as a product of primes. This factorization is unique up to the 
order of the factors. 


Proof Let, > | be an integer. By Theorem 2.8 we know that r can be expressed 
as a product of primes (allowing for products of a single prime). 
We must show that this factorization is unique. Assume therefore that r has two 


factorizations 
r = P\p2-+- Pm and r= iGo --- Qn» 


where Pp), P2, ---» Pm and q,, q2, .... G, ate primes and the notation is chosen so 
that m <= n. Since p, divides r, the generalization of the Corollary to Theorem 2.9 


guarantees that p, divides some q, (1 ~ j = m). But if p, and q, are primes and p, 
divides q,, then we must have p, = q,. Thus by renumbering the gq, if necessary, we 
can assume that p, = q,. Cancelling p,; = q, produces 

P2P3 +--+ Pm = 92q3 ->- oe 


Applying the same argument with p, in place of p,. we can show that, with an 
appropriate renumbering of the q;, p. = q2. Hence 


P3P4 --+ Pm = 9344 +++ n- 
Continuing in this manner, we obtain 


| =e - > Gn: 
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But no product of primes can equal 1; so we must have m = n. Because m = n and 
Pp; = q G@ = 1, 2, ... m) for a suitable renumbering, we have proved that the fac- 


torization of r is unique up to order. 


The factorization of positive integers into their prime factors is currently a sub- 
ject of great interest because of its applicability to cryptography. Cryptography 
is the study of methods for encoding and decoding messages. such as codes and 
ciphers. Although this subject may suggest diplomatic and military intrigue. it has 
a much wider application. Because of the increased use of the telephone to transmit 
information, keeping confidential information from falling into the wrong hands 1s 
a serious problem for both individuals and businesses. 

Traditional methods for transmitting secret messages require a secret key that is 
known to both the sender and receiver. Such a key is susceptible to discovery. in 
which case the security of messages is jeopardized. For this reason a new type of 
cryptography, called public-key cryptography. has been developed in which knowl- 
edge of the key permits encoding of messages but not their decoding. 

Perhaps the best-known method of public-key cryptography is called the RSA 
method. Its name comes from the initials of its inventors, Rivest, Shamir, and Adle- 
man, then professors at Massachusetts Institute of Technology. The security of this 
method is based on the difficulty in determining the prime factors of a very large 
number. Thus, although the fundamental theorem of arithmetic assures us that every 
integer greater than | has a prime factorization, it does not help us to determine what 
the prime factors actually are. And in practice. determining the prime factors of a 
large number may take thousands of years. even using the fastest available super- 
computer. 

If we are able to determine the prime factorizations of the integers a and b, 
however, then it is easy to compute the greatest common divisor of a and b. The 
method is described in our next theorem. 


@ THEOREM 2.11) Suppose that a and b are positive integers greater than 1. Let p,. ps. .... 


Pp, denote the distinct primes dividing a or b (or beth), and suppose that 


S52 Ss 


and b = pips ... p;. 


on raed a) ro 
a SUPP? <2 Ps 
(Thus some of the exponents r, and s, may be 0.) Let m, denote the smaller of r, and 
Ss; fori= 1,2, ..., 2. Then 


gcd(a, b) = py'p” ... pr”. 


Proof Let 


d= pp... 1p 
Clearly d divides both a and b. Suppose that ¢ divides both a and b. Since ¢ divides 
a,a = cx for some integer x. It follows from the fundamental theorem of arithmetic 
that every prime divisor g of c must also be a prime divisor of a, that is, g = p, for 
some ¢ = 1, 2, ..., 1. Moreover g can occur as a prime divisor of c no more than 
r, times. A similar argument applied to b shows that g can occur as a prime divisor 
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of c no more than s; times. Hence g can occur as a prime divisor of c no more than 
m; times. It follows that ¢ = d, and so d is the largest common divisor of a and b. 
Therefore d = gcd(a, b). Wf 


We will now use the prime factorization of a positive integer (established in 
Theorem 2.10) to prove a useful result that shows certain numbers are irrational. 


@ THEOREM 2.12 Let m and n be positive integers and r be a positive rational number such 
that r" =n. Then r € 2. 


Proof Let r = a/b, where a and 5 are positive integers. Since (a/b)” = n, we 
have 


a” = bn. 


Suppose some prime p appears / times in the prime factorization of a, j times in the 
prime factorization of b, and k times in the prime factorization of n. By considering 
the number of times p appears in the prime factorizations of both sides of the equation 
above, we conclude from the fundamental theorem of arithmetic that 


mi = mj + k. 


Since m > 0 and m(i — j) = k = O, we must have i = j. Thus each prime must 
appear in the prime factorization of a at least as many times as it does in the prime 
factorization of b. This means that b divides a, andsor=a/bE z=. Hi 


It follows from Theorem 2.12 that real numbers such as \/2 and *\V/7 are not 
rational. If, for example, r = V2€E Q, then r° = 2. But then Theorem 2.12 (with 
m = n = 2) implies that r © =. Since 2 is not the square of any integer, this is a 
contradiction. A similar argument shows that for positive integers m and n, "Vn is 
a rational number only when n is the mth power of some integer. 


A Number System without Unique Factorization 


Theorem 2.10 proved that every integer greater than | has a prime factorization that 
is unique except for the order of its factors. This result, however, was probably 
familiar to most readers before encountering it in this book. In fact, our intuition 
probably suggests that the uniqueness of a prime factorization is a natural fact that 
we should expect to be true in other number systems as well. Unfortunately, such 
is not the case, even for systems that resemble the integers very closely. We will 
conclude this section by considering a familiar number system in which prime fac- 
torizations need not be unique. 

The system to be considered is the set 'f of even integers with the usual defi- 
nitions of addition and multiplication. We will say that x divides z in‘ if there 
exists an element y in fF such that xy = 2. Thus 14 divides 140 in‘! because 10 € °L 
and 14-10 = 140. On the other hand 14 does nor divide 70 in ‘I even though 
14-5 = 70, because 5 is not an element of ‘f. Note that the definition of a prime 
that we used in = is not appropriate for ‘!, because | ¢ ‘J. Thus we will say that a 
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positive element p of ‘E is prime if p cannot be expressed as the product of two 
positive elements of ‘. 


It is easily shown that 
2230 and 6-10 


are both prime factorizations of 60. Hence there are elements in ‘E that can be fac- 
tored into products of primes in more than one way. There are other number systems 
in which prime factorizations need not be unique. A more sophisticated example is 
described in Exercises 39 and 40. 


EXERCISES 2.3 
In Exercises 1-8 factor the given integer into its prime factors in X. 
$254,520 2. 300,125 
3. 286,200 4. 383.328 
5. 324,324 6. 389,844 
7. 381,264 8. 447,525 


In Exercises 9-16 use the prime factorizations obtained in Exercises 1-8 to compute the 
greatest common divisor of a and b. 


9. a = 254,520 and b = 286,200 10. a = 300,125 and b = 389,844 

11. a = 254,520 and b = 324,324 12. @ = 383,328 and b = 389,844 

13. a = 286,200 and b = 381,264 14. a = 383,328 and b = 447,525 

15. a = 324,324 and b = 381,264 16. a = 389,844 and b = 447.525 

17. How many divisors does a prime have in ‘E? 

18. Find an element of ‘fF other than 60 that has two different prime facterizations. 

19. Does the Corollary to Theorem 2.9 hold in ‘E? Justify your answer. 

20. Characterize the primes in ‘E. 

21. Prove that every positive element of ‘} can be written as a product Of pnmes in F (al- 
lowing for “products” of a single prime). 

22. What is wrong with the following induction argument? Leta be any nonzero real number. 
We will prove that, for any nonnegative integer n, x" = 1. Since x° = 1, the statement 
is true for n = 0. Assume that for some integer k we have x° = 1, x' = 1, ..., 27 = 1. 
Then 

kan 
yk*! — bi se del = ] 
eon 1 

Hence by the second principle of mathematical induction we see that x” = 1 for all non- 
negative integers n. 

23. State and prove a result analogous to Theorem 2.11 that will enable us to compute 


the least common multiple of two nonzero integers from the prime factorizations of a 


and b. 


24, 


aS. 


26. 
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Generalize the Corollary to Theorem 2.9 as follows. Let Gita... ee pandp be integers. 
If p is a prime and p divides c,c, ... c,, then p divides some (ite 

Show that in =, p is a prime if and only if p cannot be expressed as the product of two 
positive elements of = different from p. (Thus the definition of a prime used in ‘E is 
equivalent to the usual definition of a prime in 2.) 


Let p be an integer greater than |. Prove that p is a prime if and only if, for all integers 
a and b, whenever p divides ab, then p divides a or p divides b. 


@7) (a) Exhibit all the positive divisors of 5-7 in 2. 


28. 


aa 


40. 


(b) Prove that if p and q are distinct primes in 2, then pq has exactly four positive 
divisors in =. 

(a) Exhibit all the positive divisors of 11? in Z. 

(b) Prove that if p is a prime integer, then p* has exactly three positive divisors in 2. 


If p is a prime in = and nis a positive integer, how many positive divisors does p” have? 
Justify your answer. 


. If p and q are distinct primes in = and m and n are positive integers, how many positive 


divisors does p”q” have? Justify your answer. 


. 


- If p;, Po, ---» Pm are distinct primes in Z, how many positive divisors does pp ... Dm 


have? Justify your answer. 


. Prove that if a positive integer n > | has no prime factors less than or equal to Vn, 


then 7 is a prime. 


. Prove that there are infinitely many prime integers. Hint: Suppose that there are only 


finitely many primes p,, P2, ..-, Pn, and consider pp. ... p, + 1. 


. Prove or disprove: If p, denotes the kth prime integer, then p,p. ... p,, + 1 is prime for 


all positive integers m. 


. Prove that for any positive integer m, there exist consecutive integers that are not prime. 


. Prove that if is an integer greater than 2, than there exists a prime p such that 1 <p < nt. 


Hint: Consider the prime divisors of n! — 1. 


. Prove that the fact that .\ is well-ordered is equivalent to the second principle of math- 


ematical induction. 


. Let a and b be integers, not both 0. Prove that if gcd(a, b) = 1, then gcd(a”, b") = 1 


for all positive integers m and n. 


. Let S = {x € C: x = a + BV —6 for some a, b € <}. Prove that addition and multi- 


plication are binary operations on S. 


Forx = a + bV 6 with a, b € 2, define N(x) = a? + 68° 

(a) Prove that M(x) = 0 if and only if x = O. 

(b) Prove that M(x) = 1 if and only ifx = +1. 

(c) Prove that N(ixy) = N(x)M(y), where x and y are elements of the set S in Exercise 
39. 


(d) Call a nonzero element p of the set S prime if p # +1 and if, whenever p = xy for 
x and y in S, then x = +1 or y = +1. Show that 2, 5, 2 + V—6, and 2 — V~-6 
are prime in S. 

(e) Show that in S, there are two different factorizations of 10 into primes. 
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2.4 CONGRUENCE 


In this section we will introduce an equivalence relation on = by using facts from 
Section 2.1 about the divisibility of integers. In Section 3.1 we will use this relation 
to create a new number system containing only a finite number of elements. This 
relation has many important practical uses (such as in the design of error-correcting 
codes, which we will discuss in Chapter 9). For the present, however, this relation 
will serve as a model for other equivalence relations that we will introduce in later 
chapters. 

Let m be a positive integer. If a and b are integers, we say that a is congruent 
to b modulo m, and write 


a = b (mod m) 
in case m divides a — b. Thus “=” defines a relation on —. For example. 
17 = 5 (mod 6) 
because 6|17 — 5 = 12. Likewise 31 = —11 (mod 6) and 23 = 44 (mod 7). On 


the other hand 23 = 44 (mod 8) is false, since 8/23 — 44 = —21. If a = b (mod m) 
is false, then we write 


a # b (mod m). 
Thus 23 # 44 (mod 8) and 17 # 5 (mod 8). 
@ THEOREM 2.13 For a fixed positive integer m the relation of congruence modulo m is an 


equivalence relation on =. Furthermore. if m and n are positive integers and m\n, 
then 


a = b(mod n) implies a = b(mod m). 
Proof To prove the first sentence we must show that = is reflexive. symmetric. 
and transitive on 2. We will show only transitivity. Suppose 
a = b (mod m) and b = c (mod m). 
Then by definition m|a — b and m|b — c. Thus by Theorem 2.1(b) we have 
mia — bl + (b-co)l=a-c 

We see that by definition a = c (mod m). 

The proof of the second sentence is left for the exercises. @ 

By the preceding theorem congruence modulo m divides = into equivalence classes 
for any fixed positive integer m. For example if m = 3, then 

[7] = {x € 2: x = 7 (mod 3)}. 
Thus if x © [7], then 
x = 7 (mod 3), 
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or 
3|x — 7. 
This means that x — 7 = 3k for some integer k. Then x = 7 + 3k. Taking 
eae ey 2, Os 1, 2. 3, on. 
gives 
Meee, 2, Ley 7, 10, 13, 1G. .,.;. 
Thus 
(ier. <<, —25l, 4, 7, 102 


The elements of [7] comprise one column if the integers are written in rows of 


3: 

=O% oe 
0; =O =a, 
=n a ae 
0, il 2. 
35 4, =F 
6, he 8, 

9, (0 ee 


Likewise [—3] = [0] = [9] = {..., —6, —3, 0, 3, 6, ...}. We see that the equiv- 
alence relation congruence modulo 3 divides 2 into exactly 3 distinct equivalence 
classes, namely [0], [I], and [2]. A similar result is true in general. 


@ THEOREM 2.14 = /f m is a positive integer, then congruence modulo m partitions = into exactly 
m distinct equivalence classes, namely {O], [1], ..., [m — 1]. In fact ifr is an integer 
with 0 = r < m, then x € [r] if and only if r is the remainder when x is divided by 
m using the division algorithm. 


Proof The first sentence of this theorem follows easily from the second, and so 
we consider only the latter. If 
x=mqgtr, C= 7 =m, 

then x — r = mq, and so m|x — r. Thus x = r (mod m), and so x € [r]. 

Conversely, let x € [r], where 0 = r < m. Then x  r (mod m), and so mix sed 
Let x — r = mk. Then x = mk + r, withO <= r < m. By the uniqueness of the quo- 
tient and remainder in the division algorithm, r must be the remainder when x 1s 
divided by m. @& 


Writing a = b (mod m) may seem only a long-winded way to express the fact 
that m|a — b, but the congruence symbol is helpful because of its similarity to an 
equal sign. As the next theorem shows, congruences may be added and multiplied 
like equations. 
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@ THEOREM 2.15 Suppose that a, b, c, d, and mare integers with m > 1. If 
a = b (mod m) and c =d(modm), 
then 
a+c=b + d(mod™m). 
and 
ac = bd (mod m). 
Proof We will only give a proof the second conclusion. which is harder. By hy- 
pothesis we have 
mia — b and mic — d. 
Thus by Theorem 2.1(b) 
m|(a — b)c + (c — d)b = ac — bd. 
This means that ac = bd (mod m). @& 


M@ COROLLARY /f a = b (mod m), then for any positive integer n, a’ © b* (med m). 


Proof Let a = b (mod m). The proof will be by induction on nm. To preve the 
statement for n = 1, we must show that a’ = b° (mod m). But this 1s our hypothesis. 
and so the statement is true for n = 1. Assume that the statement ts true for 4. that 
is, assume that a’ = b‘ (mod m). Since also a @ 6 (med ni). Theorem 2.15 show's 
that aa‘ = bb‘ (mod m). Hence a‘! © bY’! (mod m). This proves the statement for 
k + 1, and so the corollary is true tor all positive integers m by the principle of 
mathematical induction. 


M EXAMPLE 1) Suppose that a = 2 (mod 7) and b 5 (mod 7). We will determine the remainder 
when 45a + b is divided by 7. 
We have 


and so 
45 = 3 (mod 7). 
Multiplying this and a@ = 2 (mod 7) gives 
45a = 6 (mod 7): 
and adding b = 5 (mod 7) to the latter congruence gives 
45a + b= 11 (mod 7). 


Thus 45a + b © [11] = [4]. where [x] indicates the equivalence class of x with 
respect to congruence modulo 7. Thus by the second sentence of Theorem 2.14 the 
remainder when 45a + b is divided by 7 is 4. 
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@ EXAMPLE 2 On a Sharp model EL-506S calculator, the value of 2” is given as 1,073,741,820, 
which is divisible by 5. But Theorem 2.10 guarantees that 5 is not a factor of 2°”: 
so the last digit of 2° must be wrong. 

We can determine the correct last digit of 2“’ by using the Corollary to Theorem 
2.15. Two positive integers have the same last digit if and only if they are congruent 
modulo 10. But then the Corollary to Theorem 2.15 shows that 

2° = (2°)° = 32° = 2° = 64 = 4 (mod 10). 


Hence the last digit of 2*° is 4. The correct value of 2° is 1,073,741,824. Wl 


EXERCISES 2.4 


In Exercises 1—8 tell whether the statement is true or false. 


1. 17 = 9 (mod 2) 2. 71 = 8 (mod 3) 

3. 3 = —12 (mod 5) 4. 13 = 50 (mod 7) 

5. —5 = 61 (mod 3) 6. —14 = —202 (mod 4) 
7. 6 # 64 (mod 7) 8. 17 # —48 (mod 3) 


In Exercises 9-12 give the smallest 3 positive elements of the given equivalence class of = 
with respect to the relation congruence modulo m. 


9. [7], where m = 3 10. [—10], where m = 7 
11. [1000], where m = 4 12. [6172], where m = 9 


In Exercises 13-18 give the smallest nonnegative element of the given equivalence class of 
Z with respect to the relation congruence modulo m. 


13. [318], where m = 3 14. [319], where m = 3 

15. [217], where m = 8 16. [217], where m = 4 

17. [—632], where m = 6 18. [—632], where m = 3 

In Exercises 19-24 give the remainder when x is divided by m. 

193% — $2253, m = 5 20. x = 71-16, m=7 

21. x = 6132-7741. m = 10 22. x = 63° + 14, m = 31 

Dees 1S + 31275, ne Ha8 24. x = 14-15-16,m=7 

25. Suppose that a = 3 (mod 8) and b ! (mod 8). What is the remainder when Sa t+ b 
is divided by 8? 

26. Suppose a @ 3 (mod 11) and b © 20 (mod 11). What ts the remainder when dG? ® Ibis 
divided by 11? 

27. Suppose a = 5 (mod 12) and bw 11 (mod 8). What is the remainder when 7a + b is 


divided by 4? 
28. Explain how the second sentence of Theorem 2.14 implies the first. 
29. Prove the first conclusion of Theorem 2.15. 


30. Show that if m € 2°, then congruence modulo m is reflexive on <. 
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31. 
32. 
ao: 


34. 


35. 


36. 


Show that if m’€ 2*, then congruence modulo m is symmetric on 2. 

Prove the last sentence of Theorem 2.13. 

Prove or disprove: if a, b, and c are integers, m € 2, anda +c=b+c (mod m), 
then a = b (mod m). 

Prove or disprove: if a, b, c, and m are in Z* and ac = bc (mod m), then a = b 
(mod m). 

Prove or disprove: if a and b are integers, c and m are positive integers. and ac = bce 
(mod mc), then a = b (mod m). 

Prove that if a, b, and c are integers, m € 2°, anda = b(mod m), thna+c=b+c 
(mod m) and ac = bc (mod m). 


In Exercises 37—40 let {x],, denote the equivalence class of = containing x with respect to 
the relation congruence modulo m. 


37. 


38. 


40. 


Suppose that x © = and that a and b are positive integers such that ab. Show that 
[x]a 2 Ix). 

Suppose that x € = and that a and b are positive integers. Show that it [x], D [x],. then 
alb. 

Suppose x, a, and b are integers with a and b positive. Show that [1], 9 [x], contains 
infinitely many elements. 


Suppose x, a, and 6 are integers with a and b positive. Determine an integer ¢ such that 
[x]. a [x]a a) [x],. 


SUPPLEMENTARY EXERCISES FOR CHAPTER 2 


il 


How many zeros occur at the end of the number 1OO0!? For example. two zeros occur 
at the end of 13! = 6,227,020.800. 


Is the division algorithm true for ‘E, the set of even integers? Justify your answer. 


Prove that for any integer 2, exactly one of the following is true. 7 0 (med 9), 2 = 1 


(mod 9), or n° = 8 (mod 9). 


4. Leta and y be integers such that 3 divides v + \°. Prove that 3 divides both a and i». 


mn 


10. 


Prove thaCa positive integer is divisible by 3 if and only if the sum of its digits is divisible 


by 3. 


Prove that a positive integer ts divisible by 9 if and only if the sum of its digits is divisible 


by 9. 


Prove that if an integer has the decimal representation aa, , ... de. then it is divisible 
by 11 if and only if 11 divides ag — a, + --- + (-—1)"a,. 


. Prove that if mand nm are positive integers such that m divides . then 2” — 1 divides 


ale 


- Determine all the primes p such that p> + 2 iy prime. Hint: For p = 5 consider the equiv- 


alence class containing p modulo 6. 


Letay. as. .... a, be integers, not all zero. The greatest common divisor of ay. @, 
a, is defined to be the largest integer that divides each a; (i = 1, 2, ..., n). Prove that 


11 


12. 


13. 


14. 
aS. 
16. 
i. 
18. 
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the greatest common divisor of a, a), ..., a, can be expressed in the form 
AX ne 1) er OreSOmiemnteZens Xys X5, ..., X),- 


Prove that if m is an integer such that gcd(6, n) = 1, then 24 divides n* — 1. 
erp == Wier se I) 
3 


Prove that any integer » > 23 can be written in the form 5r + 7s for some nonnegative 
integers r and s. 


Prove that 17 + 3? +--+ + (2n — 1° = for all positive integers n. 


Prove that 2” + 3” = 5” (mod 6) for all positive integers n. 

Prove that 16” = 1 — 10n (mod 25) for all positive integers n. 

Prove that 3”*' + 2(—1)" = 0 (mod 5) for all nonnegative integers n. 
Prove that 7°*? + 8”"*' = 0 (mod 57) for all nonnegative integers n. 


(a) Let r and s be integers, one even and one odd, with no common factor greater than 
1. Suppose that r > s, and define x = r? — s’, y = 2rs, and z = 7° + s*. Prove that 
x, y, and z have no common factor greater than 1 and that x* + y? = z’. 

(b) Conversely, let x* + y* = z* for some positive integers x, y, and z with no common 
factor greater than 1. Show that both x and y cannot be odd, and that if y is even, 
then y = 2rs for some integers r and s such that x = r° — s? andz =r + s*. Hint: 
Show that gcd(z + x, z — x) = 2. 
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Richard Dedekind 


Julius Wilhelm Richard Dedekind was born in Brunswick, Ger- 
many on October 6, 1831. As a schoolboy Dedekind was inter- 
ested in chemistry and physics, but he soon devoted himself pri- 
marily to mathematics. At the age of 17 he became a student at 
the Collegium Carolinum, where he prepared for university study. 
Two years later he entered the University of Gdéttingen, where 
he completed his doctoral dissertation in 1952 under Cari Fried- 
rich Gauss. It seems entirely appropriate that Dedekind should 
have become Gauss’s last student, for Gauss himself had been 
born in Brunswick and decades earlier had attended the same 
schools as Dedekind. 

Although Dedekind had qualified to be a university lecturer, 
he actually held such a position for only four years (at G6ttingen 
from 1854-1858). Most of his life was spent teaching at the 
equivalent of American high schools, first at the Polytechnikum 
in Zurich, and then at the Polytechnikum in Brunswick, the suc- 
cessor of the Collegium Carolinum at which he had studied. He 
remained in this modest position from his appointment in 1862 
until his death on February 12, 1916. 

Today Dedekind’s name is associated most often with the 
“Dedekind cut,’’ a concept that he created in 1872 to develop 
the theory of irrational numbers in a precise and logical manner. 
But his influence on mathematics, and abstract algebra in partic- 
ular, is much greater. In 1858 he formulated an abstract definition 
of a group. He also did pioneering work with rings and fields and 
developed the concept of ideals, which Emmy Noether later ex- 
ploited. In addition, the theory of algebraic numbers evolved from 
his research on unique factorization. Dedekind is also responsible 
for making the work of others available to a much wider audi- 
ence. For example, he published manuscripts by Gauss and lec- 
tures on number theory by Dirichlet, and while a lecturer at 
Géttingen from 1855-1857 he lectured on Galois’ theory, prob- 
ably the first university professor to do so. Because Dedekind 
understood the value of abstraction and the importance of math- 
ematical structures such as fields and ideals, in his book Math- 
ematical Thought from Ancient to Modern Times the mathemat- 
ical historian Morris Kline says of Dedekind: ‘’He is the effective 
founder of abstract algebra.”’ 


CHAPTER 3 


Rings 


In this chapter we will introduce an important mathematical structure called a ring 
and investigate some of the elementary properties possessed by rings. Because many 
of the systems described in Chapter | are rings, we will thus obtain information 
about the structure of the integers, the real numbers, polynomials, and matrices. In 
subsequent chapters we will augment the conditions for a ring somewhat in order to 
obtain further information about the integers, the real numbers, and polynomials with 
real coefficients. 


3.1 SOME EXAMPLES OF RINGS 


In Chapter 1 we described several different mathematical systems, including the in- 
tegers, the real numbers, polynomials, and matrices. Although different, these sys- 
tems share many common properties. For example, tn all of these systems It Is pos- 
sible to define operations of addition and multiplication, both of which are associative. 
In modern algebra we often define abstract structures possessing certain properties 
and then investigate the consequences of these properties. In this manner we obtain 
information about all systems having this type of structure rather than needing to 
verify these consequences for each specific system. In this section we will introduce 
an important type of mathematical structure that includes most of the common num- 
ber systems encountered in the study of mathematics. 


BS 
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Definition of a Ring 


A ring is a nonempty set R together with two operations called addition 
and multiplication. We will use the symbols x + y and xy to indicate the ad- 
dition and multiplication of x and y, respectively. In order for R to be a ring 
these operations must satisfy the following axioms. 

R,: For all x, y € R, (R is closed under both addition 


<1 y GR andiwe xc. and multiplication.) 
ke. tor all x, y Gk, ce 3 — y ae. (Addition is commutative.) 


A For all x, y, 2 Sk; (Addition is associative.) 
eet (y+ Z) see 2. 

R,: There is an element Og in R such (R contains a zero element.) 
that x + Og = x for every x € R. 

R;: For each x € R there exists an (Each element of R has an addi- 
element y € R such that tive inverse.) 
x + y = Op. 

R,: For all x, y, z © R, x(yz) = (xy)z. (Multiplication is associative.) 

R;: For all x, y, z © R, x(y + z) = (The distributive properties hold 
xy + xz and (y + z)x = yx + zx. in R.) 


An element Og of ring R that satisfies axiom R, is called a zero element for R. 
and an element y described in axiom R, is called an additive inverse for x. If there 
is only one ring under consideration, we will usually denote a zero element of the 
ring by 0, but this symbol should not be confused with the real number 0. Notice 
that in order to be a zero element for ring R, 0 must satisfy the condition 


x Ol =e 


for every element x € R, whereas to be an additive inverse for x the element y needs 
to satisfy 


x+y=0 


for only one x © R. Thus an additive inverse for x depends on the element x; different 
elements may have different additive inverses. In Section 3.3 we will prove that the 
zero element of a ring is unique; that is. there is exactly one element of a ring that 
satisfies axiom R,. Likewise a given x © R has exactly one additive inverse. 


@ EXAMPLE 1 It is casy to see that the integers 2 with the usual definitions of addition and 
multiplication satisfy the ring axioms above. Hence the integers are a ring under the 
usual operations of addition and multiplication. 


@ EXAMPLE 2 We noted in Section 1.3 that the set of real numbers ‘R and the set of rational 
numbers Q under the usual operations of addition and multiplication satisfy ring 
axioms R, — R; (as well as other properties). Thus ‘R and Q are rings under the usual 
operations of addition and multiplication. 
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m@ EXAMPLE 3 The set of complex numbers ( is a ring under the operations of addition and 
multiplication given in Section 1.3. All of the axioms can be verified by straight- 
forward calculations. For example, let us determine the zero element of C. In order 
that u + vi be the zero element of C, we must have 


(x+y) +utvi)=xt yi 


for every complex number x + yi, where x, y € ‘R. Performing the addition on the 
left side of this equation, we obtain 


Cre et Cy bi — x 4 5 F. 
Hence 
xt+u=x and yrve=y, 
so that 
u=0 and v= 0. 


Thus 0 + Oi is our candidate for the zero element of C, and a simple calculation 
confirms that it satisfies axiom R;,: 


cat yy t+ (0+ 01) =—G@+0+ (y+ Oi —xt yi 


for every complex number x + yi. 

Having identified the zero element of ©, we can now determine the additive 
inverse for an arbitrary complex number x + yi. The additive inverse of x + yi is a 
complex number a + bi which when added to x + yi gives the zero element, that 


is, 
(x + yi) + (a + bi) = 0 + Oi. 
Thus 
(x + a) +(y + DI = 0+ O, 
and so 
x+a=—0 and y+b=0. 
Hence 


a=-x and b= —y. 


Therefore (—x) + (~y)i is our candidate for the additive inverse of x + yi. As be- 
fore, a simple calculation confirms this: 


(x + yi) + [(—x) + (—y)) = + (—X))] + dy + (—y) tb = 0 + OF. 


This shows that every complex number has an additive inverse, and so axiom Rs is 


satisfied. 
We will also prove one of the distributive properties. Let x, y, 2 © C. Then 
x=at bi, y=c + di, and z =r + si for some real numbers a, b, c, d, r, and 


s. Now 
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x(y + z) =x[(c + di) + (r + i) 
=(qa + bii(c + r) + (dF sj 
= [a(c + r) — b(d + s)] + [a(d + s) + D(c + vj 
= (ac + ar — bd — bs) + (ad + as + bc + br)i. 
Also 
xy + xz=(@ + bic + ai) + @ + OV Gas) 

= [(ac — bd) + (ad + bc)i] + [(ar — bs) + (as + bri) 

= (ac — bd + ar — bs) + (ad + be -as + Gen 

= (ac + ar — bd — bs) + (ad + as + be + br)i. 


Hence x(y + z) = xy + xz. 
We leave the verification of the other ring axioms for ( as exercises. 


M@ EXAMPLE 4 The set R[x] of polynomials with real coefficients is a ring under the operations 
of addition and multiplication given in Section 1.7. In this case. however. it is not 
evident that all of the ring axioms for ‘R[x] are satisfied. and. in fact. the verification 
of some of the ring axioms involves complicated calculations. In Chapter 5 we will 
prove that ‘R[x] satisfies all of the ring axioms. For now we will show only that 
addition is commutative. 

Let 


p(x) = a,x" + +++ + ax + a and q(x) = b,x" + >> + bx + dy 


be elements of ‘K[x]. We will only consider the case that m = n, the other case is 
similar. Then 


Day F gx) = Ga + +> aie a) Es Ox ee 
= (Ox +26 + Ox"! + ax + 02+ + ayx + ao) + (b,x" + +++ + Bx + dy) 
= (0 + b,x" + 05+ + (0 + Diya )x"*) + (Gm + Dy)x™ + +++ + (a, + b,x + (aq + Bo) 
(definition of addition in ‘R[.x]) 
= (b, + Ox" + ++ + (Dna + Ox"! + (by + Gu)x™ + +++ + (by + a))x + (by + ay) 
(commutativity of addition in ‘R) 
= (b,x" + +++ + byx + bo) + (Ox” + -+> + Ox"*! + a,x™ + ++: + ax + @) 


(definition of addition in ‘R{.x}) 


(b,x" + +++ + Bx + bo) + (a_x™ + +++ + ayx + ay) 


q(x) + p(x). 


This proves that addition is commutative in ‘R[x]. 
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M EXAMPLE 5 The set .1f,,.,(‘R) of n X n matrices with real number entries is a ring under the 
definitions of addition and multiplication given in Section 1.7. The ring axioms for 
M,,x,(‘R) are usually proved in linear algebra courses; we will illustrate the technique 
by proving one of the simpler axioms, the associativity of addition. 
Let A, B,C © M,x,'R). To prove that A + (B + C) = (A + B) + C, it is suf- 
ficient to show that the row i, column j entries of A + (B + C) and (A + B) + C 
are equal. For any i and j such that 1 <i <n and 1 =j <n, we have 


[A+ B+O)], =A; + B+ O, (definition of addition in M,,,.,(R)) 
=A, + (B+ C,) (definition of addition in ™,,.,,(‘R)) 
=A 8, + -C,, (associativity of addition in ‘R) 
=(er 2), + C, (definition of addition in M,,,.,(R)) 
=iae+ B) + C]);, (definition of addition in M,,,.,(R)) 


Hence A + (B + C) = (A + B) + C; that is, addition is associative in .¥,,,(‘R). 1 


The Ring <,, 


We will now describe an important class of rings that are obtained from the ring of 
integers by using the relation of congruence modulo m (described in Section 2.4). 
Let m and n be integers with m = 2. Recall that the equivalence class containing n 


is the set 
[n] = {x € Z:x =n (mod m)}. 


Let =,, denote the set having as its elements the distinct equivalence classes of in- 
tegers for the relation of congruence modulo m. Since each equivalence class con- 
tains infinitely many elements, each of the elements in <,, can be denoted in infinitely 
many ways. Thus for m = 4 all of the following are ways to denote the elements 


ore: 


(a) [0], [1], [2], [3]: 

(b) [4], [5], [6], (7); 

fe) i—4); (3) ee isl): 

(d) [12], [25}, [14], [-21]; and 
(e) [—48], [401], [—202], [499]. 


Note that in general =,, contains exactly m elements, which we can represent as 
mi (seh... .1). 


In order to make <,, into a ring, we must define operations of addition and 
multiplication. There is a natural way to do thts. For [a]. [y] © =,,. define 


[fae Ly] =e + yl) 


and 
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[xI[y] = [xy]. 
Thus, for example, in 2, 
[6] + (7a ial) 
and 
[6](7] = [42] = [2]. 


Because the elements of Z,, can be represented in different ways, however. it 
is not clear that these definitions are legitimate binary operations on <,,. In order to 
be sure that these definitions actually describe operations on =,,. we must check that 
these definitions are well-defined, that is, independent of the way in which elements 
of Z,, are represented. For example, when adding in =, we must know that 


[2] + [3] 
is the same as 
ferry, 
Pea2herts th: 
[14] [220 and 
[—202] + [499], 


since all of these expressions are ways to write [2] + [3] in 2. 

The fact that the definitions of addition and multiplication in =,, presented above 
are legitimate binary operations follows from Theorem 2.15. For suppose that in <,, 
we have [x] = [x’] and [¥] = [y’] for some integers v. x’, vy, and vy’. Then x = x’ 
(mod m) and y = y’ (mod m). Hence by Theorem 2.15 we have 


x+y=x' + y’ (modm) and xy = x'y’ (mod m). 
Therefore in <,, 
[x+y] = +y) and [xy] = Pr’y’], 
and so 
[el + ly) Se) a) and [x]ly] = (x']Ly'l, 


proving that the definitions of addition and multiplication are well-defined. 

Once we have established that addition and multiplication in =,, are well-defined, 
it is easy to verify the ring axioms for <,,. For example, the following argument 
proves that addition is commutative in <,,. Let [x], [vy] © =,,. where x and y are 
integers. Then 


[x] + [y]= [x + y] (definition of addition in =,,) 
=[y + x] (commutativity of addition in 2) 
= [y] + [x]. (definition of addition in Z,,) 


The proofs of the other ring axioms for Z,,, are left as exercises. 
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Two Additional Axioms 


Sometimes a ring may satisfy one or both of the following axioms. 


Rg: For all x, y © R, xy = yx. (Multiplication is commutative. ) 


Ry: There is a nonzero element 1, in R such that Igx = xly = x for every 
race. * (R contains an identity element.) 


A ring that satisfies axiom R, is called a commutative ring; a ring that is not 
a commutative ring is called a noncommutative ring. Among our previous examples 
2. 'R, Q. ©. ‘REx, and &,, are all commutative rings, whereas .¥/,,.,,(‘R) is a noncom- 
mutative ring for n > | (see Exercise 17). Note that when multiplication is com- 
mutative, either of the distributive properties implies the other; hence it is necessary 
to prove only one of the distributive properties if multiplication is commutative. 

An element I, that satisfies axiom R, is called an identity element. As with the 
zero element, we will often denote the identity element of a ring R (when there is 
one) by a familiar symbol, 1. Again, however, this symbol should not be confused 
with the real number |. We will see in Section 3.5 that a ring can have at most one 
identity element. Thus if a ring has an identity element, that element is unique. A 
ring having an identity element is called a ring with identity. The rings =, ‘R, Q, 
and ¢ all have the number | as an identity element, and so each of these rings is a 
commutative ring with identity. The rings ‘R[-x], .¥f,,.,0R), and =,, also have identity 
elements. For ‘R{x] the identity element is the constant polynomial 


poy 1, 


for M,,~,(R) the identity element is the n X n identity matrix 


ieo. . + 0 
0 1 0 
0 8. 


and for Z,, the identity element is [1]. 
@ EXAMPLE 6 The set of even integers under the usual operations of addition and multiplication 


is easily seen to be a commutative ring, which we denote by 7, Unlike our previous 
examples, this ring has no identity element. 1 


EXERCISES 3.1 


In Exercises 1-8 evaluate the given expression in =,,. Write your answer in the form [x], 
where 0 = x < m. 
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1. [7] + [9] form=12 2. [142] — [17] for m = 30 
3. [8][7] for m = 10 4. [3]{9] for m = 13 

5. [2][3] + [5] for m = 8 6. [5][4] + [6] for m = 9 
7. [4]? — [2] for m = 11 8. [—2]* + [5] for m = 7 


9. If 0 is a zero element for ring R, why must 0 + x = x for every x € R? 
10. Let y be an additive inverse for an element x in ring R. Why must y + x = 0? 


11. (a) Find the zero element in Z. 
(b) What is the additive inverse of an element in 2? 


12. (a) Find the zero elements in ® and Q. 
(b) What is the additive inverse of an element in ‘R? In Q? 


13. (a) Find the zero element in ,,~(R). 
(b) What is the additive inverse of an element in -¥f,,>(R)? 


14. Find the zero element in R[x]. 

15. Find the zero element in Z,,. 

16. What is the additive inverse of an element [x] in =,,? 
17. In M),.2(R) verify that 


Ht ateabeel? olla ap 


Thus M,,..(R) is a noncommutative ring. 

18. Find the additive inverse of p(x) = a,x* + +--+ + a,x + ao in ‘R{[x]. 

19. Verify that the constant polynomial p(x) = | is an identity element for ‘R{x]. 

20. Verify that the identity matrix is an identity element for -¥,..,(‘R). 

In Exercises 21-24 verify the given equality in ‘R. justifving every step by citing the appro- 

priate ring axiom. 

@1) S(x + y) + 4x = Sy + 9x 

22. (2x + 7y)(3z) = 6(xz) + 21(<y) 

23. (x + 2)(3y + 4) = (4x + 6y) + [3(xy) + 8] 

24. (x + 3y)(2a + 1) = x + {[3y + 2ar)] + (6a)y} 

25. In Section 1.7 we defined addition and multiplication in Riv] and 4f,..0R). Why did we 
not have to prove that these definitions are well-defined? 

26. Prove that addition of complex numbers is commutative. 

@7) Prove that addition of complex numbers is associative. 

28. Prove that multiplication of complex numbers is associative. 

29. Prove that addition is associative in ‘R[.]. 

30. Prove that multiplication is commutative in ‘R[x]. 

31. Prove that addition is associative in Z,,. 

32. Prove that multiplication is associative in <,,. 

33. Prove that multiplication is commutative in <,,. 


34. Verify that [1] is an identity element for <,. 


a5. 
36. 


aie 


38. 


a9: 


40. 


41. 


42. 
43. 


3.2 MORE 


3.2 More Examples of Rings 93 


Prove the distributive properties in 2,,. 
On the set of real numbers define addition in the usual manner but define xy = 0 for all 
real numbers x and y. Is the set of real numbers a ring with these operations? 


On the set of integers define new operations of addition and multiplication by x ® y = xy 


and x ® y = x + y, respectively. Is the set of integers a ring with these operations? 
Justify your answer. 


Let * denote the set of all positive real numbers. For x, y € R* define x ® y = xy 
and x ® y = x'®». Is R* a ring with these operations? Justify your answer. 


On the set of integers define new operations of addition and multiplication by x ® y = 
x +y-— 1 and x ® y=x + y — xy. Prove that the set of integers with the operations 
® and ® is a commutative ring with identity. 


Prove that in a commutative ring either one of the distributive properties implies the 
other. 


Let m and n be integers such that n = 2 and gcd(m, n) = 1, and define the function 
h: =, 2 =, by A([x]) = [mx]. 


(a) Prove that # is well-defined. 

(b) Prove that / is one-to-one and onto. 

Verify that multiplication is associative in M,,,.,(‘R). 
Verify that the distributive properties hold in ‘R[x]. 


Let R be any ring, and let ™,,..(R) denote the set of all 2 X 2 matrices with entries from 
R. Detine addition and multiplication in .¥f,,,(R) as described in Section 1.7 for 4..2(‘R). 


(a) Prove that with these operations ™M,,.(R) is a ring. 
(b) Prove that if R has an identity element, so does ™,,..(R). 
(c) If |R| aa? ft what is |M2x2(R)|? 


(d) Give an example of a noncommutative ring containing exactly 16 elements. 


EXAMPLES OF RINGS 


The rings discussed in Section 3.1 are important mathematical systems that are fre- 
quently encountered in other areas of mathematics. In order to show the wide variety 
of structures satisfying the ring axioms, in this section we will present some less 
familiar systems that are also rings. 


m EXAMPLE 1 


Let R denote the set of all functions with ‘KR as their domain and codomain. For 


f. g © R we define addition and multiplication poinivive, that is, by the rules 


(f + gx) = f(x) + g(x) and 
(frg)(x) = fet). 


(The dot in f-g is to distinguish the product of f and g from their composition fe 
defined in Section 1.5.) The verification of the ring axioms follows trom the cor- 
responding properties of ‘R. For example, to show that addition is commutative in 
R we must show that 
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f+ Sse. 

that is, that 
fx) + gx) = g(x) + fF) 
for all real numbers x. But this is true because addition of real numbers is com- 
mutative. We will leave the proof of the other ring axioms as exercises. 
@ EXAMPLE 2. When the set of elements in a particular ring is finite, it is possible to define 

the addition and multiplication of elements in tables. For instance, on the set 

R = {w, x, y, zh, 


where w, x, y, and z are distinct elements, define addition and multiplication by the 
tables below. 


Here the left table (denoted +) is the addition table. and the right table (denoted 
-) is the multiplication table. If we wish to determine the sum x + y, we do so by 
looking at the addition table in the row labeled x and the column labeled vy. The 
entry of the table in this position is z, and so x + y = z. Likewise. using the mul- 
tiplication table, we see that yz = w. 

Notice that the entries in the w column of the addition table are the same as the 
corresponding row labels. This means that 


r+t+we=r 


for every r © R. Hence w is the zero element for R. As is done in this example, it 
is customary to list the zero element of the ring as the first element in the addition 
and multiplication tables. 

Observe also that the addition table is symmetric about the diagonal extending 
from the upper left corner to the lower right comer. This symmetry indicates that 
addition is commutative. If the multiplication table is symmetric about the diagonal 
extending trom the upper left corner to the lower right comer, then the ring is com- 
mutative. This is not the case in our example because 


xyy=y but yx = w. 


It is certainly not clear that R satisfies each of the ring axioms. In general, 
verification of an axiom amounts to checking all of the possible instances of that 
axiom. For example, to verify that addition is associative, we would have to consider 
all possible sums of three elements in R to check whether 


ry + (ry + rs) = Oy + Fae 
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is always true. In this example it can be shown by many straightforward but tedious 
calculations that the ring axioms are indeed satisfied if addition and multiplication 
are defined by the tables above. li 


mM EXAMPLE 3 Let S = {1, 2, 3}, and let R denote the set consisting of all the subsets of S. 
Thus 


RM tere hs 11, 2h; 41, 3}, (25 4}, S}. 


For X, Y € R we will define operations of addition and multiplication on R as fol- 
lows: 


A tere (AOC FY) 
XY=XNY. 
Thus, for example, if X = {1, 2} and Y = {1, 3}, then 
Kenn Y= 42, 3} and XY = {i}. 


Figure 3.1 contains Venn diagrams for the sets X + Y and XY. 


Xe XY 


Figure 3.1 


By using Venn diagrams it is not difficult to sce that the ring axioms are true. 
(Of course, using Venn diagrams does not give a formal proot of the axioms.) For 
example, Figures 3.2(b) and 3.2(d) suggest that 


her, 2) ees + Y) eZ, 
and thus addition is associative in R. A straightforward calculation shows that © is 
the zero element of R and that each element in R is its own additive inverse. We 
leave to the reader the verification that the ring R is actually a commutative ring 
with identity. 


M@ EXAMPLE 4 = The ring in Example 3 can be constructed for any nonempty set S. As in Example 
3 let R denote the set consisting of all the subsets of S and define operations of 
addition and multiplication for X, Y € R as: 


AA Oe CX UY) NX NY) 
XY=xXNY. 


XeuyeZ 
(b) 


Figure 3.2 


Then with these operations R is a commutative ring with identity in which each 
element is its own additive inverse and XX = X foreachX ER. 


@ EXAMPLE 5 We noted in Example 5 of Section 3.1 that .Vf,,.,0R) is a ring under the defi- 
nitions of addition and multiplication given in Section 1.7. Other rings can be ob- 
tained by taking the entries of a matrix from an arbitrary ring R instead of ‘R. For 
instance, M>,..(<;) 1s the ring of matrices of the form 
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ea 


where a, b, c, d © 5,. The proof that .¥f,..,(R) is a ring under the definitions of 
addition and multiplication given in Section 1.7 is similar to that for MaxnCR) and 
will be omitted. Rings of the form .¥,,.,(R) are of interest because they are usually 
noncommutative. For example, .¥f3,..(2,) is a noncommutative ring containing ex- 
actly 81 elements. 


EXERCISES 3.2 


In Exercises 1—8 use the addition and multiplication tables for the ring R in Example 2 to 
determine which element equals the given expression. 


1. 2 Pay TY Ue 
Sey Taz 4. yw 

5. (xz)y 6. x + (z+ y) 
Tye xX) Z 8. x(yx) 


In Exercises 9-16 use the addition and multiplication tables for the ring R in Example 2 to 
verify the given equation. 


9 y+t+we=wty 10. wz = zw 

Hf. yore (z reer (y + z) + x 12. (xz)y = x(zy) 

13. y(xy) = (yx)y 14.z+(+xny=(z2 +x) +x 
1Sy xy + z) =my + xz 16. z(y + z) = zy + 22 


17. Prepare addition and multiplication tables for the ring 2. 

18. Prepare addition and multiplication tables for the ring 2. 

19. Prepare addition and multiplication tables for the ring 4. 

20. Prepare addition and multiplication tables for the ring <. 

21. Let R be the ring of subsets of S = {1}. (See Example 4.) Prepare addition and multi- 
plication tables for R. 

22. Let R be the ring of subsets of S = {1, 2}. (See Example 4.) Prepare addition and mul- 
tiplication tables for R. 

23. Does the ring of Example 2 have an identity element? If so, what is it? 


24. Determine the additive inverse of every element in the ring of Example 2. 


The set R = {w, x, y, 2} of four elements is a ring with addition and multiplication defined 


by the tables below. Use the distributive properties to compute the products in Exercises 25 - 


32: 
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25. wy 26. zx 27. xw 28. vv 
AM, 544 30. xy 31. 2 32. om 


33. Answer the following questions about the ring R in Exercises 25—32. 
(a) What is the zero element of R? 
(b) Is R a commutative ring? 
(c) Does R have an identity element? If so, what is it? 
(d) Determine the additive inverse of every element in R. 


34. On the set R = {u, v, w, x} of four elements, define addition and multiplication by the 
tables below. It can be shown that R is a ring. 


(a) What is the zero element of R? 
(b) Is R a commutative ring? 
(c) Does R have an identity element? If so, what is it? 
(d) Determine the additive inverse of every element of this ring. 

35. Prove that addition is associative in the ring of Example 1. 

36. What is the zero element of the ring of Example |? Prove that your answer satisfies ring 
axiom R,. 

37. What is the additive inverse of an element in the ring of Example 1? Prove that your 
answer Satisfies ring axiom Rs. 

38. In the ring of Example | prove that multiplication is associative. 

39. In the ring of Example | prove that multiplication is commutative. 

40. In the ring of Example | prove that the distributive properties hold. 

41. Does the ring of Example | have an identity element? Justify your answer. 


42. In the ring of Example | ts it true that fe = 0 implies f = 0 or g¢ = 0? Justify your 
answer. 


43. How many elements are there in the ring .¥f,,.,(<,,)? 

44. Give an example of a noncommutative ring containing exactly 512 elements. 
45. Prove that © is the zero element for the ring of Example 4. 

46. Prove that each element in the ring of Example 4 is its own additive inverse. 


47. Prove that the ring of Example 4 has an identity element. 
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48. Prove that for any elements X and Y in the ring of Example 4 
edges OC IG) (GEN oO 
49. Prove that the distributive properties hold for the ring of Example 4. 
50. Prove that addition is associative in the ring of Example 4. 
Exercises 51-58 refer to the ring ‘R X ‘RK with addition and multiplication defined by 
(aab)eia(end)i—"(art c. b +d) and (a, b)(c, d) = (ad + be, bd). 


51. Find the zero element in ‘R X ‘R. 

52. Find the additive inverse of an arbitrary element in R X R. 
53. Prove that addition is commutative in R X R. 

54. Prove that addition is associative in ‘R X R. 

55. Is multiplication commutative in R  ‘R? Justify your answer. 
56. Does ‘R X R have an identity element? If so, what is it? 

G7) Prove that the distributive properties hold in R X R. 

58. Prove that multiplication is associative in ‘R X R. 


3.3 ELEMENTARY RING PROPERTIES 


In this section we will prove some basic consequences of the definition of a ring. 
Because the results to be proved are true in an arbitrary ring, they are true for all 
the rings described in Sections 3.] and 3.2. Thus the proofs in this section simul- 
taneously verify results about the integers, the real numbers, polynomials, and matrices. 


@ THEOREM 3.1 (Cancellation Law of Addition) Ler x, y, and z be any elements in a ring 
Raifx + y= x + z, then y=. 
Proof Suppose that x, y, and z are elements of a ring R such that 
Rory =e Pez (1) 


By ring axiom R, there exists an element r € RK such that.y + r = 0, where 0 denotes 
a zero element of R. Since addition is commutative in R, it follows that r + x = 0. 
Because addition is a binary operation, the sum of two clements in R is a unique 
element in R. Hence we can add r to both sides of equation (1) to obtain 


Pana a \)eeer seals’): 
Since addition is also associative in R, it follows that 
Gao ye (re xe Zz. 
Thus 
O+y=0+ z, 


and so 
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as we wished to prove. M# 


The conclusion of Theorem 3.1 is often called the left cancellation law of ad- 
dition because it states that if 


Xicteaye X ze 


then the two x’s can be “cancelled,” leaving y = z. Because addition in a ring is 
commutative, there is a similar right cancellation law of addition: Whenever x. y. 
and z are elements of a ring such that y + x = z + x, then y = z. 

Ring axiom R, assures us that every ring contains at least one zero element. It 
is not immediately apparent that there can never be more than one zero element in 
a ring. This is true, however, and follows from the cancellation law for addition. 


M@ COROLLARY 1 Every ring contains a unique zero element. 


Proof We have already noted that any ring R must contain at least one zero ele- 
ment. 

It remains to prove that the zero element is unique. When proving a uniqueness 
statement, the usual procedure is to assume that there are two elements with the 
desired property and to show that these elements must be equal. We will use this 
method here. 

Suppose that both 0 and 0’ are zero elements in R, and consider the sum 0 + 0’. 
Since 0’ is a zero element, it follows that 


0+ 0'=0. 


But O is also a zero element, and so 


0+0=0. 
Hence 
0+ 0' =0+0. 
and so the cancellation law of addition gives 
0’ = 0. 
We conclude that R must have exactly one zero element. @ 
Ring axiom R, guarantees that for every element x in a ring R, there is an element 


y such that the sum of v and y is the unique zero element of R. It turns out that for 
a given x, there is exactly one such element y. 


@ COROLLARY 2) For a given element x in a ring, there is a unique element v such that x + y = 0. 


Proof Let « be an clement of ring R. By ring axiom R, we know that there is at 
least one element y such that x + y = 0. As in the proof of Corollary 1, we will 
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suppose that there is another element y’ with this property and show that y=y’. 
Thus we will assume that x + y’ = 0 for some y’ € R. Then 


Via x ty, 
and so y = y’ by the cancellation law of addition. 


If x is an element of ring R, we call the unique element y of R such that x + y = 0 
the additive inverse of x, and we denote the additive inverse of x by —x. 


@ EXAMPLE 1 In the ring =, the additive inverse of [3] is [4], and the additive inverse of [2] 
is [5]. Thus 
sel oliar | and =[2] =81- 
It can be easily checked that in =, each element has a unique additive inverse, and 


distinct elements have distinct additive inverses. i 


Each of the mathematical systems discussed in Sections 1.3 and 1.7 has the 
property that the product of any element and the zero element is the zero element. 
This property is true in every ring. 


@ THEOREM 3.2 For each element r in a ring, rO = Or = 0. 


Proof Let r be an element of ring R. The distributive properties show that 
r(0 + 0) = r0 + 70. 


Because 0 is the zero element of R, we also have 


r(0 + 0)= 70 
=r0+ 0. 
Hence 
ror) = TO + 0, 
and so 


r0 = 0 


by the cancellation law of addition. The proof that Or ~ 0 is similar. 1 


Subtraction 
In all of the mathematical systems that we considered in Chapter 1 it was possible 
to define not only addition, but subtraction. In these familiar systems the operations 
of addition and subtraction are related. More specifically, subtraction of an element 
can be defined as addition of the additive inverse of that clement. That 1s, 


Wc (aaa te 1) 
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where —y denotes the additive inverse of y as defined above. Because every element 
of a ring has a unique additive inverse, this same definition can be given in an 
arbitrary ring. Thus for any elements x and y in a ring R, we define the difference 
of x and y, denoted x — y, to be the element x + (—y). 

Having defined x — y in a familiar manner, it is natural to expect that many of 
the usual properties of subtraction will be true in any ring. We must be careful, 
however, not to use any such properties without verifying them in this more general 
context. The following theorem states several such properties. Note that the equation 
y = —x asserts that y is the additive inverse of x; to prove this result. we must verify 
that x + y = 0. This technique will be used throughout the proof of the theorem. 


@ THEOREM 3.3 (Properties of Additive Inverses) For any elements x, y. and = in a ring, 
each of the following is. true. 
(aaa 
(b) x(—y) = —@y) 
(c) (—x)y = —@y) 
(d) (—x)(—y) = xy 
(e) x(y — 2) = xy — xz 
(hy) (Cy — 2k = yx See 
(2) —Ge y) = —x 3 


Proof Let x, y, and z be elements of a ring R. 
(a) The statement —(—x) = x asserts that x is the additive inverse of —1. To 
prove this assertion we must show that (—x) + x = 0. But 


(—x) +x] 4 ew 
= 0 


because addition is commutative and a is the additive inverse of v. This completes 
the proof of (a). 

(b) To prove that v(—y) = © (vy), we must show that x(— y) is the additive in- 
verse of xy. Hence we need only show that xy + x(—y) = 0. Now 


xy + x(—y) = aly + (—y)] 


= 0 


by the distributive property and Theorem 3.2. This argument proves (b). 
(c) The proof of (c) is similar to the proof of (b). 
(d) The proof of (d) follows from (b), (c), and (a): 


(—x)(-y») = =[Gy] 
=~ [ae] 


II 


= xy. 
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(e) By definition we have y — z = y + (—z). Hence ring axiom R, and (b) above 
show that 


xy — zee (S2)] 


yt XC 2) 
aaet [seep] 


xy ~ XZ, 


proving (e). 

(f) The proof of (f) is similar to the proof of (e). 

(g) It is easily checked that (x + y) + (—x — y) = 0. Hence the additive in- 
verse of x + y is —x — y; thatis, -@ + y) = -—-x-y. HE 


Generalized Addition and Multiplication 


Because addition is associative, we have 


xy + G + xa) — Oy FX) 


for any elements x,, x,, and x, in a ring. Thus a sum of three ring elements is 
independent of the way in which the elements are grouped for addition. Hence we 
may omit the parentheses altogether and denote either of these sums by 


Niet Skin eee 
A similar statement is true for sums of more than three elements. Thus if & is a 
positive integer for which 
Dat eit ot 
has been defined, we can define 
So) ar 359 og ID GO dy aD fun 


recursively by 
x) ae 200 S- Xpeataey es = (x, TeX nat tes So 93) eae eer 


From this definition and the associativity of addition it can be proved that no matter 
how a sum of ring elements is parenthesized, the sum will be the same. This state- 
ment amounts to a generalization of the associative law of addition. 

It is also possible to generalize the commutative law of addition so that it applies 
to sums involving any number of ring elements. Because addition is both associative 
and commutative, we can rewrite the terms in a sum of ring elements in any order 
whatsoever. For example, 


X4 AF xX» ata xX; + xX xX, ar X> er Xy at X4q. 
In a similar manner the associativity of multiplication in a ring enables us to 
express products of any number of ring elements without using parentheses. Thus, 
for example, we will usually write a product such as 
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[x (2X3) ]%4 
in the simpler form 
Xj X2QX3Xq. 
If multiplication is commutative, we can also express the factors in a product of ring 
elements in any order whatsoever. For example, 
NqXrXgX, = Xp X2NXZXy. 


Of course, this reordering of factors cannot be done in an arbitrary ring: the gen- 
eralized commutative law for multiplication is true only for commutative nngs. 

The two distributive properties can be generalized in any ring. however. These 
generalizations enable us to extend the distributive properties from sums involving 
two ring elements to sums involving an arbitrary finite number of ring elements. The 
formal statements of these results are given in the following theorem. 


@ THEOREM 3.4 For any integer n = 2 and any elements x. v,. vy. .... Vv, ina ring R, 


(a)ixQyi + y2 + ++ + yn) Say Pay, + +++ Hy, Tee 
(By tyne * Fy yx “ger t=: eae. 


Proof We will prove only the first of these results: the second is proved similarly. 
The proof will be by induction on n, beginning with 7 = 2. For n = 2 the result to 
be proved is one of the distributive properties, which is true by ring axiom R-. Hence 
(a) is true for n = 2. 

Assume that for some integer k = 2 we have 


xy, + ys + °°: Pp xy eee * > ee 


whenever x, y,, Y2, -.-, Yk © R. We must prove that 


AY, T Yo TF °* + yen) = yp eet =~ + ae, 
whenever xX, 1, Ya, .-+» Yer: & R. Let x, y;, yo, ..., Vea, © R and define 
z=y, + yr foes + Vp. 


Then by ring axiom R, and the induction hypothesis, we have 


MY tb Yo Foo * EY RZ Pal 


i 


Xz + Oaee, 


= x(y1 + yy, + +> + pe) te, 
= ay, bop, + ->- + iat ee. 


proving (a) for k + 1. Thus the principle of mathematical induction allows us to 
conclude that (a) is true for all integersn > 2. @ 


Multiples 
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In algebra we often encounter sums of an element with itself, for example, 
Bs or ny) eet y) +e + yy 


It is therefore convenient to have a notation for expressing this type of sum. In the 
ring of real numbers we would denote these sums by writing 


2x and x Fy) 


A similar notation can be used in an arbitrary ring R. If x is an element of a 
ring R and n is a positive integer, we define nx recursively as follows: 
(a) If m = 1, then nx = x. 
(b) If k is a positive integer for which kx is defined, then we define (k + 1)x 
by (A + Ix =kxe t+ x. 


We call nx a multiple of x. In general we must think of nx as repeated addition and 
not as a product. For instance, if A is an element of the ring .¥f.,.(‘R), then 5A 
denotes the element 


SA=A+A+t+A+t+ATHA. 


In this case 5A cannot be interpreted as a product because 5 is not an element of the 


2 ring M, x 2(R) . 


In the ring .¥f2,.(‘R) it is also possible to consider multiples such as OA and 
(—6)A. In an arbitrary ring we can define multiples nx for any integer n in an anal- 
ogous manner: 


(1) If n = 0, we define nx to be the zero element of the ring. 
(2) If n is a negative integer, we define nx = (—n)(—x). 


Note that in the second case nx is a multiple of the additive inverse of x. For example, 
(=e (—x) + (x) F (—*) + (2). 


There are familiar properties of multiples that are true in any ring. As before, 
however, we must be careful to prove these properties in this more general context 
before using them. The following theorem establishes several such results. 


™@ THEOREM 3.5 (Properties of Multiples) Let x and y be any elements of a ring, and let 


m and n be any integers (positive, negative, or zero). Then: 


(a) m(x + y) = mx + my. 

(b) —(mx) = m(—x) = (—m)x. 
(c) (m + n)x = mx + nx. 

(d) m(nx) = (mn)x. 

(e) m(xy) = (mx)y = x(my). 
(f) (mx)(ny) = (mn)(xy). 
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Proof Let x and y be elements of a ring R. 

(a) The proofs of several parts of Theorem 3.5 are somewhat complicated, re- 
quiring mathematical induction to establish the result for nonnegative integers m and 
then using this case to show that the result is true for all integers m. Part (a) can be 
proved in this manner. 

For m = 0 we have 


m(x + y) = O( + y) = Op = Og + Op = Ox + Oy = mx + my. 
Likewise for m = 1 we have 
ma + y) = 1a + y) = x4 y= let ly Sey. 


So the equation is true for m = 0 and m = 1. Assume that the equation is true for 
some positive integer k. Then 


G+ I)@ + y) =ke@ + y) + @ y) (definition of (k + 1)(x + y)) 
= (kx + ky) + (x + y) | (induction hypothesis) 
= (kx + x) + (ky + y) (addition is associative and commutative) 
= (k + 1)x + (k + Ly, (definition of (k + 1)x and (k + 1)y) 


proving the equation is true fork + 1. Hence the principle of mathematical induction 
shows that the result is true for all nonnegative integers mm. 
Suppose now that m is a negative integer. Then 


m(x + y) = (-m[-@ + »)] (definition of m(x + y)) 
= (iC x) ey) (Theorem 3.3(g)) 


(—m)(—x) + (79) (preceding paragraph) 
= mx + my. (definition of mx and my) 


This proves (a) for any integer m. 
(b) It is easily shown that m0, = Og tor any integer m. Thus for any integer 7 
and any x € R we have 


mx + m(—x) = m|x + (—x)] = mO,g = Op 


by (a). Hence m(—x) = —(mx) by Corollary 2 of Theorem 3.1. 
That (~m)x = m(— x) is true by definition if m = 0. If m < 0, then 


m(—x) = (—m)[—-(—x)] = (-m)x 
by Theorem 3.3(a). Therefore (—m)x = m(—x) for any integer m. 
(¢) We will prove the equation for m + 1 = 0 by induction on k = m + n. Sup- 
pose first that k = 0. If m = n = 0, then 
(m + n)x = Ox = Og = Op + Og = Ox + Oy = mx + ny. 


If k = 0 but m # O orn * 0, then by relabeling m and n if necessary, we may 
assume that m > 0. In this case n = —m, and so by using (b) we obtain 
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(m + n)x = Ox = Og = mx + [—(mx)] = mx + (—m)x = mx + nx. 


Thus (c) has been proved for k = 0. 

Assume that (c) is true for some nonnegative integer k, and letm + n =k + 1. 
Because k + 1 > 0, we have m > 0 or n > 0. By relabeling m and n if necessary, 
we may suppose that m > 0. Note that the definition of a multiple implies that 
(r + lx = rx + x for every nonnegative integer r. Thus, since m — 1 + nandm — 1 
are nonnegative integers, we have 


Gat nx = [On — 1 +n) + lik 
=(m-1+n)x+x (Fy =) 


= [(m — 1)x + mx] + x (induction hypothesis) 


I 


(GH — xe) ix (addition is associative and commutative) 
= mx + nx. (rp + Uy = rx x) 


This argument proves that (c) is true for k + 1, and so the principle of mathematical 
induction shows that (c) is true for all nonnegative integers k = m + n. 

Now suppose that m + n < 0. Then —(m + n) > 0, and so we can apply the 
previous case as follows: 


(m + n)x = [—(m + n)](—-x) (definition of a multiple) 


ra Nf (aa el at ))1 | Gee 9] (arithmetic in 2) 


(== x) + (—n)(—x) (preceding paragraph) 
= mx + nx. (Theorems 3.5(b) and 3.3(a)) 


Therefore (c) is true for all integers m and n. 
We will leave the proofs of the remaining parts as exercises. M& 


The Characteristic of a Ring 


For any integer m = 2 the ring —,, has the property that mv = [0] for each x © &,,. 
On the other hand, there is no positive integer m such that mx = 0 for each x © =. 
The existence of such a positive integer ts an important property of some rings. 

If there exists a positive integer m such that nx = O, for each element x in a ring 
R, the smallest such positive integer n is called the characteristic of R. If, on the 
other hand, there is no positive integer nm such that mv = Og for each x © R, then R 
is said to have characteristic zero. 

In subsequent sections we will explore the characteristic of a ring further. For 
the present, we will simply note the characteristic of some of the rings mentioned 
in Sections 3.1 and 3.2. 


@ EXAMPLE 2 In the ring <,, for any integer m = 2, we have 
eee ler [K+ ** + [kX] = [mk] = [0] 
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for each [k] € Z,,. Furthermore m is the smallest such integer because if 0 << r < m, 
then 


peal 2 ee 
Hence Z,, has characteristic m. 
m@ EXAMPLE 3 Let R be the ring of subsets of a nonempty set S (described in Example 4 of 


Section 3.2). Since each element in R is its own additive inverse. we have X + X = g 
for each X € R. Hence the characteristic of Ris 2. 


@ EXAMPLE 4 Let R be the ring defined in Example 2 of Section 3.2. Because w is the zero 
element in R and 


r+r=w 


for each element r € R, it follows that the characteristic of Ris 2. & 


@ EXAMPLE 5 It follows from Exercise 31 that the rings .Vf...(<,,) described in Example 5 of 
Section 3.2 have characteristic m. @ 


@ EXAMPLE 6 The ring <= of integers has characteristic zero. 
@ EXAMPLE 7 The ring Q of rational numbers has characteristic zero. 4 


M@ EXAMPLE 8 The ring ‘R of real numbers has characteristic zero. 41 


EXERCISES 3.3 


. Find the additive inverse of each element in ,. 
. Find the additive inverse of each element in 2. 


. Find the additive inverse of each element in 2. 


a &6 we = 


- In M2,.2(‘R) what is the unique additive inverse of 


a Gil, 
c d\ 
5. The proof of Theorem 3.1 depends on the existence of a zero element in R. What guar- 


antees that R has a zero element? 


6. If x and y are elements of a ring such that w = 0. must a = 0 or y = 0? Justify your 
answer. 


7. What result justifies the equation 6({5] + [2]) = 6[5] + 6[2] in =.? 


8. Why are (a) and (c) of Theorem 3.5 not immediate consequences of ring axiom Reg? 


In Exercises 9-16 determine the characteristic of the given ring. 


8. 
AL. 
1S. 
i: 


WwW: 
18. 


19: 


20. 


21. 


za 


aoe 
24. 
26: 


26. 


1 
28. 
2». 


30. 
Bs 


32. 
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X67 : LOSE 

R in Section 3.2, Exercise 25 12. R in Section 3.2, Exercise 34 
a9} 14. € 

‘R[Ex] Grou) 

Prove that for any element x in a ring, (—1)x = —x, where —1 € Z. 

Prove that if R is a ring with identity, then (—1,)r = —r for every r © R, where —1lp 


denotes the additive inverse of the identity of R. 


Let r be an element of a ring R such that rr = 0. Prove that for every x © R we have 
falioe ar dA) = (Gee ae Odie 


Complete the proof of Theorem 3.2 by showing that for any element r in a ring R, 
Opr = Op. 

Prove that for any pair of elements a and b in a ring R, there exists a unique element 
x © R such that a + x = b. 


Prove that every ring has a unique zero element without using the cancellation law of 
addition. Hint: If both 0 and 0’ are zero elements of a ring R, consider the sum 0 + 0’. 


Prove Theorem 3.3(c). 

Prove Theorem 3.3(f). 

Prove that (w + x)(y + z) = (wy + wz) + (xy + xz) for any elements w, x, y, and z in 
a ring. 

Prove that (w — x)(y — z) = (wy + xz) — (wz + xy) for any elements w, x, y, and z in 
a ring. 

Prove that {x(—y)]z = (—x)(yz) for any elements x, y, and z in a ring. 

Prove Theorem 3.4(b). 

Suppose that R is a system for which addition and multiplication are defined and satisfy 
ring axioms R,, R; — R;, and Ry. Prove that R must satisfy axiom R,, and hence R is a 
ring with identity. Hint: Apply both distributive properties to (x + y)(1 + 1), where 1 
is the element satisfying axiom Ry. 


Let x be an element of a ring R and n a positive integer. How would you define x”? 
Let R be a ring and n a positive integer. Prove that in .¥f,,..(R) we have 


na nb 
nc nd 


Let R be a finite ring. 
(a) Prove that if x € R, then nx = Og for some positive integer n. 


(b) Show that R cannot have characteristic zero. 


G3); Let R be a ring with identity 1,. 


‘Exercise 33 is cited in Section 4.6. 
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(a) Prove that if there exists a positive integer n such that nlz = O,, then the smallest 
such positive integer is the characteristic of R. 


(b) Prove that if there is no positive integer n such that nly = Og, then R has charac- 
terisitic zero. 


34. Prove Theorem 3.5(d). 


35. Prove the first half of Theorem 3.5(e): mlx) = (mx)y for every integer m and every pair 
of ring elements x and y. 


36. Prove the second half of Theorem 3.5(e): m(xy) = x(my) for every integer m and every 
pair of ring elements x and y. 


37. Prove Theorem 3.5(f). 
38. Let R be a ring. On the set R <x = define addition and multiplication as follows: 


(r,m) + (s,n) = (r + s,m+n) and (r, m)(s, m) = (rs + nr + ms, mn). 


Prove that with these operations R < 2 is a ring with identity. 


3.4 SUBRINGS AND DIRECT SUMS 


Often one ring is a subset of another. The ring of integers. for example. is a subset 
of the ring of rational numbers, and the ring of rational numbers is a subset of the 
ring of real numbers. If a ring S is a subset of a ring R. and if the operations of 
addition and multiplication in S coincide with those in R, then we call S a subring 
of R. The requirement that the operations of addition and multiplication in S coincide 
with those in R means that if two elements of S are added or multiplied, the sum 
and product are the same as when these elements are added or multiplied in R. Thus 
< is a subring of Q and Q is a subring of 'R. 

Suppose now that S is a subset of ring R. Many of the ring axioms are auto- 
matically satisfied for S because they are satisfied for R. For example, we know that 


techy ey tex 


for all elements x and v in R because addition is commutative in R. Hence we must 
also have x + vy = y + x tor all elements x and y in § because S C R. Thus the 
commutativity of addition in R guarantees the commutativity of addition in §. Like- 
wise the associativity of addition and multiplication in R guarantees the associativity 
of addition and multiplication in S, and the distributive properties in R guarantee 
that the distributive properties hold in S. We see therefore that ring axioms R,, R;. 
R,, and R; always hold for any subset of R. This observation leads us to the following 
theorem for determining when a subset is a subring. 


@ THEOREM 3.6 Let R be a ring, and let S be a subset of R with addition and multiplication 


defined as in R. Then S is a subring of R if and only if Og © S and whenever 
x, yES, thenx — y © Srandiyress. 


Proof Suppose first that S is a subring of R. Because S is a ring, § must contain 
a zero element Os. We will show that 0, = Og, thereby proving that Og € S. Since 
0; is the zero element S, we must have 
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0, + 0; = Os. 
But in R the zero element is Og, and so 
0; + Op = 0s. 


It follows that 
0; + Os = O; + Op, 


and so 0; = O, by the cancellation law of addition. 

Let y € S. Because each element of S must have an additive inverse in S, there 
exists z © S such that y + z = Og. But then y + z = y + (—y) in R, and soz = —y 
by the cancellation law of addition. Hence whenever y € S, we must have —y € S. 
Thus if x, y € S, then x — y € S and xy € S because S must be closed under addition 
and multiplication. It follows that Og © S and whenever x, y € S, thenx —- yE S$ 
and xy € S. 

Conversely let R be a ring, and let S be a subset of R with addition and mul- 
tiplication defined as in R such that Og € S and whenever x, y € S, thenx — yE S 
and xy € S$. The comments preceding the statement of Theorem 3.6 show that ring 
axioms R,, R;, R;, and R, always hold for any subset of R. Hence we need only 
check ring axioms R,, R,, and R, for S. Clearly S has a zero element, for the zero 
element of R belongs to S; and so axiom R, is satisfied. Moreover, if y € S, then 
O, — y = -y © S; so axiom R, is ‘satisfied. Furthermore, if x, y © S, then 
x+y =x -— (—y) € S and xy € S. Therefore axiom R, is satisfied. It follows that 
S is a subring of R. @ 


@ EXAMPLE 1 ‘Fix an integer n, and let S consist of all multiples of n; thus S = {kn: k € =}. 


We will use Theorem 3.6 to show that S is a subring of 2. Suppose that x and y are 
elements of S. Then both x and y are multiples of n, and so x = pn and y = qn for 
some integers p and q. Now: 


(a) O = On E S because 0 € 2, 
(b) x — y = pn — qn = (p — q)n € S because p — q € Z, and 
(c) xy = (pn)(qn) = (pqn)n E S because pqn € Z. 


Hence S satisfies the conditions of Theorem 3.6, and so S is a subring of <. 
In particular, taking n = 2 and n = 3, we see that both 


fen 40-2, 0-2. 4, 6,...) 


and 
{..., —9, —6, —3, 0, 3, 6,9, ...} 


are subrings of Z. @ 


m@ EXAMPLE 2 [Let 


S={sERis=pt gV2, for some p, g € Q} 


denote the set of all real numbers of the form p + qV2, where p and q are rational 
numbers. Let x, y © S; then x =r + sV2 and y = u + vV/2 tor some rational 
numbers r, s, u, and v. Now 
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(a) O=O+ OV2 € S because 0 is a rational number, 

(b) x — y = (r + sV2) — (u + VV2) = (r — u) + (s — vIV2 E S because 
r— uand 5s — vy are rational numbers, and _ 

(c) a8 (Ge sV2)(u + vV2) = (ru + 2sv) + (rv + suy\ 2 © S because both 
ru + 2sv and rv + su are rational numbers. 


Hence by Theorem 3.6, S is a subring of R. @ 


@ EXAMPLE 3 Let S denote the set of all 2 < 2 matrices having the form 


Bal 


where a and b are real numbers. We will prove that S is a ring by proving that S is 
a subring of R = M,2(‘R). Clearly the zero element 


tan) 


of R belongs to S. Let X and Y be elements of S: then X and ¥ have the forms 


ale 1) is 0 
x= 6 | and r=(s "| 


for some real numbers a, b, c, and d. Now 


a,| = 0 
r=| 0 “| 


and so 


and 


ee Ol }c 0} _ | ac 0 
— bs Hf is "| - . a 


Since each of a — c, b — d, ac, and bd is a real number, it follows that X — Y and 
XY are elements of S. Hence Sis a subring of R. Notice that by proving that S$ is a 
subring of a familiar ring we are able to avoid the tedious calculations required to 
prove ring axioms R;, R,, R,, and R;. Wi 
M EXAMPLE 4 Consider the subset S © {[O]. [3]} of =. Because 
[0] — [0] = [9], [0] ~ulSleeul oie isi 
[3] — [0} = [3], and [3] — [3] = [0], 


Il 


Sis closed under subtraction. Furthermore, S is closed under multiplication since 
[O}[0] = [9], [O}[3] = [0], [3]{0], = {0], and —[3}{3] = [9] = [3]. 


Thus S is a subring of ,. Note that § has an identity element [3] different from the 
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identity element in 5,. Moreover, although =, has characteristic 6 by Example 2 in 
Section 3.3, S has characteristic 2 because 


2(0] = [0] + [0] = [0] and = 2[3} = [3] + [3] = [6] = [0]. @ 
M EXAMPLE 5 Let S denote the subset of .f,..(C) consisting of all matrices of the form 
at bi eds 
oral a— bi|" 
where a, b, c.d © ‘R. As in Example 3, it is not difficult to show that S is a subring 
of M,,.(C). The ring S is called the ring of quaternions. & 


@ EXAMPLE 6 In any ring, the one-element subset {0} consisting of the zero element is a 
subring. 


@ EXAMPLE 7 If R is an arbitrary ring, then R is a subring of itself. 


Obviously a subring S is closely related to the larger ring R of which it is a 
subset (because S and R share the same operations). Yet S need not have all the 
same properties as R. For example, if n = 3, the subring S in Example | has no 
identity element, whereas the ring R = = has an identity element. In Example 3 the 
subring S is commutative, whereas the ring R = .¥,,(‘R) is not. Also in Example 
4 the subring S does not have the same characteristic as R = 2g. 

Example 6 shows that every ring has a subring. Our next result shows that two 
subrings can be combined by set intersection to produce a subring. 


@ THEOREM 3.7 The intersection of two subrings of a ring R is a subring of R. 


Proof Let S, and S, be subrings of a ring R, and let S = S, M S;. We will prove 
that S satisfies the conditions of Theorem 3.6. 

Note that both S, and S; satisfy the conditions of Theorem 3.6 because they are 
subrings of R. Hence 0 € S, and 0 € S,. It follows that 

0ES,NS,=S. 

Now let x, y € S. Since S C S,, we have x, y € S,. Theorem 3.6 therefore implies 
that o-— y € S$, and awe S,, Similarly, we seethata — y € S$, and xy € S;. Thus 
x—-yES,NS, = S$ and xy € S$, S, = S. Hence S satisfies the conditions of 
Theorem 3.6, and so § is a subring of R. @ 


m@ EXAMPLE 8 In Example | we saw that both 
S, = {..., -6, —4, -—2, 0, 2,4, 6, ...} 
and 
So 9, 6, 3, 0, 3, 6,9, ...} 


are subrings of <. Theorem 3.7 therefore assures us that S,  S; is a subring of =. 
Since 
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S,; AS, = (0.4, = 189-12, —Gg0yepi2, 18), 


is the set of all multiples of 6, it also follows from Example | that S, M S is a 
subring of Z. @ 


Direct Sums 


Theorem 3.7 gives us a method of combining two subrings to obtain another subring 
that is contained in each of the original subrings. It is also useful to be able to 
combine two rings to obtain a larger ring. We will now describe such a procedure. 

Let R and S be rings. The direct sum of R and S has R X S as its set of elements 
with addition and multiplication defined as follows: 


(r%5.S,) + (2; $2) = (% + a, Sp ESD 


(r1, 5))(r2, 52) = (Fir2, $152). 


The direct sum of rings R and S can be shown to be another ring. which we denote 
by R @ S. Notice that the definition of addition in R | S$ uses three addition signs. 
all with different meanings. The first addition sign designates the operation of ad- 
dition in R ® S that is being defined. the second designates the addition operation 
in R, and the third designates the addition operation in S. Likewise the definition of 
multiplication above involves three different multiplication operations. 

The zero element of R ® S can be shown to be (Og. 0,). where Og and 0, denote 
the zero elements of R and S, respectively. Also 


=, 5) = (1, — Sh 
that is, the additive inverse of (r, s) is (—r, —s). 
The proof that R @ S satisfies each of the other ring axioms depends on the fact 
that the corresponding axiom is true for both R and S. As an illustration of the 
technique required, we will prove that addition is commutative in R & S (axiom R;). 


Let x, vE R@®S. Then ¥ = (r,, s,) and v = (ry, sy) for some elements r,;. r: € R 
and s,, 55 € S. Now 


x y = (ry. S)) + Goes 


rr, + tees) + Se (definition of addition in R ® S$) 


tt 


[Ts + Fi; Ss Sas (commutativity of addition in R and S) 
= (rz, 52) + (71, 8)) (definition of addition in R ® S) 


= y + i os 


M@ EXAMPLE 9 The addition and multiplication tables for 2, PB 2, are given as follows. 
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ote ((0}, [0}) (111, [0}) (01, 11) (11, 11D (01, (2) 11, (2) 
CSOD era Use CO) Cy. (OL.i2) at, (2) 
({1}, [0] | (11), (0}) (10), (0) (E11) 0), 11) =, (21) {0}, (2) 
((O], 11 | (0), 01) (C1). 01) 0}, (21) 1,12) 0}, (01) (1, [0] 
CED | GLE Tay UO} Tia) (it). (2)) (Ol, 12}) 1], (0) do}, fo) 
Gol. a) | (Oli2 ly. f2i) (Ol, (Oly (1), 10) (elt) dy, 0) 
((1].(2)) | (1), (2)) (0), (21) (1, (01) 0}, (0) (E1), Ff}, LD 
([0], [0}) (C1), (0}) (f0],[1]) (1),01) 0], (21) (11, (2) 

({O]}, [0]) | (f0],[0}) ({O], [0]) ({O], [0}) {0}, [0}) ({0), [0}) {0}, (0) 
Cems te) | Ge) (0}) Gs), (0) (lO) (0}) (11,101) (Oj, (0}) (11, [op 
({O}, (1)) | ([0}, [0]) ({O}, (0}) ({O},(1}) (0), {1]) (0), (2]}) {0}, [21) 
mia) | Goyey di).te) GO}.11)) (1). 11) d0l,(2) 1), (2) 
({0},[2}) | ({0},[0}) {0}, (0}) (0), (2) ({O], (2J) {0}, {1}) (0), (1) 
ey) Poel» (MEO) @O}.12)) (2) (0),0) dt.) 


Note that Z, © 2, is a commutative ring with identity ([1], [1]). © 


We will see later (in Exercise 45 of Section 3.6) that the direct sum of rings R 


and § contains a copy of both of the original rings. Thus R @ S is a ring that in 
some sense contains both R and S. 


EXERCISES 3.4 


In Exercises 1-8 determine if the given subsets of ‘R are subrings of ‘R with addition and 
multiplication as defined in ‘R. 


DA nn & WwW NY = 


. The set of all positive integers. 

. The set of all real numbers of the form p + gV/3, where p, q € Q. 

. The set of all real numbers of the form m + n\V/7, where m,n € &. 

. The set of all nonnegative real numbers. 

. The set of all real numbers of the form p/q, where p is an integer and q is an odd integer. 


. The set of all real numbers of the form p/q, where p is an odd integer and q ts a nonzero 


integer. 


. The set of all real numbers of the form p/q, where p is an even integer and q is a nonzero 


integer. 


. The set of all real numbers of the form p/q, where p is an integer and q is a nonzero 


even integer. 


. Let S§ denote the set of all elements of .,,..(‘R) with the form 


lame 
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10. 


il. 


12. 


13. 
14. 


Is § a subring of M2,2(R)? 
Let § denote the set of all elements of ™,,.(R) with the form 


Is § a subring of M2 2(R)? 

(a) Show that S = {a,x" + a,x") +--+ + ayx + ay © R[x]: ap = 0} is a subring of 
R[x]. 

(b) Show that S has no identity element, whereas ‘R[x] has an identity element. 


Prove that 

{p(x) © Rix]: p(x) = aonx" + Ay_2x"”? + +++ + ax? + do for some integer n = 0} 
is a subring of ‘R[x]. 

Prove that the subring S in Example 3 is commutative. 

Prove that S in Example 5 is a subring of 2,.2(0). 


(5) Let R be a ring and r € R. Prove that S = {x € R: rx = 0} is a subring of R. 


16. 
i ips 
18. 


19. 


20. 


Let R be a ring. Prove that S = {x © R: 2x = 0} is a subring of R. 

Let R be a ring. Prove that S = {x € R: rx = xr for each r € R} is a subring of R. 
Find a subring of 2.) containing exactly four elements. Does this subring have an identity 
element? If so, what is it? 

Find a subring of 2 containing exactly five elements. Does this subring have an identity 
element? If so, what is it? 


Give an example of a ring R with subrings S and T such that § U T is nor a submng of 
R. 


In Exercises 21—24 compute the indicated elements of =,, ® 25. 


21. (5), [9]) + (3), (6) 22. ([4). [2)) — (8). (5) 
23. ({5], (9))({3], [6]) 24. ((4]. (2])(8], [6]) 

In Exercises 25-28 compute the indicated elements of 2; ® =). 

25. ({5], [9]) + ([3}, [6]) 26. ((4]. [2]) — ((8]. [S) 
27. ({5), [9))((3], [6]) 28. ([4]. [2})({8]. [6)) 


In Exercises 29-32 determine the characteristic of the given ring. 


29. 2 ® 2, 0. Seas, 
SN 4 ies 32-2 Oe 


33. Find a subring of 2, ® <, containing exactly eight elements. 
34. Find a subring of 2, ® 2, containing exactly nine elements. 
35. Find a subring of 2, ® 2, containing exactly six elements. 


36. (a) How many elements are there in the ring 2,, ® 2,? 

(b) What is the zero element of <,, ® 2? 

(c) Does Z,, ® 2, have an identity element? If so, what is it? 
37. Let R and S be rings. Prove that in R ® § addition and multiplication are associative. 


38. 


a. 
40. 


41. 
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Let R and S be rings. Prove that the zero element of R ® S is (Og, 0s), where Og and 0s 
denote the zero elements in R and S, respectively. 


Let R and S be rings. Prove that in R ® S, -(r, s) = (—r, —s). 
(a) Prove that = @ {0} is a subring of 2 ® 2. 

(b) Show that = ® {0} has an identity. 

(c) Show that = ® = has an identity. 


Let R and S be rings, neither of which is {0}. Find necessary and sufficient conditions 
that R @ S be a ring with identity. 


. Let R and S be rings. Find necessary and sufficient conditions that R ® S be a com- 


mutative ring. 


. Give an example of a noncommutative ring with no identity element. 


. Give an example of a ring without an identity element that has a subring with an identity 


element. 


. Can there be a commutative ring having a noncommutative subring? Explain your an- 


swer. 


Prove that the distributive properties hold in R ® S, where R and S are rings. 


. Let R and S be rings. Determine the characteristic of R @ S in terms of the characteristics 


of R and S. 


. Prove that if S is a subring of =, then for some nonnegative integer n we must have 


S = {kn: k © 2}. Hint: If S ¥ {0}, then S must contain a smallest element of 2°. 


In Exercises 49-52 let R be a ring and S a nonempty subset of R that is closed under sub- 
traction, that is, such that if x and y are in S, thenx —ye€ES. 


49. 
50. 


Sl 


52. 


So: 


Prove that 0 € S and that if x and y are in S, then —x € Sandx+ye€ES. 
Define a relation ~ on R by x ~ yif and only if x — y € S. Prove that ~ is an equivalence 
relation on R, that [x] = {x + s: s € S} for each x € R, and that S = [0]. 


Let x, y © R. For the equivalence relation in Exercise 50, define a function f: [x] > [Ly] 
by fix + s) = y + s. Prove that f is well-defined and is a one-to-one correspondence 
between [x] and [y]. 

Prove that if R is a finite ring, then |R| — &|S|, where k is the number of equivalence 
classes with respect to the equivalence relation in Exercise 50. 


Prove that if § is a subring of a finite ring R, then [S| divides |R]. 


In Exercises 54-56 let R be a ring, s © R, and § = {ns:n € =}. 


54. 
55. 


Sie 


Show that § is closed under subtraction but need not be a subring of R. 
Prove that if R is a finite ring, there exists a positive integer k such that ks = 0. Also 
prove that if mm is the smallest positive integer such that ws 0, then S contains exactly 


m elements. 


. Prove that if R is a finite ring and [x,], [x2], ..., [x] are all of the distinct equivalence 


classes of the equivalence relation in Exercise SO, then RK contains exactly Am clements, 
where m is as in Exercise 55. 


Prove that if R is a finite ring with identity, then the characterisue of R divides R\. 
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3.5 PROPERTIES OF MULTIPLICATION 


In Section 3.3 we considered several properties possessed by rings. For the most 
part, these properties were consequences of ring axioms R, — Rs, which relate to 
addition. In this section we will consider analogous properties involving multipli- 
cation. 

The ring axioms require that a ring be closed under addition, that addition be 
commutative and associative, that the ring have a zero element, and that every ele- 
ment in the ring have an additive inverse. On the other hand, the ring axioms provide 
us with much less information about multiplication: we know only that a ring must 
be closed under multiplication, that multiplication is associative, and that the dis- 
tributive properties hold. Because the requirements for multiplication in a ring are 
so much weaker than those for addition, we will be able to prove much less about 
multiplication than we can prove about addition. In fact, we will need to consider 
properties beyond those guaranteed by ring axioms R, — R; in order to have enough 
tools to prove any interesting results whatsoever. Thus in this section we will be 
concerned primarily with rings with identity. 

Recall that according to axiom Ro, the conditions that 1 must satisfy to be an 
identity element for a ring R are 


lr=r and rl=r 
for every r © R. Thus even though we have 
27) = (=) 


in 2,2, [7] is not an identity element in =,,. Note that if R happens to be a com- 
mutative ring, then the condition 


il 


lr = rforeveryrE R 


implies the condition 


II 


rl =rforeveryrER 


and vice versa. But in a noncommutative ring we must check both of these conditions 
when looking for an identity element. For instance, in the ring in Example 2 of 
Section 3.2 the elements x and z satisfy 


poe and zr=r for every rE R, 


yet neither x nor z is an identity element. Our first result is an analog to Corollary 
1 of Theorem 3.1. 


@ THEOREM 3.8 A ring can have at most one identity element. 


Proof Suppose that both | and e are identity elements for a ring R. Consider the 
product le. Because | is an identity element for R. we have le = e. But also le = 1 
because e¢ is an identity element for R. Hence | = e, and so there can be at most 
one identity element for R. 
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Of course, Theorem 3.8 does not imply that every ring has an identity element; 
it simply guarantees that no ring can have more than one identity element. 

By ring axiom R;, for each element x in a ring there is an element y such that 
x + y = 0. We can consider the analogous concept for multiplication in a ring with 
identity. Suppose that R is a ring with identity, and let x € R. If there exists an 
element y € R such that xy = yx = 1, then y is called a multiplicative inverse for 
x. If R is a commutative ring, then xy = | implies yx = 1 and vice versa; so it is 
sufficient to check either of these conditions when looking for a multiplicative in- 
verse. 


@ EXAMPLE 1 The only elements of 2 having multiplicative inverses are —1 and 1, and each 
of these elements is its own multiplicative inverse because 


(-1X-)D =1 and 11) =1. 


@ EXAMPLE 2 Every nonzero element of ‘R has a multiplicative inverse, namely its recipro- 
cal. @ 


As Example | shows, in a ring with identity not every element may have a 
multiplicative inverse. Just as for addition, however, no element can have more than 
one multiplicative inverse. 


WM THEOREM 3.9 Let R be a ring with identity. If an element x € R has a multiplicative inverse, 
then that inverse is unique. 


Proof Let y and y’ be multiplicative inverses for x. Then xy = | and y’x = 1. 
Consider the product y’xy. On one hand we have 


, 


yaxyemty Cy) y' ley. 
But also 
ey — (yy Ly ay 
Therefore y’ = y, proving the uniqueness of a mult‘plicative inverse for x. 1 
If an element x in a ring with identity has a multiplicative inverse, we denote 


that inverse by x |. It follows immediately from the definition of a multiplicative 
inverse that the inverse of x ' is x, that is, 


m EXAMPLE 3 Every nonzero element of 2, has a multiplicative inverse. The reader should 
check that 


=), 21° =(3), r'=12], and f4y'=(14). @ 


m@ EXAMPLE 4 The only elements of <, that have multiplicative inverses are [1] and [5]. In 
fact, 
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A nonzero element z in a ring R is called a zero divisor if there exists a nonzero 
element r € R such that rz = 0 or zr = O. Note that if x is nor a zero divisor, then 
xy = 0 implies x = 0 or y = 0. 

@ EXAMPLE 5 Since in Z, 
[2)[3] = [4)[3] = [0], 

(2], [3], and [4] are zero divisors. Moreover, it is easy to show that these are the 
only zero divisors in Z,. 

In Section 3.3 we discussed the cancellation law of addition. which states that 
for all elements x, y, and z in a ring: 

Ifx + y =x + z, then y = z. 


This law has an obvious counterpart for multiplication. which unfortunately is not 
true for rings. In 2, for instance, Example 5 shows that 


[3}(2] = (3){4}. 


and yet [2] # [4]. Our next result gives conditions under which the cancellation law 
of multiplication is valid. 


@ THEOREM 3.10 Let R be a ring. If x is a nonzero element of R that is net a zero diviser in 
R, then: 


(a) xy = xz implies y = z, and 


(b) yx = zx implies y = z. 


Proof Suppose that xv = v2 and that x is a nonzero element of R that is net a zero 
divisor in R. Then 


= x(z — y) 
Because x is not a zero divisor in R, the equation a(z - vy) = 0 implies thata = 0 
or z ~ y = 0. Because x ¥ 0, it follows that z — y = 0. Hence y = z, proving (a). 


The proof of (b) is similar and is left as an exercise. I 


Statements (a) and (b) of Theorem 3.10 are called the left and right cancellation 
laws of multiplication, respectively. They are the analogues of the cancellation laws 
of addition described in Section 3.3. As we noted above, the cancellation laws of 
multiplication do not necessarily hold for all elements of a ring. \n particular, Ov = Oz 
does not imply that y — 2 in any ring with more than one element. Theorem 3.10 
shows, however, that im any ring the cancellation laws of multiplication hold if the 
element to be cancelled is neither the zero element nor a zero divisor. 


3.5 Properties of Multiplication 121 


Exponents 


Just as it is useful to have a special notation for the sum of an element with itself, 
it is useful to have a notation for the product of an element with itself. For any 


element x in a ring and any positive integer n, we can recursively define the expres- 
sion x" as follows: 


(a) If mn = 1, then x” = x. 


(b) If k is a positive integer for which x‘ is defined, then we define x**! by 
xf! = x*x. 
We are familiar with the properties of exponents in the ring of real numbers. 
The next theorem shows that two of these properties are true in every ring. 


@ THEOREM 3.11 Ler x be an element of a ring. For any positive integers m and n, 


m+n 


(a) xx" =< and 


(b) ay = aii 


Proof We will prove (a) by induction on n. For n = 1, x” = x = by the recur- 
sive definition of x”. Thus 


xx" = x™x = Eyes = pub 


m+ 


by the recursive definition of x”"’. Hence the result is true for n = 1. 


Assume that (a) is true for some positive integer n = k. Then for any positive 
integer m we have 


Hence 
xMx**'= x"(x'x) — (definition of x**') 
=e x (associativity of multiplication) 


iran x (induction hypothesis) 


(m+k)+1 


=x (definition of x°"*”’*') 


m+(k+1) 


=x (associativity of addition in 2) 


This proves that (a) is true fork + 1. It now follows from the principle of math- 
ematical induction that (a) is true for all positive integers n. 
We will leave the proof of (b) as an exercise. @ 


Other familar manipulations involving exponents need not be true in an arbitrary 
ring. For example, in M,,.(‘R), if 


| 0 ee 0. 1 
X = | 1 and Y= E ‘I 


then 


122 


Chapter 3 Rings 


Hence 

(XY) ax 
in M>,.(R). Also, in any ring we have 

(x + y= & + WW + y) 
=~Yt+xaytyxt+y 
by the distributive properties. Therefore 
(xtyP=Hrt2yt+y 
if and only if 
xy = yx. 

It follows that, in a noncommutative ring, (x + yY need nor equal 

xtamyty. 


For any nonzero element x in a ring with identity 1, we define 


If, in addition, x has a multiplicative inverse, then we define 
Sod = 6 sen We 


for m a positive integer. Note that these definitions are consistent with the definitions 
of exponents in ‘R, where, for example, 


1: 
0 =o 
2=1 and 2° = (; : 
9 
With these definitions of zero and negative integer exponents, it can be shown that 
if x is a nonzero element with a multiplicative inverse, then the familiar exponent 


properties in Theorem 3.11 
Kok ex and Gey =x” 


hold for all integers m and n. 

In summary, we can use positive integers as exponents in any ring, but the use 
of zero and negative integers as exponents is restricted to nonzero elements in a ring 
with identity. Furthermore when m is a positive integer the symbol x ™ is defined 
only when x has a multiplicative inverse. 


EXERCISES 3.5 


1. Determine which elements of =,, have multiplicative inverses. and find the inverses. 
2. Determine which elements of 2, have multiplicative inverses, and find the inverses. 


3. Determine which elements of = ® = have multiplicative inverses. and find the inverses. 
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4. Determine which elements of =, ® 2) have multiplicative inverses, and find the in- 
verses. 


- Determine all the zero divisors of Z,>. 
- Determine all the zero divisors of Z,. 


5 

6 

7. Determine all the zero divisors of 2 ® Z. 
8. Determine all the zero divisors of Z ® Zo. 
9 


- Suppose that in ring axiom R, the identity element were not required to be nonzero. 
When would the zero element also be an identity element? 


10. In Mox%2(R), let 
ee foe 
ee 


Determine X"Y" and (XY)" for any positive integer n. Justify your assertions. 


11. Let R be a ring with identity. Prove that if x © R has a multiplicative inverse, then x is 
not a zero divisor. Deduce that if x has a multiplicative inverse, then the cancellation 
laws of multiplication hold when the element to be cancelled is x. 


12. Let R be a ring and x an element of R. Prove that if x is a zero divisor in R, then there 
exist distinct elements y and z in R such that xy = xz or yx = zx. 


13. Prove that in a commutative ring R, (x + y) =x + 2xy + y? fOnallecmyeck. 
14. Give an example of elements x and y in a ring R such that (x + y Ax + vty. 


15. Prove that in a commutative ring R, (xy)” = x"y”" for all x, y © R and every positive 


integer n. 
Pe; ema | . By | ee 
atz| | an a=| 4 


16. Show that if 
in M>..(R), then A*B’ 4 (AB). 
17. Let R be a ring with identity. Prove that ifa, y © R have multiplicative inverses, then 


xy has a multiplicative inverse; in fact, (xy)! = y'x"'. 


1 | 


18. Give an example of a ring R with identity and clements x, y © R such that x © and v 


exist, but (cy)! # x 'y7!. 
19. Determine whether or not each of the following elements has a multiplicative inverse in 
the ring ™,,..(‘R). Compute the inverse when it exists. 


-2 5 1 -3 3 -2 
(a) 3 | y 2 | 18, 9 6 
3 Z B) 3 =f) 2 
ae | of 3 ae 
20. Determine whether or not each of the following elements has a muluplicative inverse in 
the ring .V1,,..(2). Compute the inverse when it exists. 


- 4 3 
(a) ! =| (b) |_| | (©) 2 
a) 23 5 = sles ane 
(d) E 4 (e) le? | (f) ie ‘| 


21. Determine a necessary and sufficient condition that 


->N 
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22. 


Page 


28. 


29. 


30. 


36. 


Bir 


es) 


has a multiplicative inverse in the ring 4,.2(R). 
Show that ad — bc = +1 is a necessary and sufficient condition that 


a 


has a multiplicative inverse in the ring M2,2(2). 
Prove Theorem 3.10(b). 


Let R be a ring with identity. Prove or disprove that if x has a multiplicative inverse, 
then —x has a multiplicative inverse. 


. Let R be a ring with identity. Show that if xz = =v = 1, then x = ». Deduce that = has 


a multiplicative inverse. 


Let R be a commutative ring with identity, and let a. b © R. Prove that if ab has a 
multiplicative inverse, then both a and b have multiplicative inverses. 

Let R be a ring with identity, and let a, b € R. Prove that if ab and ba both have 
multiplicative inverses, then both a and b have multiplicative inverses. 

Let R be a ring with identity in which there are no zero divisors. If a. b © R are elements 
such that ab = 1, prove that ba = 1. 


Let R be a ring with identity in which there are no zero divisors. If a. bh € R are elements 
such that ab has a multiplicative inverse. prove that both a and b have multiplicative 
inverses. 

Let R be a ring with identity. Prove that if a, b © R are elements such that both a and 
ab have multiplicative inverses, then b has a multiplicative inverse. 


Let R be a ring in which r? = r for every r € R. Prove that 2r = 0 for every r € R. 


Let R be a ring in which r’ = r for every r € R. Prove that R is a commutative ring. 
Hint: Consider (x + y)(x + y). 


Prove that a nonzero element [x] © <,, is a zero divisor if and only uf the greatest common 
divisor of x and m is not 1. 


. Prove that [x} © =,, has a multiplicative inverse if and only if the greatest common divisor 


of x and mm is 1. 


Let S be a subring of R. Show that if 1; is an identity element for S, then either 1, is 
an identity element for R or ls is a zero divisor in R. 


Let R be a ring. An element e € R such that ex = x for every x € R is called a left 
identity element for R. 


(a) Determine all the left identity clements for the ring in Example 2 of Section 3.2. 

(b) Prove that if 1 is an identity element for R, then | is the umique left identity element 
for R. 

(c) Prove that if e is a left identity element for R and r € R, then e + re — ris also a 
left identity element for R. 

(d) Prove that if ¢ is the unique left identity element for R. then e is actually an identity 
element for R. 


Prove Theorem 3.11(b). 
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38. Prove that in a ring with identity if the element x has a multiplicative inverse, then each 
part of Theorem 3.11 holds for all integers m and n. 
39. Let m, n © Z be such that m = 3, n = 3, and gcd(m, n) = 1. Prove that i, taseat 
least four elements [r] such that [r]}? = 1. Hint: If mx + ny = 1, consider tmx + ny. 
40. Let RK be a ring with identity and x € R. An element a € R is called a /eft inverse for 
x if ax = 1. Similarly we call b € R a right inverse for x if xb = 1. 
(a) Prove that if a is a left inverse for x and 6 is a right inverse for x, then a = b. (Hence 
a is a multiplicative inverse for x.) 
(b) Prove that if « has two distinct left inverses, then x has infinitely many left inverses. 
Hint: If a is a left inverse for x, consider x"a — x" ' + a. 
41. An element r in a ring R is called idempotent if r° = r. Prove that if m = 2 andn = 2 
are integers such that gcd(m, n) = 1, then <,,, has at least four idempotent elements. 
Hint: Consider mx and ny, where mx + ny = 1. 


42. In a finite ring, prove that a nonzero element that is not a zero divisor must have a 
multiplicative inverse. 


43.7 Let x and y be elements of a commutative ring R. Prove that for any positive integer 
ji g yp 
n we have 


n_ n n n n-1 n n-2 2 zie n n 
(x + yy = ("): ae (")x ag ("): Vat ae (")yr 


44. (a) Prove that if k is an integer and p is a prime such that 0 < k < p, then p divides 
4 
7 


(b) Prove that if R is a commutative ring with characteristic p, a prime, then 


(Caen) a ey ton allegsyic Rk. 


3.6 HOMOMORPHISMS AND ISOMORPHISMS 


Recall from Section 3.1 that the operations of addition and multiplication in =, were 
inherited from = in a natural way. That is, if we associate with each integer m the 
element [m| in =,. then the elements of =, that are associated with the integers v + ¥ 
and xy are [x + y] and [xy], respectively. The ring properties for =, then follow 
from the corresponding properties in =. Thus the similarities between the rings = 
and =, seem to be related to the function f; = > <,, defined by f(m) = [vr]. In this 
section we will study this type of function. 

Let R and S be rings. A function f: R — S is called a homomorphism if the 
following two properties hold. 


1. For all x, y € R, A(x + y) = A(x) + Aly). (h preserves addition) 
2. For all x, y © R, A(xy) = AC)ACy). (A preserves multiplication) 


"Exercise 43 is cited in Section 6.5 
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@ EXAMPLE 1. Let 1 = 2 be an integer. The function h: Z — Z, defined by h(x) = [x] for all 
x € Zis a homomorphism because 


h(x + y) = [x + y] = [x] + [y) = AG) + ALY) 


and 
h(xy) = [xy] = [Ex]Ly] = A@)ACy) 
forallx,yEZ. 


m@ EXAMPLE 2 Define h: 8 ~ ™,,..(R) by 


w-[s gy 


for all x € ®. Then A is a homomorphism because 


=Hh(x) +h 
and 
hy) = ie | 
= x 0 y 0 
=a 0 =y 0 
= h(x)h(y) 


forallx,yER. WF 


mm EXAMPLE 3 Let [m], and [n],, denote elements of = and 2,,, respectively. The function 
h: 2\. > X, defined by A([x],.) = [x], is well-defined because if [x],. = [y],2. then 
[xls = Ly]. by Theorem 2.13, and it is a homomorphism because 


A(lx}i2 + Lyli2) = Ax + yh) = fx + yle = [x]6 + [yls = ACix}i2) + ACL) 12) 
and 
A(ix)12 ° Lyi) = ACy)12) = Dole = [4]o ° Lyle = ACx),2) > ACly].). wf 


mM EXAMPLE 4 The mapping fh: =, > <, defined by h([x],) = [4x], is well-defined because if 
[x]; = [y],, then 3 divides x — y. Hence 6 divides 4x — 4y, so that [4x], = [4y]g. 
Furthermore, it is a homomorphism because : 


A(x], + Lyh) = h(le + yl) = [4 + ye = [4xde + [4y lo = ACL) + ACD) 


and 
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A(ixIsLy]s) = A(lxyls) = [4xy], = (Oxy), = [416° 14y]s = A(x) AC ys). 


. l 
WM EXAMPLE 5 The mapping h: Q — Q defined by h(r) = ae is not a homomorphism because 


% 
a a = i whereas A(1) + h(2) = E + eee = 
Caz) |] 10 25 -10 


M@ EXAMPLE 6 The mapping h: < — 2 defined by h(n) = —n is not a homomorphism because 
h((—1) - 2) = h(—2) = 2 but A(—1) - A(2) = 1(-2) = -2. 


Our next examples describe homomorphisms that can be defined on any ring. 


mM EXAMPLE 7 Let R be any ring. The identity function on R, Iz, is a homomorphism because 
ae yy xt y = 7) ty) 
and 


Igy) = xy = IR@)IR(y) 
fortalbx.yCoR. 


@ EXAMPLE 8 Let R and S be any rings. Define h: R > S for all r € R by h(r) = Os, where 
0, denotes the zero element in S. Then h is a homomorphism because 


h(x + y) = Os = Os + Os = h(x) + AG), 
and 
h(xy) = Os = 0,0; = h(x)h(y) 


for all x, y © R. We will call A the zero homomorphism from R to S. 


Because homomorphisms are functions, we can consider the algebra of homo- 
morphisms, just as we considered the algebra of functions in Section 1.5. In partic- 
ular, we can form the composition of two homomorphisms. A natural question arises: 
Is the composition of two homomorphisms a homomorphism? Our next result an- 
swers this question in the affirmative. We leave its proof to the reader. 


@ THEOREM 3.12 Le: R, S, and T be rings. If f: R > S and g: S > T are homomorphisms, 
then the composition gf: R — T is a homomorphism. 


Since a homomorphism h: R — S between rings R and S preserves the operations 
of addition and multiplication, it is natural to expect that / will also preserve special 
elements (such as the zero element and the identity clement) that are associated with 
addition and multiplication. Our next result shows that a homomorphism does, in 
fact, preserve the zero element and additive inverses. 


M@ THEOREM 3.13 Leth: R — S be a homomorphism between rings R and S. 
(a) If Og and 0, denote the zero elements of R and S, respectively, then h(Og) = Os. 
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(b) For eachr © R, h(—r) = —h(r). 
(c) The image of h is a subring of S. 


Proof (a) Since h is a homomorphism, we have 


h(Og + Op) = A(Og) + A(Og). 
But also 
h(Op + Og) = h(Og) = h(Og) + Os. 
Hence 
h(Og) + h(Og) = h(Og) + Os, 
and so 


h(Og) = Os 


by the cancellation law of addition in S. 
(b) Let r € R. Then by (a) we have 


h(r) + h(—r) = h((r + (—r)) = AOR) = Os. 


Since additive inverses are unique, the equation above implies that /(—r) is the ad- 
ditive inverse of A(r), that 1s, 


h(—r) = —A(r). 


(c) Let T denote the image of h. Then T C S. We will show that T satisfies the 
conditions of Theorem 3.6. It follows from (a) that O. © T. Let x. y € T. Then there 
exist u, v © R such that A(u) = x and h(v) = y. Since 


h(u — v) = h(u) — A(v) = x- y 
by Exercise 22, it follows that x — y € T. Finally, 
h(uv) = h(wh(v) = xy, 
so that xy € T. Hence T is a subring of S by Theorem 3.6. W& 


By analogy with Theorem 3.13 1t might be expected that a homemerphism will 
also preserve the identity element and multiplicative inverses. In general, however. 
this is not the case. The homomorphism ft: =, — =, in Example 4 is such that 
AC{1],) = [4], 1s not the identity clement of =. nor does it map [2],. an element of 
=; with a multiplicative inverse, to an element of =, with a multiplicative inverse. 
Our next theorem shows that a homomorphism preserves the identity element and 
multiplicative inverses if it is onto. 


@ THEOREM 3.14 Let R be a ring with identity \,_, let S be a ring other than {O\, and let 
h: R — S be a homomorphism of R onto S. 
(a) The element h(1,) is an identity element for S. 
(b) [fr © R has a multiplicative inverse, then h(r) has a multiplicative inverse. 


Moreover, h(r™') = {h(y]"'. 
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Proof (a) To show that h(1,) is an identity element for S, we must prove that h(1,) 


is nonzero and h(1g)- s = 5 + h(1g) = s for all s E S. Let s € S. Because h is onto, 
there exists r © R such that A(r) = s. Now 


Ag) + Ss = A(ig)h(r) = hUlg +r) = h(r) = s, 
and similarly 
S* h(1pg) = AACR) = Ar: 1p) = A(r) = s. 
Thus A(1g) - s = s+ h(1g) = 5 for every s € S. Assume that h(1z) = Os. Then 
Ss =h(lp)-s = 05:5 =0, 


for every s € S. But this contradicts that § # {0}. Therefore h(1,) is nonzero and 
hence is an identity element for S. 


(b) The proof of (b) is left as an exercise. 


In the study of functions, a special role is played by the one-to-one correspon- 
dences, those functions that are both one-to-one and onto. In a similar manner the 
homomorphisms that are both one-to-one and onto play a special role in the study 
of homomorphisms. A homomorphism that is both one-to-one and onto is called an 
isomorphism. 


@ EXAMPLE 9 Since, for any set S, the identity function /; is a one-to-one correspondence, 
Example 7 provides us a simple example of an isomorphism: For any ring R, the 
identity function /, is an isomorphism. 


@ EXAMPLE 10 For each complex number a + bi, where a, b © ‘R define h: C > C by 
h(a + bi) = a — bi. We will show that h is an isomorphism. First note that if x and 
y are complex numbers, they can be uniquely expressed in the form 


x=at bi and y=ctdi 
for some real numbers a, b, c, and d. Now 


h(x + y) = h((a + c) + (b + di) 


Il 


(ac) (op td)? 
and 


(atc) — (6 + dy: 


I 


h(x) + h(y) = (a — bi) + (ec — di) 
so h(x + y) = h(x) + A(y). Furthermore 
h(xy) = h((ac — bd) + (ad + bc)i) = (ac — bd) — (ad + bc) 
and 
h(x)h(y) = (a — bil(ce — di) = (ac — bd) — (ad + be)i, 


so that h(xy) = A(x)h(y). Thus h is a homomorphism. 
Note that if h(x) = Ay), then 


a— bi=c — di. 
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It follows that a = c and b = d, so that x = y. Hence h is one-to-one. Furthermore, 
if z € C, then there are real numbers r and s such that z = r + si. Since 


si — PF rita. C 
and 
h(r — sil) = r — (~si=r+ si = z, 


we see that h is also onto. Therefore h is both a homomorphism and a one-to-one 
correspondence, and so h is an isomorphism. @ 


@ EXAMPLE 11 Let S denote the subset of .¥,..(‘R) consisting of all matrices of the form 


IB 


for x € ‘R. It can be shown that S is a subring of .Vf...(R) and hence is a mng. Define 


h: R— S by 
; 0 
h(x) = E I 


We will now present some results involving isomorphisms that are similar to 
results in Section 1.5 about one-to-one correspondences. Exercises 25 and 26 in 
Section 1.5 show that the composition of two one-to-one correspondences is a one- 
to-one correspondence. Combining this result with Theorem 3.12 yields the follow- 
ing theorem. 


Then h is an isomorphism. 


@ THEOREM 3.15 Ler R, S, and T be rings. If f: R > S and g: § > T are isomorphisms, then 


the composition gf: R — T is an isomorphism. 


For functions we saw in Theorem 1.3 that a one-to-one correspondence has an 
inverse that is also a one-to-one correspondence. A similar result is true for iso- 
morphisms; its proof is left as an exercise. 


@ THEOREM 3.16 Ler R and S be rings. If f: R= S is an isomorphism, then so is f~'. 


Recall the ring R of all the subsets of a set (described in Example 4 of Section 
3.2). For the set D = {1, 2}, the elements of this ring are 


= O, B = {1}, C = {2}, and D = {1, 2}. 


The addition and multiplication tables for this ring are as follows. 


ee CD ai (a: a sas a 6 
AA B “GSD AIA A AA 
BiB ADC B\|A B A B 
C | C lp A i C |e Ane Ge 
D| DSC BOrA D| AysHe-C 2p 
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Let us compare these tables with those for the ring 2, ® <,. For convenience, 
we will denote the four elements of Z, ® Z, as follows: 


a= ({0], (0), b= ((0),[1}), c=((1],[0]}), and d= (fi), [1]. 


With this notation the addition and multiplication tables for =<, ® 2, are as shown 
below. 


Notice that, except for the use of capital letters in R and lower case letters in 
=, ® =. the two pairs of tables are identical. This means that the one-to-one cor- 
respondence h: R > 2, ® Z, defined by 


h(A) = a, h(B) = 5, h(C) =, and h(D) = d 


is an isomorphism. Hence, as rings, R and =, ® =; are indistinguishable. 

When there exists an isomorphism h: R — S between rings R and S, we say that 
R is isomorphic to S. Thus the preceding paragraph shows that the ring of all subsets 
of {1, 2} is isomorphic to 2, ® 2,. The essence of an isomorphism is this: except 
perhaps for the appearance of the elements, two isomorphic rings are identical. In 
fact, the word “isomorphism” comes from two Greek words meaning “same form.” 
From an algebraic point of view, we regard isomorphic rings as having identical 
structures. 

To prove that rings RK and S are isomorphic requires defining a particular function 
f: R — S and proving that it is an isomorphism. Determining how to define such a 
function f can be difficult. In fact, it is easier to prove that two rings are not 1so- 
morphic than to prove that they are, because we can show that two rings are not 
isomorphic by finding a property preserved by isomorphisms that only one of the 
rings possesses. For example, 2, and =, cannot be isomorphic because they contain 
different numbers of elements, and clearly there can be no one-to-one correspon- 
dence between sets having different numbers of elements. Likewise C and .¥f5..(R) 
cannot be isomorphic because the former is commutative and the latter is not. Other 
properties that must be shared by isomorphic rings are discussed in the exercises. 

We will conclude this discussion by proving a useful fact about the relation “ts 
isomorphic to.” 


@ THEOREM 3.17 The relation “is isomorphic to” is an equivalence relation on any set of 
rings. 


Proof For any ring R, the identity function /,: R — R is an isomorphism. (See 
Example 7.) Therefore R is isomorphic to itself, and so the relation “ts isomorphic 


to” is reflexive. 
If ring R is isomorphic to ring S, then there exists an isomorphism f: R > S. 
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Now f_': S > R is also an isomorphism by Theorem 3.16, and so S is isomorphic 
to R. Thus the relation “is isomorphic to” is symmetric. 

Finally suppose that ring R is isomorphic to ring S and ring S is isomorphic to 
ring T. Then there exist isomorphisms f: R > S and g: S > T. By Theorem 3.15 
the composition of f and g is an isomorphism gf: R — T, and so R is isomorphic 
to T. Hence the relation “is isomorphic to” is transitive. MH 


EXERCISES 3.6 


In Exercises 1-12 determine if the given function is a homomorphism. Justify your answer 
with a proof or counterexample. In Exercises 5, 6, 11, and 12 the notation (n),, denotes the 
element [n] in Z,,. 


1. h: Z— Z defined by h(n) = 3n 

2. h: 2 — € defined by h(n) = 2n 

3. h: 24 —> 24 defined by h([n]) = [16n} 

4. h: Zi, — Zig defined by h({n]) = [12n] 

5. h: 235 — Zz defined by A([n]36) = [rJ.2 

6. h: 215 > Z; 8 Z; defined by A([n],5) = ([7]s. [n]s) 
7. h: Z,— Z, defined by h({n)) = [n}* 

8. h: Z; > Z, defined by A((n]) = [n} 

9. h: C— 8 defined for a, b € ‘R by h(a + bi) = a 
10. Ah: R[x] — R[x] defined by 


2n-2 


h(a, x" + dy '| + +++ + ayx + ao) = A,X + dyer? te + ax? + a 
11. h: Z,— 2). defined by A([n},) = [97t],2 
12. h: Z,—> > defined by A({n]) = [32] 


13. Denote elements of 2, and elements of =. by [aly and [vy]. respectively. Can a homo- 
morphism ft: 2, — <s be defined by letting A({v|g) = (i]s for all [ale € 2? Justify your 
answer. 

14. The elements [0], [5], [10]. and [15] form a subring § of 2,). Show that this subring is 
isomorphic to 24. 

1S. Show that the subring of ‘K].v] consisting of the zero polynomial and all polynomials with 
degree zero is isomorphic to ‘R. 

16. Let R be the subring of ‘RK consisting of all real numbers of the form a + b\ 2, where 
a and b are rational numbers. Prove that the function h: R — R defined by 
h(a + bV2) = a — bV 2 is well-defined and is an isomorphism. What is h~'? 

17. Find a subring of the ring in Example 4 of Section 3.2 that is isomerphic to 2. Justify 
your answer. ; 

18. Is 2, isomorphic to 2, ® =;? Justify your answer. 


19. Show that the set S in Example 11 is a subring of .Vf,,.¢R) and that the function / is an 
isomorphism. 


33: 
34. 
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- Let R denote the set of integers under the operations @ and @ given in Exercise 39 of 


Section 3.1. Prove that 2 is isomorphic to R. 


. Prove Theorem 3.14(b). 


- Prove that if R and S are rings and h: R — S is a homomorphism, then for all x, y € 'R 


we have h(x — y) = A(x) — Ay). 


- Prove that if 4: R > S is a homomorphism between rings R and S, then A(nr) = nh(r) 


for each r € R and each integer n. 


. Prove that if h: R —> S is a homomorphism between rings R and S, then A(r") = [h(r)]" 


for each r € R and each positive integer n. 


- Let f: R — S be an isomorphism. Prove that if R is a ring with identity, then S is a ring 


with identity. 


- Let f: R — S be an isomorphism. Prove that if R is commutative, then so is S. 


. Let f: R — S be an isomorphism. Prove that if R has characteristic n # 0, then S also 


has characteristic n. 


. Let f: R — S be an isomorphism. Prove that if R has characteristic zero, then S also has 


characteristic zero. 


. Let f: R — S be an isomorphism. Prove that if r is a zero divisor in R, then f(r) is a 


zero divisor in S. 


. Let f: R — S be an isomorphism. Prove that if r is an element of R such that r’ = r, 


then s = f(r) is an element of S such that s* = s. 


. Let R be the ring in Exercise 25 of Section 3.2. Is R isomorphic to 2,4? Justify your 


answer. 


. Let R be the ring in Exercise 25 of Section 3.2. Is R isomorphic to the ring in Example 


2 of Section 3.2? Justify your answer. 
Is the ring R in Exercise 34 of Section 3.2 isomorphic to 2,? Justify your answer. 
Is the ring R in Exercise 34 of Section 3.2 isomorphic to 2, ® 2,? Justify your answer. 


In Exercises 35—42 show that the given rings are not isomorphic. 


x 
OTs 
32: 
4}. 


43. 
44. 


Lande ZwOrzs 36. Q and .V2,3(2) 
and E 38. 2 @ ‘Ewand4b @ ‘I 
216 and M2 .2(2) 40. ( and ‘R 

Q and ‘R COVA, bse CUy(al Sy (Gb) Cen 
Give an example of two nonisomorphic rings with characteristic 2. 


Let R be the ring in Example | of Section 3.2. Show that for any real number c, the 
function h: R — ‘R defined by A(f) = f(c) is a homomorphism. Is this homomorphism 
an isomorphism? Justify your answer. 


Let R and S be rings. Verify that 


46. 


R' = {(r,0) EROS: r € R} 


is a subring of R ® S that is isomorphic to R. 
Let f: R > R' and g: S — S’ be homomorphisms between rings R and R’ and rings $ 
and S’. Use f and g to define a homomorphism fh: R@S—> R' OS’. 
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47. Prove Theorem 3.12. 

48. Prove Theorem 3.16. 

49. Determine all the homomorphisms h: 2 —> Z. 

50. Prove that the set § of all elements in .V,,.(‘R) having the form 


ls | 


is a subring that is isomorphic to C. 


51. Prove that if R and S are rings, h: R — S is a homomorphism, and R’ is a subring of 
R, then S’ = {s € S: s = h(r) for some r € R’} is a subring of S. 


Prove that if R and S are rings, h: R — S is a homomorphism, and S’ is a subring of S, 
then R’ = {r E R: h(r) € S'} is a subring of R. 

Prove that if m = 2 and n = 2 are integers such that gced(m, n) = 1. then —,, has a 
subring isomorphic to 2,. Hint: There exist integers a and b such that am + bn = 1. 
Define h: Z, — Zn, by A([x],) = [amx]nn,, Where [¥], and [=],,, denote elements of —, 


and Z,,, respectively. 
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54. Show that the ring R X = in Exercise 38 of Section 3.3 contains a subring isomorphic 
to R. (Thus any ring can be regarded as a subring of a ring with identity.) 


3.7 ORDERED RINGS 


One of the properties of the set of real numbers is that there is a natural ordering of 
its elements. Surprisingly, such an ordering can be defined in any ring fer which 
we can identify a subset of “positive” elements. What exactly do we mean by a 
positive real number? It turns out that there are three essential features of the set of 
positive real numbers ‘R* = {x € ‘R: x > O}. 


1. The set ‘R* is closed under addition. 
2. The set ‘R* is closed under multiplication. 
3. For each real number xv, exactly one of the following conditions holds: 


xE'R*, —x E'R*, or ne eo 


Motivated by the observation above. we call a ring R an ordered ring if there 
exists a nonempty subset R® of R such that: 
1. The set R® is closed under addition. 


2. The set R” is closed under multiplication. 
3. For each x € R, exactly one of the following conditions holds: 


xER’, —xE R*, or x=0. 


The third condition above is called the trichotomy law. We call the elements of R' 
the positive elements of KR: a nonzero element of R that is not a positive element is 
called a negative element. 


W@ EXAMPLE 1 Let =' = {1, 
and for each x © 


2,3, ...}. Clearly 2° is closed under addition and multiplication, 
<, one and only one of the conditions 
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xEZ, -xE€Z*, or x=0 
holds. Therefore 2 is an ordered ring in which the set of positive elements is 
i | 
M@ EXAMPLE 2 In ‘R[x] let ‘R[x]* denote the set of polynomials having a positive leading coef- 

ficient. If 

p(x) = a,x" + a,x" | + +++ + ax + ay 
and 

q(x) = by x™ + Dy yx" | + +++ + byx + by 
are elements of ‘R[x] with a, > O and b,, > 0, then 

P(x)g(x) = a,b, x77" + (AgDin—1 + Aq—1Dp xr"! + +++ + ago 


has a positive leading coefficient because a,b,, > 0. Thus ‘R[x]* is closed under mul- 
tiplication. Moreover, the leading coefficient of p(x) + q(x) is 


an ifn >m 
(shee ifm >n 
Ge ora ifm = n- 


Since all of these are positive, we see that p(x) + q(x) © ‘R[x]”. Hence ‘R[x]* is 
closed under addition. Finally, if a polynomial r(x) € ‘R[x] has no leading coefficient, 
then r(x) = 0. Otherwise the leading coefficient of r(x) must be either positive or 
negative, in which case r(x) © ‘R[x]” or —r(x) € ‘R[x]", respectively. Therefore ‘R[x] 
is an ordered ring. 


M EXAMPLE 3 The ring =, is nor an ordered ring. For in 2, we have [1] ¥ [O] and —[1] = [1]. 
Thus no matter how we choose the set 2,', the trichotomy law fails, because either 
both [1] and —[{1] are positive or neither [1] nor —[1] is positive. 


Suppose that R is an ordered ring with R' as its set of positive elements. It is 
not difficult to see that if S is a subring of R other than {0}, then S$ is itself an ordered 
ring. In fact, the set of positive elements of S can be chosen to be 

mee OWS: 


The following theorem establishes some basic properties of an ordered ring. 


M@ THEOREM 3.18 Let R be an ordered ring. 


(a) If x is a nonzero element of R, then x € R’. 
(b) If R has an identity 1, then 1 ER’. 
(c) If x © R® and x has a multiplicative inverse, then x"' © R°. 


Proof (a) Since x 4 0, we must have either + © RK’ or ~x © KR’. Ifa ER’. then 
x = xx © R' because R’ is closed under multiplication. On the other hand, if 
—x € R*, then (—x)(—x) € R® because R™ is closed under multiplication. But 
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(—x(—x) = x? 


by Theorem 3.3(d). Thus in either case x € R™. 
(b) Since 1 # 0, (a) implies that 17 € R*. But 


IS 


and sol € R’. 
(c) Let x € R* have a multiplicative inverse. Since xx ' = 1,x ' #0. Therefore 
(x1)? € R® by (a). Thus 


x! = x(x! © R* 


because R* is closed under multiplication. 


mM EXAMPLE 4 The ring C is not an ordered ring. For if ¢ is ordered. it follows from Theorem 
3.18(a) that i? = —1 is a positive element. But then the trichotomy law implies that 
1 = —(—1) is a negative element, contradicting Theorem 3.18(b). &@ 


In an ordered ring R with positive elements R~ it is possible to define a “less 
than” relation in a natural way. If x, vy © R. detine x to be lessthanvify -—7. ER. 
To denote that x is less than vy, we write x < vy or vy > x. Theorem 3.19 lists some 
basic properties of the “less than” relation. 
@ THEOREM 3.19 Ler R be an ordered ring, and let w. x, vy, and = be arbitrary elements of R. 


(a) Exactly one of the following conditions is true: 


Xie ove XE Ys or Xi 


II 
‘“ 


(b) The element x is positive if and only if x > 0. 
(c) The element x is negative if and only if x < 0. 
(d) The “less than” relation is transitive. 

(qe) Jf x. < y ereiec ee Sey 

(f) Ifx<yandz<w, thnx+z<y+t+w. 

(g) If x < y and z > O, then xz < yz and zx < zy. 
(h) If x < y and z <0, then xz > yz and zx > zy. 


Proof We will leave the proofs of (c), (d), (f), (g), and (h) as exercises. 
(a) By the trichotomy law exactly one of the following is true: 
x—-yER’, —(x — y)ER’, or x-y=0. 
Because —(x — y) = y — x, it follows that exactly one of the following is true: 
ag a Kanye or ay 


(b) If x ts positive, then x € R°. Thus v — 0 © R’, and so x > 0. Conversely 
x > 0 means that x ~ 0 € R’, and hence x € R*. Therefore x is positive. 
(e) Let x < y. Then y — x © R*. Hence 
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Ger 2) + z)teey — xR. 
Titers +2< y+. 


@ COROLLARY Ler x be a positive element of an ordered ring. Then nx > 0 for every 
positive integer n. 


Proof The proof will be by induction on n. For n = | the statement is true because 
nx = lx = x, and we are given that x > 0. Assume that the statement is true for 
some positive integer k, that is, assume kx > 0. By the definition of a multiple w 

have : 


(kor le kx + x, 


which is positive because both kx and x are positive and R* is closed under addition. 
This proves the statement for k + 1. Hence the principle of mathematical induction 
allows us to conclude that nx > 0 for all positive integers n. 


It is also possible to define a “less than or equal to” relation in an ordered ring 
R. For any elements x and y in R, we say that x is less than or equal to y if either 
x < yor x = y. We denote that x is less than or equal to y by writing x < y or 
Si Ge 

Statements (f), (g), and (h) in Theorem 3.19 remain true if < is replaced 
by < and > is replaced by =. For example, we will prove the analog of the first 
pant of (eg): fi x= y and z= 0, then xz = yz. Letix, y, and z be elements of-an 
ordered ring R such that x = y and z = O. Since the definition of the “less than or 
equal to” relation involves two parts, we will consider two cases according to whether 
ee ROT XM 'Y). 


Casel x<y. 
If z > O, the result follows from Theorem 3.19(g). On the other hand if z = 0, 


then xz = x0 = 0 and yz = yO = O. Hence xz = yz, and so xz S yz. 


Case2 x=y. 
In this case xz = yz, and so xz = yz. 


Thus in either case xz = yz, aS we wanted to show. 
The “less than or equal to” relation can be used to define the absolute value of 


an element x in an ordered ring as follows: 


He x if = 0 
i aa tex = 0: 

With this definition we can prove most of the familiar propertics of absolute 
value in any ordered ring R. For example, we will show that |x| = 0 for each x € R. 


Since the definition of |x| involves two parts, we will consider two cases: x = 0 and 
x <0. If x = 0, then |x| = x = 0. On the other hand if x < 0, then the trichotomy 
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law shows that —x > 0; hence |x| = —x > 0. Thus |x| = 0 for every x € R. Other 
properties of absolute value will be considered in Exercises 39—48. 


Let S be a subset of an ordered ring R. An element s € S is called the smallest 


element of S if s < x for each x € S. Although not every subset of an ordered ring 
contains a smallest element, if a subset does have a smallest element, then that ele- 
ment is unique. (See Exercise 10.) 


In the ordered ring of integers, the identity element | is the smallest positive 


element. Our final theorem shows that this is no coincidence. 


@ THEOREM 3.20 Let R be an ordered ring with identity |. If R’, the set of positive elements 
of R, has a smallest element, then this element is 1. 


Proof Let s be the smallest element of R~. Assume that s * 1. Because 1 © R-> 
by Theorem 3.19(b), we must have s < 1. Hence 


OSs 


Multiplying by s in the inequality above and applying Theorem 3.19(g) gives 


O<s<s° 1 =F. 


Hence s’ is an element of R” that is less than s, the smallest element of R™. It follows 
from this contradiction thats = 1. Hf 


EXERCISES 3.7 


In Exercises 1-8 tell whether each statement about the ordered ring in Example 2 is true or 


false. 
Ne abe eo 0 2. -3x° + 6r + 8>0 
3. 30 + 4x + 8 > Oe = 6r — 7x + 5 4. 6x* — 5x +2>3x4+ 72? -—x +9 
5. -6x° + 7x > 3x4 - SV +x -9 6. 2x - x? + 5x -6>x4 - ¥ - Tr 
7. -4° + 3x —-7 > -6x? — 5x +2 8. 8x° — Gx? + 3x — 5 > 10x? — 13x +7 
9. Show that an ordered ring R cannot have a largest element: that is. for each a € R there 


10. 


Il. 
12. 
id: 
14. 
15. 
16. 


exists y © R such that x < y 


>, 4 , ay ee nae a or ‘ oe 
Prove that if a subset of an ordered ring contains a smallest element, then that element 
is unique. 


Prove Theorem 3.19(c). 
Prove Theorem 3.19(d). 
Prove Theorem 3.19(f). 
Prove Theorem 3.19(z). 
Prove Theorem 3.19(h). 


Prove that in an ordered ring x < y if and only if —y < —x. 


(7) Prove that in an ordered ring the product of two negative elements is a positive element. 
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18. Prove that in an ordered ring the product of: a positive element and a negative element 
is a negative element. 


19. Prove that ©,..(‘R) is not an ordered ring. Hint: Consider the matrix 


a 


20. Define P = {(x, y) © 2 @ 2: x > 0, or x = 0 and y > 0}. 
(a) Is P closed under addition? 
(b) Is P closed under multiplication? 


(c) For each (x, y) © 2 ® &, is it true that exactly one of the following conditions 
holds? 


Cayyie eR. (65559) (Sie or (x, y) = (0, 0) 
21. Prove that <,, is not an ordered ring. 
22. Prove that no ring with a zero divisor is an ordered ring. 
23. Prove that no finite ring is an ordered ring. 
24. Prove that no ring with nonzero characteristic is an ordered ring. 


25. Let f: R — S be an isomorphism between rings R and S. Prove that if R is an ordered 
ring, then so is S. 


26. Prove that if R is an ordered ring and x, y € R, then xy = x” + y’. 
27. Prove that =[x], the ring of polynomials with integer coefficients, is an ordered ring. 
28. In ‘R[x] let P denote the set of polynomials 


p(x) = a,x" + a,x") + +++ + ax + ay 


for which the nonzero coefficient with smailest subscript is positive, that is, a, > 0 and 
a; = 0 fori =0, 1, ..., k — 1. Show that P is closed under addition, closed under 
multiplication, and satisfies the trichotomy law. 


Prove the statements in Exercises 29-38 for all elements w, x, y, and z in an ordered ring 
R. 

29. The “less than or equal to” relation is reflexive. 

30. The “less than or equal to” relation is transitive. 

31. If w= x andy <z, thnw+y<x+z. 

S52) If w= xand y =z, theniw + y Sx + z. 

33. If x S y and y < z, then x < z. 

34. If x < y and y Sz, then x < z. 

35. If x = y and y S x, then x = y. 

36. If x <= y and z < O, then xz = yz. 

67) If x = 0 and y = 0, then x < y if and only if x’ < y’ 
38. If x = 0 and y = O, then x = y if and only if x y 


Prove the statements in Exercises 39-48 for all elements x, vy, and z in an ordered ring R. 


39. |—x| = |x| 40. |x| = 0 if and only if x = 0 
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41. |x|? =x ai 42. |x\ly| = |x| 
43. —|x| =x = |x| 44. |x| + |y| = |x + y| if and only if xy = 0 
aoaet y| = |x| ay 46. |x| — ly| = |x - yl 

Aye 72) ie yl lp 48. |x| — lyl = |x — >! . 


SUPPLEMENTARY EXERCISES FOR CHAPTER 3 . 


1. Let R denote the set of all ordered triples (x, y, =), where x. y. : © —. For elements 
(x1, x2; x3), 1; 2» ys) € R define 


(X15 X25 X3) + (Wis Yas V3= CX + Yi, X2 + V2, X3 H ys) and 


(X1, X25 X3)(1, V2, Y3= (Ky, X21 + X32, X3y3). 


Prove that R is a ring with identity. 


bad 


Prove or disprove that the ring R defined in Exercise | is a commutative ring. 


= 


Find necessary and sufficient conditions for an element of the ring R detined in Exercise 
1 to have a multiplicative inverse. 


= 


(a) Prove that the set S = {(x, 0, x): x © =} is a subring of the nng R defined in Exercise 
il. 


(b) Prove that S is isomorphic to =. 


5. Let R be a ring with identity. For a, b © R detine a ~ b to mean that a = bx for some 
element x € R having a multiplicative inverse. Prove that ~ is an equivalenee relation 
on R, 


6. Let m be a positive integer. For x, v © Q detine v = ¥ (mod m7) to mean that, — v = Am 
for some integer &. Prove that this relation is an equivalence relation on Q having infi- 
nitely many equivalence classes. 

7. Let S denote the set of all the equivalence classes formed by the equivalence relation in 
Exercise 6. 

(a) Does [x] + [y] = [x + y] define a binary operation on S? Justify your answer. 
(b) Does [x][ y] = [xy] define a binary operation on S$? Justify your answer. 
8. Let R be a ring. Prove that any intersection of subrings of R is a subring of R. 


9. Let R be a ring having no zero divisors. Prove that the characteristic of R must be either 
zero Or a prime positive integer. 


— 
= 


Define h: 2; > 2jo by A{([x]) = [5x]. Is h a homomorphism? Justify your answer. 
11. Let R and S be rings. Prove that R ® S is isomorphic to § ® R. 


12. Prove that if R. S, and 7 are subrings of a ring such that R C S U T, then either R C S 
Ones 


13. Let R and S be rings with identity, and let S have no zero divisors. Prove that if 4: R > S 
is a homomorphism other than the zero homomorphism, then A(1,) = 1s. 


14. Give an example to show that the preceding exercise is false if § has zero divisors. 
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Leonhard Euler 


The Swiss mathematician Leonhard Euler is probably more re- 
sponsible for the way we write mathematics today than any other 
person. Among the notations that he either used first or estab- 
lished by his textbooks are e for the base of natural logarithms, 
a for the ratio of the circumference of a circle to its diameter, / 
for V/—1, = for summations, and f(x) to indicate a function. 

Although Euler was born in 1707 in the Swiss city of Basel. 
he spent most of his life in other countries. His father, a Lutheran 
clergyman, hoped his son would follow in his footsteps, but un- 
der the influence of the famous mathematical Bernoulli family, 
Euler turned to mathematics and science. In 1727 he accepted 
an opening in medicine at the St. Petersburg Academy. Unfor- 
tunately its patron, Catherine |, died the day he first set foot on 
Russian soil. Nonetheless, Euler stayed, and by age 26 was named 
chief mathematician of the Academy. 

Euler was a prodigious writer and researcher, producing more 
than 500 books and papers in his lifetime. In 1735 he lost the 
use of his right eye due to overwork, but his output did not di- 
minish. He wrote research papers, the first popular calculus text, 
and materials for the Russian schools. Although his native lan- 
guage was German, he wrote in both Latin and French. 

In 1741 Euler joined the Berlin Academy at the invitation of 
Frederick the Great of Prussia. Although he stayed 25 years, Eu- 
ler was not happy there, and kept up his ties with St. Petersburg. 
Russia continued to pay him a pension, and compensated him 
for his loss when Russian troops overran his estate during the 
Seven Years’ War. 

In 1766 the empress Catherine the Great persuaded Euler 
to return to Russia, where he spent the remainder of his life. 
Although he eventually lost the sight in his other eye, Euler con- 
tinued his mathematical investigations, dictating books and pa- 
pers to his children (he had 13). He died in 1783 at age 76. 

Euler's work touched many areas of mathematics, including 
analysis, geometry, algebra, and graph theory. One of his favorite 
subjects was number theory, and he introduced the function » 
defined in Section 7.4. His texts broadened calculus into what is 
now called analysis. Many of his arguments, especially those in- 
volving infinite series, are not considered rigorous by present 
standards, yet they usually led to correct formulas. Euler first found 
that the sum of the infinite series 


] 1 1 
Skee Ss ot 
12 22 3? 


is w°/6. The reader who tries to prove this fact may gain an ap- 
preciation of Euler's power 200 years ago. 


CHAPTER 4 


Fields 


The most important number systems of elementary mathematics, 2, Q, ‘R, and C, 
have properties besides those that are true for an arbitrary ring. In this chapter we 
will define two new types of structures by requiring that a ring satisfy additional 
conditions. Our principal concern will be with the familiar number systems Q, ‘R, 
and (. In fact, we will show how these three rings can be constructed, starting with 
only the ring of integers. 


4.1 FIELDS AND INTEGRAL DOMAINS 


The rings Q, ‘RK, and ( have a very nice multiplicative structure in that multiplication 
is commutative and every nonzero element has a multiplicative inverse. Rings with 
this property are important enough to be given a special name. 

A commutative ring with identity is called a field if every nonzero element has 
a multiplicative inverse. As we noted above, Q, ‘RK, and ( are familiar examples of 
fields. 


M@ EXAMPLE 1. The ring <, is a field because it is a commutative ring with identity and its only 
nonzero element, [1], is its own multiplicative inverse. M& 


m EXAMPLE 2 Let K = {r + sV2:r € Qand s € Q}. We will show that K is a field with the 
usual operations in ‘KR. That K is a subring of ‘RK is proved in Example 2 of Section 
3.4. Clearly K is commutative because 'K is, and also K contains an identity element, 


which is 1 + 0V2. 
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For K to be a field each nonzero element r + s\V/2 of K must have a multipli- 
cative inverse in K. Suppose for the moment that 77 — 2s* + 0. Then 


a (r+ sV2yr — sV2) r — 2s" 
(+ V2] ss + Va] = 
i; = oS : 2 r 2 


Dis” r ee 
Since 


r —s 
a OY and ar 
ae r= 

the calculation above shows that r + s\/2 has a multiplicative inverse in K. 

It remains to show that if r+ sV/2 # 0, then r* — 2s’ ¥ 0. Assume that 
D 2 : 4 a 3 ; . 
r — 2s° = 0. Since r and s are not both zero. this equation implies that neither r 
nor s is zero. Moreover we must have 


where r/s € Q. It now follows from Theorem 2.12 that r/s is an integer. which 1s 
a contradiction because the square of no integer is 2. 


In Example 2 we encountered fields K and ‘RK such that A is a subring of “R. This 
situation occurs often enough to justify a name. If F, is a field. we say that F; is a 
subfield of F, if Fis a field that is also a subring of F,. For example. Q is a subfield 
of ‘R, and *R is a subfield of C. 


M@ EXAMPLE 3 Other fields like those in Example 2 are easily constructed. Let F be a subfield 
of ‘R and k a positive element of F such that Vk ¢ F. We will show that 


K = {a + bV k: a, bE F} 


is also a subfield of ‘KR. We leave the proot that A is a subring of °K as an exercise. 
(See Exercise 19.) Clearly A is commutative because “K is. and also A contains the 
identity element 1 + OVk. 

For F to be a field each nonzero clement rt s\ A of A must have a multipli- 
cative inverse in K. As in Example 2, we will show that if r + s\V/k ~ 0. then 
r’ — ks’ # 0. Suppose that r? — ks? = 0. Then r? = ks*. Thus s ¥ 0, for otherwise 
r= Oandr + sVk = 0. But then 
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because r, s € F and F is a field. This contradiction shows that r? — ks? ~ 0. Hence 


r =s 
——EF d ——eEF, 
P— ks? ~ Pk 
and 
yp a 
r—ks? 7? — ks? r — ks? r — ks? 


Thus r + s\VVk has a multiplicative inverse in F. Since K is a commutative ring with 

identity in which every nonzero element has a multiplicative inverse, K is a field. 
Fields having the form of K will be used in Section 5.6 to prove that it is im- 

possible to construct a regular 9-sided polygon with straightedge and compass. Ml 


Another important class of fields is described in the next theorem. 
@ THEOREM 4.1 /f 7 is a prime, then the ring =, is a field. 


Proof Let be a prime. Because =, is a commutative ring with identity, we need 
only prove that if [r] is a nonzero element of =, then [r] has a multiplicative inverse. 
If {r] # 0 in =,, then r is not divisible by n. Because n is prime, it follows that the 
greatest common divisor of n and r must be 1. Thus by Theorem 2.4 there are 
integers x and y such that rx + ny = 1, and so 


Pier" (1 = ny), = [1] 
in Z,. Hence [x] is the multiplicative inverse of [r] in Z,. @ 


The proof of Theorem 4.1 suggests a method for determining the inverse of an 
element in Z,. The following example illustrates the technique. 


W@ EXAMPLE 4 = To determine the inverse of [15] in 2,,, we will find integers x and y such that 
15x + 43y = 1. This can be done using the Euclidean algorithm as in Example 5 
of Section 2.1. The computations are as follows. 


aa 15(2) + 13 
ip 13(ye+ 2 
13 = 2(6) + | 
Working backwards, we find that 
= 13 - 2(6) 
P= (15"— 13)(6)"=" 7(13) — 6(15) 
= 7[(43 — 15(2)] — 615) = 7(43) — 20(15). 


It now follows as in the proof of Theorem 4.1 that [15] ' — [-20] = [23] in =. @ 
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Fields will be studied more thoroughly in subsequent sections of Chapter 4. For 
the present we will concentrate on a special property possessed by fields. 


@ THEOREM 4.2. A field contains no zero divisors. 


Proof Let F be a field. To show that F contains no zero divisors, we need only 
prove that if x is a nonzero element of F, then xy = 0 implies y = 0. Suppose then 
that x ~ 0 and xy = O. Since F is a field, x"' exists, and so 


y=ly=@ dy =x ‘@y—x 00: a 


There are rings having no zero divisors that are not fields. The ring of integers 
, for example, has no zero divisors, but = is nor a field because no elements except 
—1 and 1 have multiplicative inverses. Thus Theorem 4.2 gives a necessary. but not 
sufficient, condition for a commutative ring with identity to be a field. In the re- 
mainder of this section we will consider rings with this special property. 

A commutative ring with identity is called an integral domain if it has no zero 
divisors. As we noted in Section 3.5, the condition that R has no zero divisors is 
equivalent to the condition that for all x. y © R, xv = O implies that x = Oory = 0. 
It follows from Theorem 4.2 that every field is an integral domain. As noted above. 
the ring of integers = is an example of an integral domain that is not a field. Another 
example is given below. 


M EXAMPLE 5 We will show that the ring ‘R{x] of polynomials with real number coefficients 
is an integral domain. Since ‘R[x] is a commutative ring with identity. it is sufficient 
to show that the product of two nonzero elements of ‘R[.x] is nonzero. Let 


P(X) = Ag" + Agi" | +++ + ayx+a, and 
Q(x) = Bx" Page bier 
be nonzero elements of ‘K[x] of degrees m and nm. Then a,, = 0 and b, = 0. and so 
p(x)q(x) = a,b,x""" -a@gbay + ania" + ee ee 


is nonzero since the coefficient a,,b, is nonzero. Note that R[x] is nora field because 
a polynomial of degree one or more has no multiplicative inverse in ‘Rix]. 


M EXAMPLE 6 The ring =, is nor an integral domain, for [2] * 0 and [3] = QO, but [2][3] = [0] 
in’ 2.0 


Generalizing from Example 6, we see that if 7 is not a prime. —, is not an integral 
domain. For ifn > 2 is nota prime, then n = rs for some integers r and 5 such that 
1<r<nand1<s <n. Thus [r] # 0 and {[s] # 0, but [r][s] = [rs] = [n] = [0]. 
Note that if =, is not an integral domain, it cannot be a field. Thus we have proved 
the converse of Theorem 4.1, and so &,, is a field if and only if nis a prime. Fur- 
thermore, =, is an integral domain if and only if it is a field. More generally, it can 
be shown that every finite integral domain is a field. 
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In Section 3.3 we saw that for any integer n = 2 there is a ring with charac- 
teristic n, namely =,. However, the situation is different for integral domains. 


M@ THEOREM 4.3 The characteristic of an integral domain is either zero or a prime. 


Proof Let D be an integral domain with characteristic n for some integer n = 2. 
If nm is not a prime, then n = rs for some positive integers r and s such that r <n 
and s < n. Consider the elements rl and s1, where | is the identity element of D. 
Now 


(r1)\(s1) = (rs)1 = n1 =0 


by Theorem 3.5(e). Since D is an integral domain, it follows that rl = O or sl = 0. 
Assume without loss of generality that rl = 0. Then for every x € D we have 


rx = r(1x) = (rl)x = Ox = 0 


by Theorems 3.5(d) and 3.2. But since r < n, it follows that n is not the smallest 
positive integer such that nx = 0 for every x € D, contradicting that n is the char- 
acteristic of D. 


A Characterization of the Integers’ 


We have seen that the ring of integers possesses many properties. It is perhaps sur- 
prising that it can be characterized in terms of only two of its properties. We conclude 
this section by obtaining such a characterization of 2. 

Let S be a subset of an ordered ring R. We have defined an element s € S to 
be the smallest element of S if s = x for each x € S. Recall that not every subset 
of an ordered ring may contain a smallest element, but if a subset does have a small- 
est element, then that element is unique. 

A subset S of an ordered ring 1s called well-ordered if every nonempty subset 
of S contains a smallest element. Note that this definition requires that every non- 
empty subset of S contains a least element. Thus in order to show that S is well- 
ordered, it is not sufficient to check only that S itself has a least element. 

Since ‘kK is an ordered ring, we can investigate whether subsets of the real num- 
bers are well-ordered. We have already seen an important example of a well-ordered 
subset of ‘Rk. Recall that in Section 2.1 we stated that the set .\ of natural numbers 
is well-ordered. Some other examples follow. 


@ EXAMPLE 7 We will show that the set 2° of positive integers is well-ordered. Let 7 be any 
nonempty subset of 2°. Since .\ is well-ordered and 7 C =' ¢.\. T must contain 


s 


a smallest element. Thus 2” is well-ordered. @ 


The argument used in Example 7 to prove that =" is well-ordered can be applied 
in other situations to prove that any subset of a well-ordered set is well-ordered, 


‘The remainder of this section can be omitted without loss of continuity 
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m@ EXAMPLE 8 We will show that S = {x € Q: x = m/2 for some m € <’} is a well-ordered 
subset of Q. Let T be any nonempty subset of S. Consider the set U = Dee T}. 
Since U is a subset of the well-ordered set .¥, U must contain a smallest element 
m. Then m/2 is an element of 7. We will show that it is the smallest element of T. 
Suppose on the contrary that k € T and k < m/2. Then 2k is an element of U such 
that 2k < m, contradicting that m is the smallest element of U. It follows that m/2 
is the smallest element of 7, and so each subset of S contains a smallest element. 
Thus S is well-ordered. @ 


Mm EXAMPLE 9 The set S of negative integers is not well-ordered because S itself contains no 
smallest element. IH 


mM EXAMPLE 10 The set S of nonnegative real numbers is not well-ordered because 
{x GR: x > 1} 


is a nonempty subset of S that has no smallest element. Note that in this case S is 
not well-ordered even though S itself does contain a smallest element. namely 0. @ 


We can now state our characterization of the integers. 


@ THEOREM 4.4 Let D be an ordered integral domain in which the set of positive elements is 
well-ordered. Then D is isomorphic to =. 


Proof The key idea in the proof is that every integer is a multiple of 1. We will 
show that the function h: 2 — D defined by hin) = n1p is an isomorphism. (Here 
1, denotes the identity element of D.) First note that by Theorem 3.5 


h(m + n) = (m + n)lp = mip + nlp = htm) + A(n) 
and 


h(mn) = mn(1p) = mn(lplp) = (m1p)(n1p) = ACm)h(n) 


for all integers m and n. Thus A is a homomorphism. 
Next we will show that /: is one-to-one. Let m,n © 2 be such that hum) = An), 
where m = n. Then mlp = nlp, and so by Theorem 3.5(c) 


(m — nlp = mlp — nlp = Op. 


It now follows from Theorem 3.18(b) and the Corollary to Theorem 3.19 that 
m — n= 0. Hence m = n, proving that h is one-to-one. 

It remains to prove that # is onto. To do so, we must show that every element 
of D can be expressed in the form 71, for some integer n. We begin by showing 
that every positive element of D has this form. Assume to the contrary that there are 
positive elements of D that cannot be expressed in the form 1, for some integer 7. 
Then the set S of all positive elements of D that cannot be expressed in the form 
ni, for some integer 7 is nonempty. Because the positive elements of D are well- 
ordered, it follows that S has a smallest element s. Moreover. 1p is the smallest 
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positive element of D by Theorem 3.20. Hence s — 1, > 0. Since 
ye (s _ Ip) — Vis = 0, 


it follows that s > s — Ip. Thus s — 1, ¢ S. This means s — 1p = klp for some 
integer k. But then k + 1 is an integer and 


Se (s oa lp) =f Ip = Kl» a Ili = (k ae Il 


contradicting that s € S. This contradiction proves that S = @, and hence that every 
positive element of D can be expressed in the form nl, for some integer n. 

Now suppose that x € D is not a positive element. Then either x = 0 or —x is 
a positive element. If x = 0, then x = O(1,). If —x is a positive element, then the 
preceding argument shows that —x = kl, for some integer k, and so 


ae xX) = (hl) = (orl. 


Thus every element of D can be expressed in the form nl, for some integer n, and 
hence fA is onto. This completes the proof that A is an isomorphism. @ 


It follows from Theorem 4.4 that, if we regard isomorphic rings as being the 
same, then there is only one ring (namely 2) that is an ordered integral domain in 
which the set of positive elements is well-ordered. Thus, in some sense all of the 
algebraic properties of = are consequences of the fact that it is an ordered integral 
domain in which the set of positive elements is well-ordered. 

In the rest of this chapter we will show how the rational numbers, real numbers, 
and complex numbers can in turn be constructed from the integers. This leaves the 
question of how the existence of the integers can be justified. At some stage in 
mathematics one must make assumptions, and proceed from there. In this book we 
take the existence of the integers as a hypothesis. Even so, we should make explicit 
exactly what properties we are assuming for 2. Now we can do this, i.e., we will 
assume that 2 is an ordered integral domain whose set of positive elements is well- 
ordered. 


EXERCISES 4.1 


In Exercises 1-8 use the technique in Example 4 to determine the inverse of a] in <, if one 
exists. Write your answer in the form [x], where O S x <n. 


1. a= 6,n= 17 2,a=Il1l,n=19 
3. a = 32. n = 65 4.a=17,n= 93 
5. a=21l,n= 91 6. a = 14, n= 101 
7. a= 43, n= 100 8. a = —143, n = 221 


In Exercises 9—16 find all elements x in <7, that satisfy the given equation. 


9. x — [53] = [0] 10. [17]x = [0] 
11. [5]x = [55] 12. {8]x = [9] 
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13. (37 10) 14. x — [14]x + [40] = [0] 
15. x + [9] — [70]x = [0] 16. xP + x= [1] 


17. Find all the elements x in 2, that satisfy the equation [2}(x — [1]) = [0]. 
18. Find all the elements x in 2, that satisfy the equation (x* — [2]? — [1]) = [0]. 


19.* Prove that the set K in Example 3 is a subring of R. 
20. Show that the ring R in Exercise 25 of Section 3.2 is a field. Is it isomorphic to ~,? 
21. Let R = Hee P|: be af. 

(a) Prove that R is a subring of M2,.2(Q). 

(b) Prove that R is a field. 
22. Let R = {a + bV—5: a, b E Qh. 

(a) Prove that R is a subring of C. 

(b) Prove that R is a field. 
23. Let R = {a + bi: a, b © 2. 

(a) Prove that R is a subring of C. 

(b) Prove that R is an integral domain. 

(c) Is R a field? 
24. Let R = {a + bV2: a,b © J. 

(a) Prove that R is a subring of 8. 

(b) Prove that R is an integral domain. 

(c) Is R a field? 


25. Prove that if R is an integral domain, then any subring of R that has an identity element 
is also an integral domain. 


26. Let a, b, and c be elements of a field F such that a 0. Prove that the equation ay + b = c 
has a unique solution in F. 


Let K be a field and R be a subring of K having an identity element. Prove that the zero 
element and the identity element of R must be the same as the zero element and the 
identity element of K. 


28. Let R and S be integral domains. Is R ® S$ an integral domain? Justify your answer. 


29. Let D be an integral domain and x a nonzero element of D. Prove that if 7 is a positive 
integer such that nx = O and kx # O for 1 = k < n, then D has characteristic n. 


30. Give an example of a ring R with characteristic » * 0 and a nonzero clement 1 € R 
such that kx = O for some integer k such that | = k < n. 


31. Let D be an integral domain with characteristic p, a prime. Prove that D has a subring 
isomorphic to <,,. 


32. Let D be an integral domain with characteristic zero. Prove that D has a subring iso- 
morphic to <. 


33. Prove that the tsomorphism / in the proof of Theorem 4.4 preserves order. That is. show 
that if m > n, then h(m) > h(n). 


"Exercise 19 is cited in Section 6.3. 


'Exercise 27 is cited in Section 6.4. 


34. 


Rie 


36. 
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On ® X ® define addition and multiplication by 
@,y)+(@,v)=@+u,y+v) and (x, y)(u, v) = (xu — yr, xv + yu). 
Prove that with these operations R X is a field. 
Let p be a prime integer and 
R = {x EQ: x = m/p* form, k © Zandk = O}. 
Show that R is an integral domain that contains Z. 


Let R be the subring of ‘R consisting of all real numbers of the form a + b\/2, where 
a and 5 are integers, and let S be the subring of ‘R consisting of all real numbers of the 
form a + b\/3, where a and b are integers. Prove that R and S are not isomorphic. 


@7) Find a nonempty subset of the set of nonegative rational numbers that has no smallest 


38. 
39. 
40. 


41 
42. 
43. 
4. 
45. 
46. 


47. 
48. 


49. 


50. 


element. Justify your answer. 
Prove that {x © R: x = m + wm for some m € 2°} is a well-ordered subset of R. 
Let S = {a + bV/2: a, b © Z*}. Prove that S is a well-ordered subset of R. 


Let R = {a + bV/2: a, b © S}. Then R is a subring of ‘R and hence is an ordered ring. 
Is the set of positive elements of R well-ordered? Justify your answer. 


Is {0} U {1/n: n © 2*} a well-ordered subset of R? Justify your answer. 
Is {n + 1/n: n © 2*} a well-ordered subset of R? Justify your answer. 

Is {—1/n: n € Z*} a well-ordered subset of R? Justify your answer. 

Is {(—1)” — 1/n: n © 2*} a well-ordered subset of R? Justify your answer. 
Is {2 + (—1)"/n: n © 2*} a well-ordered subset of R? Justify your answer. 


Let ‘R[x] be ordered as in Example 2 of Section 3.7. Is the subset of ‘R[x] consisting of 
all polynomials of degree n = 0 a well-ordered subset? Justify your answer. 


Is the set ‘R[x]" in Example 2 of Section 3.7 well-ordered? Justify your answer. 


Let ‘K[x] be ordered as in Example 2 of Section 3.7. Is {x": 2 € 2'} a well-ordered subset 
of ‘R{x]? Justify your answer. 

If we regard [x] as a subring of ‘K[x], ordered as in Example 2 of Section 3.7, then 
|x] is an ordered ring. Is 2[x]’ a well-ordered subset of 2[x]? Justify your answer. 


Prove that every finite integral domain is a field. 


4.2 FIELDS OF QUOTIENTS 


In this section we will show how the rational numbers can be constructed from the 
integers. In fact, our construction will be more general. We will show how, starting 
with any integral domain D, we can construct a field that contains an isomorphic 
copy of D. The only difference between fields and integral domains is that the latter 
may contain nonzero elements without multiplicative inverses. Thus, even though 
some elements of D may not have inverses, we can in effect embed D in a larger 
ring where every nonzero element has an inverse. 


In any field F we define division as follows: 


a/0— ab. , fora, b € F with b # 0. 
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In particular, another notation for b”' is 1/b. Since division by zero is not defined. 
“/” is not quite a binary operation on F, but rather a function from F x F* into F, 
where F* denotes the set of nonzero elements of F. We will investigate the algebraic 
properties of division at the end of this section. 


Embedding an Integral Domain in a Field 


If the ring of integers is taken as known, then the field of rational numbers can be 
defined in terms of the integers. In fact any integral domain D can be expanded to 
a field in a similar way. (More precisely, given an integral domain D we can define 
a field F such that D is isomorphic to a subring of F.) We will now proceed to prove 
this statement. 

The idea is to construct quotients of the form a/b = ab ', where a and b are 
elements of D with b # 0. Since b ' may not exist. we will use the symbol (a. b) 
in place of a/b. A complication is that we may have 


a/b = c/d 


even though a # c and b # d; for example in Q we have 2/6 = 10/30. Thus we 
will have to deal with equivalence classes of ordered pairs (a. 6), where. taking our 
clue from the usual fact about fractions that 


a/b=c/d _ifandonlyif ad = be, 


we define (a, b) ~ (c, d) to mean that ad = bc. 
To understand our proof the reader may want to concentrate on the mest fun- 
damental application, that is, the case when D is the set = of integers. Let 


S = {(a, b):a,bED,b# 0}. 


If (a, b) and (c, d) are in S, we detine (a, b) ~ (ce. d) to mean that ad = be. Our 
first order of business will be to show that ~ is an equivalence relation on S. 

To show that ~ is reflexive, we must prove that (a. b) ~ (a. b) for each element 
(a, b) © S. By the detinition of ~ this means that ab -- ba. Of course this follows 
from the fact that any integral domain is commutative by definition. 

The proof that ~ is symmetric is also casy. and we leave it for the exercises. 
To show that ~ is transitive we must show that 


if (a, b) ~ (c, d) and (c, d) ~ (e, f), then (a, b) ~ (e. f). 
If we use the definition of ~ this translates into 
if ad = be and cf = de, then af = be. 
Multiplying the first displayed equation by f and the second by b gives 
adf = bcf and cfb = deb. 
But D is commutative, so 
d(af) = adf = bcf = cfb = deb = d(be). 


Since the integral domain D has no divisors of zero we can use the left cancellation 
law of Theorem 3.10 to conclude that af = be. (Note that d + 0 because we are 
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assuming that (c, d) € S.) Thus ~ is transitive, and so an equivalence relation on 
S. 

Now we define F to be the set of all equivalence classes of 5S with respect to 
the equivalence relation ~. For simplicity we will write the equivalence class con- 
taining (a, b) as [a, b] instead of [(a, b)]. Note that 


[a, b] = [c, d] if and only if ad = be, (4.1) 


(Recall that we are thinking of [a, b] as somehow standing for the fraction a/b.) 
In order to make F into a field we must define the operations of addition and 
multiplication on F. Guided by the usual formulas 


| er 
b d bd ~ 
and 
ac_ ac 
ae 


we make the following definitions: 
if [a, b}] and [c, d] are in F, let 
[a, b] + [c, d] = [ad + bc, bd], (4.2) 
and 
[a, b][c, d] = [ac, bd]. (4.3) 
Notice that since neither b nor d is zero, we have bd # 0. Thus the right sides of 
equations (4.2) and (4.3) are elements of F. A fundamental problem remains, how- 
ever, namely whether addition and multiplication are well-defined by equations (4.2) 
and (4.3). (A similar problem arose in connection with the definitions of addition 
and multiplication in Z, in Section 3.1.) 
In order to show that the definition of addition in F given by (4.2) is valid we 
must show that 
if [a, b] = [a*, b*] and [c, d] = [c*, a*], 
then {ad + bc, bd] = [a*d* + b*c*, b*a*]. 
We can use (4.1) to translate the last statement into the following: 
if ab* = ba* and cd* = dc*. 
then (ad + bc)(b*d*) = (bd)(a*d* + b*c*). 
But notice that 
(ad + bc)(b*d*) = adb*d* + bcb*d* 
= (ab*)\(dd*) + (cd*)(bb*) 
= (ba*)(dd*) + (dc*)(bb*) 
(bd )(a*d*) + (bd)(b*c*) 


li 


lI 


(bdviatd* + b*c*). 
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We leave the similar proof that multiplication in F is well-defined by (4.3) for the 
exercises. 

Now we must show that F is a ring under the operations given by (4.2) and 
(4.3). This entails checking axioms R, through R, given in Section 3.1. (We have 
already established R,, closure under our operations.) For example, proving R;. the 
associative law of addition, amounts to showing that 


if [a, b], [c, d], and [e, f] are all in F, then 
[a, b] + ([c, d] + fe. f) = Carey lesa lear 
The left side of this equation is 
(a, b] + [cf + de, df] = [a(df) + b(cf + de), b(df)} = [adf + bcf + bde. bdf). 
while the right side is 
[ad + bc, bd) + [e, f] = [(ad + bce) f + (bd)e. (bd)f| = [adf + bef + bde. bdf}. 


Thus R; is proved. 
The zero element of axiom R, is [0, 1], where | is the identity element of the 
integral domain D. Note that 


[a, b] + (0, 1] = [@-1+b-0,b- 1) = {a, db) 


for each element [a, b] in F. 
Likewise in R, the additive inverse of [a, b] is [—a, b]. Notice that 


[a, b] + [—a, b] = [ab + b(—a), b*] = [0, b’}. 


But by (4.1), [0, b?] = [0, 1], since 0-1 = b° - 0. 

We leave the proofs of axioms R,, R,. and R- for the exercises. Confirming 
these finishes the proof that F is a ring, but we must show further that F is a field. 
That multiplication in F is commutative is easily checked. The identity of F is the 
element [1, 1]. Notice that , 


[1, l]la, b] = [la, 1b] = [a, b) 
for each element [a, b] € F. Furthermore [1, 1] is nonzero, since if 
[Ld ]= hore). 


then by (4.1) we have 1-1 = 1-0 or | = 0 in D. This is impossible because by 
definition an identity element is nonzero. 

We finish the proof that F is a tield by showing that each nonzero element of 
F has a multiplicative inverse in F. Suppose fa, b] is not zero, so that [a,b] # 
[0, 1]. Then by (4.1), a: 1 # b+ 0, or a # O. Thus [b, a] € F. We claim that 
[b, a] = [a, b]"', because 


[a, b]{b, a] = [ab, ba}. 


It remains to show that [ab, ba] = [1, 1], the identity of F. This holds by (4.1), 
since ab: 1 = ba:1. 


The field F we have constructed has an important connection with the original 
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integral domain D. In fact we will show that D is isomorphic to a subring D’ of F. 
Consider the function h: D > F defined by 


h(a) = [a, 1}. 
(This amounts to associating a with the fraction a/1.) Notice that 
h(a) + h(b) = [a, 1] + [b, 1] 
ial + 1-5, 11] 
="[a + -Dalk 


meita + b), 
and 


h(a)h(b) = [a, 1][b, 1) 
= [a-b, 1-1] 
= [ab, 1} 
= h(ab), 


so that h is a homomorphism from D into F. Now we show that / is one-to-one. 
For suppose h(a) = h(b). Then [a, 1] = [b, 1], so by (4.1) we have a: 1 = 1-b, 
ora = b. 

We see that h is an isomorphism from D onto 


D' = {[a, 1j:a EDS CF. 


Thus we have proved part (a) of the following theorem. 


M@ THEOREM 4.5 Let D be an integral domain. Then there exists a field F such that 


(a) there is an isomorphism a — a’ from D onto a subring D' of F, and 
(b) if x © F, then there exist a' and b' in D' such that b' # 0 and x = a'/b’'. 


The meaning of Theorem 4.5(a) is illustrated by Figure 4.1, where D’ is shown 
as an isomorphic copy of the integral domain D contained inside the field F. 


dD — — 
py ae 
ae a ‘“ 


Figure 4.1 


Theorem 4.5(b) says in effect that the field F we have constructed above is no 
larger than it has to be to contain all quotients of elements of D’, the image of D 
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inside F. We prove it as follows. Let x € F. Then x = [a, b] for some elements a 
and b in D, b ¥ 0. We claim that x = a'/b’, where a’ = h(a) and b’ = h(b). Note 
that by Theorem 3.13 h(0) must be the zero element of F. Then since h is one-to- 
one and b # 0, b’ is not zero. Thus (b')' exists, and 


a/b’ =a'b) =la tte 
= [a, 1}[1, 5] 
= [a-1, 1-5} 
= [a, b] = x. 


The field F constructed above is called the field of quotients of the integral 
domain D. It is usual to think of D as a subset of F (instead of merely isomorphic 
to a subset of F) by considering the element a € D to be equal to the corresponding 
element [a, 1] € F. If this identification is made, then for any element [a. >] in F 
we can write 


[a, b] = [a, 1)[1, 5] (by definition (4.3)) 

= [a, 1)[b, 1)"' (since [c, d)"' = [d, c]) 

= pee (since [c, 1] = c) 

= a/b. 
With this convention our definitions (4.2) and (4.3) become the usual way of adding 
fractions. 

Taking D = = in Theorem 4.5 gives a construction of the rational numbers Q 

in terms of the integers. That is, the rational numbers Q are the field of quotients 


of the integers =. We see that the existence of the field of rational numbers follows 
from the existence of 2. 


Division 


The following theorem lists many familiar properties of division. Reeall that in a 
field the quotient a/b is defined to be ab'' when b ¥ 0. 


M@ THEOREM 4.6 Let F be a field, and suppose a,b, ¢, and dare in F with b * O and d = 0. 


(a) a/b = c/d if and only if ad = be. 

(b) b/b = Ll and a/\ =a. 

(c) (a/b) + (c/d) = (ad + bc)/(bd). 

(d) (a/b)(c/d) = (ac)/(bd). 

(e) —(a/b) = (—a)/b = a/(—b). 

(f) If a/b # 0, then (a/b) = b/a. 

(g) If c/d.~ 0, then (a/b)/(c/d) = (ad) /(be). 


(h) (a/b)" = a"/b" for any positive integer n. If a # 0, then the equation 
holds for all integers n. 
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Proof (a) If a/b = c/d, then ab | = cd’' by the definition of division. Thus 
(ab"')(bd) = (cd~')(bd). 


Using associativity, commutativity, and the fact that b 'b = d 'd = | leads toad = be. 
Conversely, if ad = bc, then 


(add ~'b™') = (bcy(d~'b '). 
This equation can be simplified to 
a/b = c/d. 
The proofs of parts (b)—(h) are left as exercises. 


EXERCISES 4.2 


In Exercises 1-12 take D = 2 in Theorem 4.5. Write each of the following in the form [a, 6}, 
where a and b are clements of = with the greatest common divisor of a and b equal to | and 
b> 0. 


1.0 [3,.5]0%% 2] 2. 16,4711, 3] 
3. (4, 7] + (3, 5] 4. (7, 4] + [2, 11] 

6. (29 7] " —42, 6] 6. [4, —3] + (6, 13]! 
Tats, 5] / (2°8} 8. [11, 3] / [-4, 14] 

9. (1, 5] + (1, 3] + U1, 7] 10: (35°57 + (4,°5F 
Ie, 217 324/556) 12. (1, 2) / (3. 4] / [5, 6] 


13. Show that the relation ~ defined in the proof of Theorem 4.5 is symmetric. 


Show that multiplication is well-defined on / by equation (4.3), that is, show that if 
{a, b] = fa*, b*] and [c, d] = [c*, d*], then [ac, bd] = [{a*c*, b*d*]. 


15. Prove that the set F of Theorem 4.5 satisfies ring axiom R3. 
16. Prove that the set F of Theorem 4.5 satisfies ring axiom R,. 
17. Prove that multiplication is commutative in the ring F of Theorem 4.5. 
18. Prove that the set F of Theorem 4.5 satisfies ring axiom R;. 
19. Prove Theorem 4.6(b). 

20. Prove Theorem 4.6(c). 

21. Prove Theorem 4.6(d). 

22. Prove Theorem 4.6(e). 

23. Prove Theorem 4.6(f). 

24. Prove Theorem 4.6(g). 

25. Prove Theorem 4.6(h). 
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26. Suppose that D = 2; in Theorem 4.5. Show that the function h of that theorem is onto 
F. 

27. Why must D be an integral domain instead of a commutative ring with identity in order 
to construct a field of quotients? 

28. Show that if in Theorem 4.5 the ring D is a field, then the function h is onto F, so that 
D and F are isomorphic. Hint: Show [a, b] = h(ab™'). 

29. Let the set S be as in the proof of Theorem 4.5, with D = =. Define addition and mul- 
tiplication on S by 

(a, b) + (c, d) = (ad + be, bd), 
(a, b)(c, d) = (ac, bd). 


Which of the axioms for a commutative ring with identity, R, through Ro, are satisfied 
by S with these operations? 


30. Suppose that Q is constructed from = as in this section, and that we define an operation 


® on Q by [a, b] ® [c, d] = [a + c, b + d]. Is this operation well-defined on Q? 


31. Write the addition and multiplication tables for a field containing exactly 4 elements: 0. 
1, a, and b. Explain your answer. Hint: Show that 1 + 1 = 0. 


32. Show that the field of quotients of D = {r + sV2: r € =, s € Z} is isomorphic to 
F={r+sV2:rEQ,5€ Qh. 

33. Show that the field of quotients of D = {r + si: r © 2, s € =} is isomorphic to the field 
F=({r + stir EQ,s © Qh. 

34.' Show that any field of characteristic 0 contains a subfield isomorphic to Q. 

35. Show that there are infinitely many integral domains D with = C D C Q such that the 
field of quotients of D is isomorphic to Q. 

36. Let D, and D, be integral domains, and suppose f: D, — D; is an isomorphism. Let F, 
denote the field of quotients of D, tor i = 1, 2. Define a function g: F, — F, by 
g(a/b) = f(a)/f(b). Prove that g is an isomorphism. 

37. Show that the construction of a field of quotients can be carried out if D =~ {0} is a 
commutative ring with no zero divisors (i.e.. even if D has no identity element). Hint: 
For any nonzero element x in D, show that [x, x] is an identity element for F. 

38. Make a table showing a/b tor all pairs of elements a and b in 2, with b = 0. 

39. Let D be an integral domain, let F be its field of quotients, and consider D to be a subset 
of F. Suppose that F" 1s a field and that ¢ is an isomorphism from D onto a subset of 
F’. Show that there exists an isomorphism ¢ from F onto a subset of F' such that if 
d € D, then g(d) = p(d). Hint: Let ela. b)) = g(a)/¢(b). Don't forget to show that 
©’ is well-defined. 


40. Prove that the function »’ of the previous exercise is unique. 


4.3 THE RATIONAL AND REAL NUMBERS 


In the previous section we saw how any integral domain D could be expanded to its 
field of quotients F. It can be proved that if D is an ordered integral domain, such 
as <, then its order can be extended to F. Thus the order on the integers can be 


"Exercise 34 is cited in Section 4.6. 
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extended to the rational numbers Q. We will prove only the latter result, leaving the 
more general case to the exercises. We must be careful in our proof to use only what 
we know about Q from Theorem 4.5, and so we will use the notation {a, b] for 
elements of Q rather than a/b so as to avoid making assumptions based on previous 
knowledge of the rational numbers. 


@ THEOREM 4.7 Let Q* = {[a, b] © Q: ab > O}. Then Q is an ordered ring with Q* as its 
set of positive elements. 


Proof Notice that our definition of Q* only depends on the fact that 2 is an ordered 
ring, since a, b, and thus ab are all in Z. Even so, we must check that Q* is well- 
defined, since whether an element of Q is in Q” or not appears to depend on the 
particular pair a, b of integers used to represent it. Thus we must show that 


if [a, b] = [c, d], then ab > 0 if and only if cd > 0. 


Recall that [a, b] = [c, d] in case ad = bc. It is easily seen from parts (g) and (h) 
of Theorem 3.19 (taking y = O in each part) that the product of a positive and a 
negative integer is negative, and the product of two negative integers is positive. 

Now suppose ab > 0. Then a and b must be both positive or both negative. But 
ad = bc, soc and d must also be both positive or both negative. Thus cd > 0 also. 
A similar proof shows that cd > 0 implies ab > 0. This completes the proof that 
Q* is well-defined. 

To show that Q is an ordered ring we must prove that Q” is closed under addition 
and multiplication and that for each x € Q exactly one of 


xEQ*, —-xEQ", x=0 


is true. 
Suppose [a, b] and [c, d] are both in Q", so that ab > 0 and cd > 0. We must 


show that [a, b] + [c, d] = [ad + bc, bd] E Q", that is, that 
(ad + bc)(bd) > 0. 

But if we write this inequality as 
(ab)d* + b*(cd) > 0, 


we see that it follows from ab > 0, cd > 0, and Theorem 3.18(a). 
We leave the proof that Q° is closed under multiplication tor the exercises. 
It remains to prove the trichotomy law for Q’. Recall that [O, I] is the zero 


element of Q. Note that [a, b] = [O, 1] if and only if a+ 1 = 6-0, that is, if and 
only if a = 0. Now suppose a #4 0. Then [a, b] © Q' if and only if a and b are 
both positive or both negative. Likewise —[a, b] — [~a, b] is in Q' if and only if 


—a and b are both positive or both negative. Since exactly one of a and —a is 
positive, this means exactly one of [a, b] and —[a, b]isinQ” @& 


Now we will revert to the notation a/b for elements of Q instead of [a. 5]. 
Although Q is an ordered ring, the set Q' isenot well-ordered, ase—" , the set of 
positive integers, is. This statement follows from the next theorem. 
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@ THEOREM 4.8 If r and s are rational numbers with r < s, then there exists a rational number 
t such thatr <<t<s. 


Proof Let 


Since Q is a field, t € Q. Adding r, and then s, to the inequality r < s gives 
rer as — 5 Aas 
or 2r < r+ s < 2s. Now multiplying by the positive rational 1/2 produces 
Par A 
2 


ip oS 


Now we can see that the set Q~ has no smallest element. and so is not well- 
ordered. For suppose ro is the smallest element of Q°. Then by Theorem 4.8 there 
is a rational number ¢ such that 0 < ¢ < r,. This contradicts the assumption that r, 
is the smallest element of Q”. 

In spite of the last paragraph the set Q” has a natural lower limit 0 in Q in the 
sense that Q* = {r € Q: r > 0}. We formalize this idea in the following definitions. 
Let R be an ordered ring, and suppose S C R. We say that r € R 1s a lower bound 
for S in case r = s for each s € S. We say that r, is a greatest lower bound tor S$ 
if 

(i) ro is a lower bound for S, and 

(ii) if r is any lower bound for S, then rp = r. 


It is easy to see that if a set has a greatest lower bound. then the greatest lower 
bound ts unique. For suppose 7, and r, are greatest lower bounds for the set S. Then 
since r, 1S a greatest lower bound for S$, (i) says that r, is a lower bound tor S. But 
since ry iS a greatest lower bound tor S. (it) implies that r, © 7). A similar proot 
shows that r, > ry. Thus r, = ro. Because of its uniqueness, in the future we will 
talk of the greatest lower bound for a set. 


@ EXAMPLE 1 In the ordered ring Q the elements —S, » 2, and 0 are all lower bounds for Q°. 


The rational number 0 is the greatest lower bound for Q”. @ 


M@ EXAMPLE 2 Consider S = {r © Q: r > 4} in the ordered ring Q. Then =10. 0. and 4 are 
all lower bounds for S, and 4 is the greatest lower bound for S. 


M EXAMPLE 3 Consider T = {r © Q: r+. O} in the ordered ring Q. The set 7 has no lower 
bounds, and so has no greatest lower bound. a 


Examples | and 2 show that when a set S has a greatest lower bound, it may 
or may not be in S, while Example 3 shows that a set need not have a greatest lower 
bound. Of course the set in Example 3 has no lower bounds at all, so it cannot have 
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a greatest lower bound. A natural question is whether a subset of an ordered ring 
can have lower bounds, but no greatest lower bound. We say that an ordered ring 


R is complete if every nonempty subset of R that has a lower bound in R has a 
greatest lower bound in R. 


M EXAMPLE 4 We will show that the ordered ring = is complete. Let S be a nonempty subset 
of = with the lower bound 7n. Let S’ = {s — n: s € S}. Notice that if s © S, then 
nS S,and'so 


O=n-nZ=s-—-n. 


Thus S’ is a subset of .\, and since .V is well-ordered, S’ has a smallest element k. 
Because k € S’, we have k = sy — n for some sy € S. If s € S, thens —n€S', 
and so 


So n= ees — 7. 


Thus so = s, and so is a lower bound for S. But sy © S, so that if m is any lower 
bound for S, then m <= so. Thus sp is the greatest lower bound for S. @ 


Figure 4.2 


Now we will exhibit a set of rational numbers that has lower bounds. but no 
greatest lower bound. Thus this example will show that the ordered ring Q is not 
complete. Let 


sH={reQ: r > O'and r > 2}. 


For example 1.42 = 142/100 € S*, since 1.42’ = 2.0164 > 2, but 1.41 = 
141/100 ¢ S* since 1.41° = 1.9881 < 2. The set S* is illustrated in Figure 4.2. 
The set S* has lower bounds, for example 0 and 1.41, but no greatest lower bound. 
The natural candidate for a greatest lower bound for S* is \ 2, but since it is nota 
rational number by Proposition 5 in Section 1.1, \ 2 is not a possibility. 

We will prove that the set S* has no greatest lower bound by means of the 
following lemma. We will use the easily proved fact that If g is any ravional number, 
then there exists a positive integer m such that + q and w+ gq. (See Exercise 13.) 


@ LEMMA A /fr and s are rational numbers such that 0- rs, then there exists a 
i , Py 
positive rational number t such thatr <t < Ss. 


Proof We will consider two cases. 
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Cased w—. . 
We will exhibit positive integers x and y such that r < (x/y)’ <s. Let 
u = s — r > 0, and choose an integer y such that y > 2/u and y° > 1/r. Let 


2 
n 
T= {n ez: al | 
bg 
Note that y € T, so T # ©. Let x be the smallest element of 7, so that x = y. Note 
that 1 ¢ T, since 1/y’? > r contradicts y > 1/r. Then x > 1 and by definition 


x-1 ¢€T, so 
(x - 1) (*) 
——— =r<(-}. 
y y 


To finish the proof of this case it suffices to show that (x/y)” < s. Suppose that 
(x/y)y’ = s. Then 


Ges 1”? 


Ps a 


y 


z= Ye = 1 


or u S (2x — 1)/y’. Thus uy = 2x — 1 < 2x S 2y. and so uy = 2. which contra- 
dicts the definition of y. 


Cases, l= 7. 
Then 
] 1 
OR 
er 
Apply Case 1 to r' = 1/s and s' = 1/r to give t’ € Q* such that r’ < (t')? < 5’. 
Then r < t? <5, wheret=1/r'. @ 


Now since the square of no rational number is 2, if ry is the greatest lower bound 
for S*, then we must have ry > 2 or my < 2. However. if ro” > 2. then by the 
lemma there exists a rational number ¢ > 0 such that rn > Fr > 2. It follows that 
t€ S* and ¢ < ro, which contradicts the assumption that 7) is a lower bound for S*. 

Likewise if ro < 2. then by the lemma there exists a rational number u > 0 
such that ro < w° < 2. Since » € S* implies s° > 2, this means that uw & ¢ and 
u <_s for each element s © S*. Thus wis a lower bound tor §*. But ro <u. so that 
ry cannot be the greatest lower bound for S*. This completes the proof that the set 
S* has no greatest lower bound in Q. 

The fact that simple equations such as 1° = 2 cannot be solved in the set Q 
makes it unsuitable for algebra if polynomials of degree greater than | are involved. 
Simple geometrical measurements also fall beyond the rational numbers. For ex- 
ample by the Pythagorean theorem a right triangle with sides of length | has a hy- 
potenuse of length V/2 (see Figure 4.3). 

The set of real numbers ‘K fills in the gaps, so to speak, in the rationals. We 
will delay giving an indication of how the reals can be constructed from Q until 
Section 4.6. For the present we state the following theorem without proof. 
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Figure 4.3 


@ THEOREM 4.9 The real numbers ‘R are a field that is a complete ordered ring containing 
Q. Furthermore, any field that is a complete ordered ring is isomorphic to 'R. 


We will use the fact that the real numbers are complete to prove the following 
theorem, which is called the Archimedean property of the real numbers. 


@ THEOREM 4.10 /f x and y are positive real numbers, then there exists n © 2* such that 
ie ay: . 


Proof Suppose not, so that nx < y for all n © 2°. Then —y < n(—x) for every 
n € 2", and so —y is a lower bound for the set 


T = {n(—x): n € 2'}. 
By the completeness of ‘K the set T has a greatest lower bound z. Now if m € 2°, 
then m + 1 € Z* also, and so 
Zee + 1)(—x), 
since z is a lower bound for T. But then 
Zane In Xx), 


which shows that z + x is also a lower bound for 7. Since x > 0, this contradicts 
the assumption that z is the greatest lower bound for 7. 


M@ COROLLARY § /f x and y are real numbers such that x < y, then there exists a rational num- 
ber r such thatx<r<y. 


Before giving the proof we will try to show the idea behind it. It seems rea- 
sonable that if an integer n is big enough, so that 1/n is small enough, then one of 
the numbers I/n, 2/n, .... say m/n, will fall between a and y. We will take r to 
be this rational number m/n. 


Proof of the corollary We will prove only the case that. -- 0. Since vy > v > 0, 
by the previous theorem there exists nm © 2° such that n(y a) -> 1. The same 
theorem shows that the set 


watt eck 1 ma} 
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is nonempty. Since .V is well-ordered, M has a smallest element m. We will take 
r=m/n. 

Since m € M, we have m-1 > nx, and sor = m/n > x. Thus it only remains 
to show that r < y. Suppose on the contrary that r = m/n = y. Then 


m = ny = aby — x) tae > 1 oe, 


by the definition of n. Thus we see that m > 1, and that m — | > nx. But this 
contradicts the assumption that m is the smallest element of M. @ 


Notice that by using the Corollary above we can improve Lemma A as follows. 


@ LEMMA B /f x and y are real numbers such that 0 < x < y, then there exists a positive 
rational number t such thatx <f < y. 


Proof By two applications of the Corollary we can find r and s in Q such that 
x<rc<_yy, and thenr < 5 < y. Then Lemma A gives us t € Q such that r < P< 
Clearly x<t?<y. 


Now we use the completeness of '‘R to show that there exists a real number = 
such that z* = 2. Let 


U = {x ER: x > Oandx > 2}. 


Then U has lower bounds, for example 0. Let = be the greatest lower bound for U. 
We will show that both z* > 2 and z* < 2 are impossible. 

First suppose z’ > 2. Then by Lemma B there exists 7 € Q” such that 2 <r <2, 
Thus ¢ € U and ¢ < z, which contradicts the assumption that ¢ is a lower bound for 
U. 

Now assume z < 2. By Lemma B there exists © Q” such that 7 < rf < 2. 
Now if x € U, then x > 0 and x > 2, and sor < x. Thus 7 is a lower bound for 
U. But z < ¢, which contradicts the assumption that z is the greatest lower bound 
for U. 

Since we have ruled out 2° > 2 and 2 ~ 2, by trichotomy we are forced to the 
conclusion that z* = 2. Of course the usual name for z is V2. 

The following theorem generalizes the above result to show the existence of an 
ath root of an arbitrary positive real number. It uses the binomial theorem, proved 
in Section 2.2. 


M@ THEOREM 4.11) For each positive real number a and each positive integer n. there exists 
exactly one positive real number x such that x" = a. 


Proof Let S = {r © ‘R: r>0 and r” > a} and s = a + 1. Then s > 1, and so 
s" 2s > a. Thus s € S, and hence S ¥ ©. Clearly 0 is a lower bound for 5. Thus 
by Theorem 4.9, S has a greatest lower bound x = 0. We will show that x” = a. 


Assume that x” < a. Choose h € ‘R such that 0 < A < 1 and 
a- x" 


h<————_.. 
x+1"%-2x 
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Then if 0 < y= x + h, we have 
y= @ + hy’ 


See ree | eee ee (leet 
] z i= | 
Ce ee Bo ipeepee... 4 OD \ erp 
| 2 m= ll 
<x" + il (4) mee (s)e Se (, ls i) + 1 


— x as Al(x = Da = x 
<X Eee Sou — a. 


Thus y € S, and so x + h is a lower bound for S, contradicting that x is the greatest 
lower bound of S. 
Now assume that x” > a. Clearly x > 0. Choose k € ® such that 0 < k < 1, 


k <x, and 
x =a 
k << ————__., 
Co ex 
Then 
eo My n-t N) n-2,2 ay 
@= ky =x = ("); kor (*): | i a= Ys 
a 6 A (er + (s)e 5 | 


er il(ters (serena 


Y= ha + 1)" — x] 


li 


>x- X -a)=a. 
Thus x ~ k € S, contradicting that x is a lower bound for S. 
It follows that x” = a. We leave the uniqueness of the positive number vas an 


exercise. M& 


The number x guaranteed by Theorem 4.11 is called the principal nth root of 
a, and denoted by "Va. When n = 2, we simply write Va. 


EXERCISES 4.3 


In Exercises 1—12 find the greatest lower bound of the subset S in the ordered ring R, if tt 
exists. 
1. S={n € 2: n> 589},R= 2 


2S ew ea = 265k = 
3, S={rEQ:r> .49},R=Q 4. S 


= {rE Q: 5r= 11}, R = Q 
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5 S={ffEQr> 4},R=Q -: 6. S={ffrEQVr < 495,R=Q 
7.S={ffrEQr<10},R=Q 8. S={frEQr=8},R=Q 

9 S=feEeQr=9,R=Q 10. S={,EQr>1l},R=R 
1. S={rEa:r°<0.9},R=Q 12,5={fE€ Q@r <= 0.273,R=Q2 


13. Show that if g is a rational number, then there exists a positive integer m such that n > q 
and n? > q. 

14. Show that the set Q* defined in the proof of Theorem 4.7 is closed under multiplication. 

15. Use Theorem 2.12 to show that *V/14 is irrational. 

16. Show that the number x given by Theorem 4.11 is unique. 


Show that if a € ‘R and a > 0, then the equation x = a has exactly two real solutions. 
one positive and one negative. 


18. Show that if a € ‘R, a > 0, n € 2", and n is even, then the equation x” = a has exactly 
two real solutions, one positive and one negative. 


19. Show that if a © ‘R, n © =", and n is odd, then x" = a has exactly one real solution. 


20. Show that if a € ®, n € 2, and 2 divides n, then 
Va" = lal. 


In Exercises 21-22 let S and T be sets of real numbers with greatest lower bounds § and 1, 
respectively. 


21. Let k € ®*. Show that the greatest lower bound of {kxr: x € S$} is ks. 
22. Show that the greatest lower bound of {x + y: x € § and y € This s + ¢. 


23. Show that if j ts a lower bound for a set S. and if 7 © S. then 7 is the greatest lower 
bound for S. 

24. Let R be a complete ordered ring and suppose R DS, DS. * <> Show that if S, has a 
lower bound x,, then S, has a greatest lower bound x,, and x. => x). 


Let R be an ordered ring. We define an upper bound fer a subset S of R to be an element 
8 ER such thats > x for all, © S. We define a least upper bound tor S te be an element 
s © R such that s = x for all x © S, and such that if y = x for all x € S, then s < y. 


25. Show that if a set has a least upper bound, then it is unique. 


26. Show that ify is the greatest lower bound tor the set §, then 9 is the least upper bound 
for {—xi ers 


27. Show that an ordered ring R is complete if and only if whenever a nonempty subset of 
R has an upper bound, then it has a least upper bound. 


28. Let a, b, and c be real numbers such that a # 0 and b* — 4ac = 0. Show that if 
—b + Vb — 4ac -b — Vb? = 4ac 


or ax 
2a 2a 


then ax? + bx +c = 0. 


7 
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29. Suppose a, b, c, and x are real numbers such that a ¥ 0 and ax? + bx + c = 0. Show 
that b’ — 4ac = 0 and either 


—b + Vb? — 4ac —b —- Vb* — 4ac 
x = or x =————.. 
2a 2a 


Hint: Complete the square. 


30. Show that if f is an isomorphism from = onto a subring of ‘R, then f is the identity 
function. 


31. Show that if f is an isomorphism from Q onto a subring for ‘R, then f is the identity 
function. 


32.° Let f be an isomorphism from onto a subring of R. 


(a) Prove that if x < y, then fx) < fiy). nin #( (V9 = y) = (0). 


(b) Prove that fis the identity function. 


33. Consider the field in Example 2 of Section 4.1. Show that the function sending 
a + b\V/2 into a — bV2 is well-defined and an isomorphism from this field onto itself 
that is not the identity function. 


34. According to Example 2 and Exercise 20 of Section 3.7 there may be more than one 
subset of a ring that is closed under addition and multiplication and satisfies the trichot- 
omy law. Show that if P is such a subset of Z, then P = Z*. Thus there is only one 
way to make Z an ordered ring. 


35. Show that if P is a subset of Q that is closed under addition and multiplication and 
satisfies the trichotomy law, then P = Q”. 


36.‘ (a) Let h be an isomorphism from 2 into the ordered ring R. Show that if a and b are 
in Z, then a < b if and only if h(a) < h(b). 

(b) Let h be an isomorphism from Q into the ordered ring R. Show that if a and b are 
in Q, then a < b if and only if h(a) < h(b). 

37.‘ Copy the proof of Theorem 4.10 to show that if R is any complete ordered ring, and if 
u and v are in R", then there exists n © 2° such that nu > v. Thus any complete ordered 
ring is Archimedean. 

38. Show that the ordered ring in Example 2 of Section 3.7 is not Archimedean. Hint: Take 
u and v to be the polynomials 1 and x. 


39. Copy the proof of the corollary to Theorem 4.10 to show thatif is any Archimedean 
field containing Q and if x and y are distinct elements of F, then there exists a rational 
number between x and y. 

40. Let D be an ordered integral domain, and let F be its field of quotients. Show that F 
is an ordered ring if F” is taken to be {[a, b] © F: ab > O}. 


‘Exercise 32 is cited in Section 6.3. 


*Exercises 36, 37, and 39 are cited in Section 4.6. 
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4.4 THE COMPLEX NUMBERS 


The complex numbers C can be constructed from the real numbers. Thus we can 
avoid assuming the existence of a magic “number” i, the square of which is —1. 
The idea is to consider ordered pairs (x, y) € ‘R X ‘R with addition and multiplication 
defined by certain formulas. (The pair (x, y) will eventually be found to correspond 
to what is usually written as x + iy.) We will show that with these operations ‘RK X ‘R 
is a field which contains a subring isomorphic to ‘R. The usual computations 


(xt yt) + (u + vi) = (et ww) et 


and 


(x + yi)(u + vi) = xu + yw? + (xv + yu)i = (xu — yv) + (xv + yu)i 
y 


tell us how to define addition and multiplication in the following theorem. 


@ THEOREM 4.12 Let C = ‘R X ‘R and define addition and multiplication on C by 
x,y) + (u,v) = @t+u,y +), 
and 


(x, y)(u, v) = (xu — yy, xv + yu). 


Then C is a field, and the function h: ‘R — © defined by h(x) = (x, 0) is an iso- 


morphism from ‘R onto a subring ‘R' of C. (See Figure 4.4.) 


‘sommes 


Figure 4.4 


Proof We start by proving that C satisties axioms R; through Ry of a commutative 
ring with identity. None of the proofs is tricky, although a few involve somewhat 
messy computations. If x, y, u, and v are real numbers, then so are x + u, y + v, 
xu — yyy and xv + yu, and so C ts closed under addition and multiplication. Check- 


ing R, amounts to noticing that 


y+ uv=atuytv)=(ut+xv+ y) =v) +64, y). 


The proof of R, is similar, and is lett for the exercises. Likewise we leave for the 
exercises checking that (0, 0) is a zero element for C, and that the additive inverse 


of (x,.9) 1st 
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Rules R, and R, are more tedious to confirm due to the complicated definition 
of multiplication. To set a good example we will check R,, the associative law of 
multiplication. We have 


(x, yu, v\(s, H) = (x, y)\(us — vt, ut + vs) 
es = vt) = (ut + vs), x(ul + vs). + y(us — ve)) 
ecu eave = Yr — VS, xut + XVS + yus — yvi), 
while 
[(x, y)(u, v)](s, 1) = (xu — yv, xv + yuy(s, D) 
=(( — yv)s — Gv + yu)t, xu — yv)t + (xv + ya)s) 
(tis VSP AVE — YUL, XUL — YVl + XVS) 1 avue)e 


Since we can see the results of these two calculations are equal, R, is proved. 
We leave for the exercises checking that multiplication is commutative in C. 
Note that (1, 0) is an identity for C since 


CPi sy) = (x = Oy, lye Ox) = G, y): 


Then (x, y)(1, 0) = (x, y) also because C is commutative. 

To prove that C is a field it only remains to show that each nonzero element has 
a multiplicative inverse. But if (x, y) ¥ (0, 0), then x’ + y” > 0, and so x/(x* + ) 
and —y/(x* + y’) are both real numbers. It is easily checked that 


( ( as =) = 0,0 
x,y rt+ty rt y >’ ’ 


and so (x, y) has a multiplicative inverse. 
Finally we show that the function h: ‘ — C defined by 


h(x) = (x, 0) 
is an isomorphism onto {(x, y) © C: y = O}. We have 
h@) + h(y) = G0) + (y, 0) = @ +t y, 0) = A + y), 
and 
h(xyh(y) = (x, 0)(y, 0) = (xy — 0-0, x-0 + Oy) = (ry, 0) = A(ry). 
Thus fh is a homomorphism. Furthermore / is one-to-one, since in‘K * ‘KR we have 
(x, 0) = (y, 0) only if x = y, and clearly h is onto. | 
In order to justify the usual notation for ( we identify the real number xv with 
its image (x, 0) € C under the isomorphism h, writing 
(x, 0) = x. 
In particular 
Cis) '=' 1. 


Figure 4.5 


This allows us to think of ‘R as a subset of (. as pictured in Figure 4.5. Notice that 
if x € R and (u, v) € C, then 


x(u, v) = (x, 0)(u, v) = (xu — Ov, xv + Ou) = (xu, x). (4.4) 
We give the element (0, 1) € C the special name i. Notice that 
? = (0, 1)0, 1) = (0-0 — 1-1,0-1 + 1-0) = (—1, 0) = -1. 
Also, if (x, y) © C then by (4.4) 
(x, y) = (x, 0) + (0, y) = x(1, 0) + 90, 1) = x-1 + y-f =x + yi. 


Thus we have justified the more traditional notation x + yi for (x, y). 

As was noted in Chapter 1, instead of memonzing the product tormula. one can 
multiply complex numbers by using the field properties and the fact that * = =1, 
since 


(x, yu, v) = (x + iytu + iv) 


xu + xiv + iyu + iyiv 


h 


xu + yy + (ww + yu)i 
mexue— yy + (xv + yu 
MC xYu — vy, xv yu). 
Likewise another way to compute (x + yi) | is as follows. 
Je beh 13 _ oe x ay x a ae 
xtyi (xt+y)x-y) x2 - (iy tiy 2 eee ee 


In general, if v and y are real, then the conjugate of v + iv is x — iy. We will 
denote the conjugate of « € C by @. For example, the conjugate of 3 — 2i is 3 + 2i, 
andi ~ 2= 2 — 1. In Example 10 of Section 3.6 it is proved that the function 
that sends a into @ is an isomorphism from C onto itself. | 
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@ THEOREM 4.13 Let « and B be elements of C. 
+ 


(ajat+fp B. 
(b) ap — a: 

(c) a = 

(d) 
(e) 


II 
19) 


TW 


if and only if a € 'R. 
a@ € ‘R, ad E€ ‘R, and a& > O unless a = O. 


R geile 


ae li 
(ome 


Proof To prove part (a) leta = a + bi and B = c + di, where a, b, c, and d are 
real. Then 


a+ B = (a + bi) + (c + di) = (a +c) + (b+ di =(at+c)— (b+ di, 
while 
a+B=(@tb)t+(ctd)=a-bitc-di=(ato—-(b+ di. 


We leave the proofs of parts (b) to (e) as exercises. 


o e 
-Q=-*%-yi Qa. 


Figure 4.6 


Figure 4.6 illustrates the positions of @ and -a for a € ©. Also indicated is 
another way of identifying the complex number a = x + yi in terms of polar co- 
ordinates r and @ instead of rectangular coordinates + and y. Here r is the distance 
from « to the origin, and @ is the measure of an angle from the positive waxis to a 
ray through the origin containing a. As usual 


and 
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Then we can write 


a=x+ yi=rcos® + (rsin 0) 
= r(cos 0 + isin 8), 


and this is called the trigonometric form of the complex number a. Since r is always 
taken to be nonnegative, we have 


The number r is called the absolute value of a, and we write 
r= |al. 
Notice that if a is real, then y = O and 


Ne oO oe ak 


Thus our new definition of absolute value agrees with the usual one when applied 
to a real number. In Section 3.7 we gave a definition of absolute value in an arbitrary 
ordered ring. Nevertheless, recall that in Example 4 of that section it is proved that 
the complex numbers C do not form an ordered ring. The next theorem gives some 
rules for the absolute values of complex numbers. 


@ THEOREM 4.14 Let « and B be complex numbers. Then 


(a) |a| = 0, and |a| = 0 if and only if a = 0. 

(b) || = |. 

(c) |aB| = |alp). 

(d) aa = |al’. 

(e) Ifa = x + yi with x and y in'R, then |a| = |x| and |a| = |y\. 


(f) |a + Bl = lal + [B). 

Proof We will prove only part (f). which is known as the triangle inequality for 
complex numbers. The inequality is clear tt either @ or B is 0. Otherwise let 

af =u +t vi, 
with uw and v in ‘R. Then 

ef + 3B = a8 + oB =a + vi + woe 

Note that from part (e) we have 

loB| = |u| = w. 


Thus from parts (d), (b), and (c) 
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(la] + |B) — a + BP = lal? + jallp] + [BP — i + Ba FB) 
= lal’ + 2lall8] + IBP - (a + BY + B) 
= |a|? + 2\a(|8| + |p|? — a& — (aB + aB) — BR 
= al’ + 2lallB] + |B? — Ja? — (a8 + &B) — |B)? 
= 2lallp| — 2u 
= 2(\aB| — u) = 0. 

Factoring the original expression gives 

[Clo] + [B]) — Ja + BI][a] + |BI) + la + Bl] = 0. 
But the second factor is positive, so we must have 


(ja| + |p|) - la + pl =O. Of 


It should be pointed out that when a € C is written in trigonometric form with 


r = 0, then r is unique, but the number 8 can only be determined up to some multiple 
of 360°. Thus if 


a = r(cos 8 + isin 8) = r'(cos 8’ + isin 6’), 
where r and r’ are nonnegative real numbers, we can say that 
r' = lal =r, 
but the most we can say about 9’ is that 
0’ = 8 + 360°, 


where k € 2. 


M EXAMPLE 1 Write ao = —3 + 3/ in trigonometric form and B = S(cos 300° + 7 sin 300°) in 
rectangular form. 


Solution Since a = x + yi, with x = —3 and y = 3, we have 


r= V(-3) + 3 = V8 = 3V2. 


From the sketch in Figure 4.7 we see that we can take @ = 135°. Thus 
a= 3V/2(cos 135° sin 135°). 


Since B is in the fourth quadrant, we have 


cos 300° = cos 60° = 


sin 300° = —sin 60° = —. 


B = 5(cos 300° + i sin 300°) 


Figure 4.7 


EXERCISES 4.4 


Exercises 1-8 refer to the notation of Theorem 4.12. Write each expression in the form 
@, y)E RXR. 


LG o)rt (—7 70) 2. (4,1) "Gy 3) 

Dos, Olle 2) 4. (-2, =e, —1) 

S34) 6.. Gla 

Tey as 4) Ss (6, =8)/(—15 7) 

In Exercises 9-14 compute (a) &, (b) lal, and (c) a | for the given complex number «a. 
pe P arm 1054537 

11. or ae 12. 0.3 — Omi 

[3 — OG OFS? 14 


In Exercises 15—22 write the given complex number in trigonometric form. 


15. 4+ 4 16. V3 +i 
17. —V3 + 3i 18. V3 -— V3i 
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19. i/V/2 - V2/2 20. (1 + i? 

21. -6 22. -V6 - V2i 

In Exercises 23-28 write the given complex number in the form x + yl with x and y real. 
23. 2(cos 225° + i sin 225°) 24. V2(cos 120° + i sin 120°) 

25. (cos 30° + i sin 30°)" 26. sin 60° + i cos 60° 

27. 10(cos 240° + i sin 240°) 28. 3(cos 405° + i sin 405°) 


29. Find all (x, y) © R X R such that (x + yi)? = i. 
30. Find all (x, y) © R X ® such that (x + yi)? 
31. Prove ring axiom R; for C. 


32. Show that (0, 0) is a zero element for C. 


t 


33. Show that (—x, —y) is an additive inverse for (x, y) in C. 

34. Prove that multiplication is commutative in C. 

@s) Prove one of the distributive laws in C. Why need only one distributive law be proved? 
36. Confirm that if (x, y) ¥ (0, 0), then in C 


37. Prove Theorem 4.13(b). 

38. Prove Theorem 4.13(c). 

39. Prove Theorem 4.13(d). 

40. Prove Theorem 4.13(e). 

41. Prove that if a, b, and c are real numbers, a € C, and aa? + ba + c = 0, then 
aa’ + ba +c =0. 

42. Prove Theorem 4.14(a). 

43. Prove Theorem 4.14(b). 

44. Prove Theorem 4. 14(c). 

45. Prove Theorem 4.14(d). 

46. Prove Theorem 4.14(e). 

47. Show that if a and B are in C and B # 0, then |a/f| = |al/|PI. 

48. Show that if « and B are in C, then ja — B| = ||a| — |B]. 

49. Let F be any field. Define addition and multiplication on F x F by 


(x, y) + (u,v) = (x + u,y + Y), 
(x, y)(u, v) = (xu — yv, xv + yu). 


Show that with these operations F < F is a commutative ring with identity. 

50. Take F = 2, in Exercise 49. Write out the multiplication table for F x F. Is FX Fa 
field? 

51. Do Exercise 50 using 2; instead of 2. 
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52. Take F = C in Exercise 49. Is F X F a field? 
53. Give a field F other than ‘R or 2; for which F X F in Exercise 49 is a field. 
54. Let a and b be real numbers with b # 0. Set 


C= Vat &, y = Vtc — a)/2, and x = b/2y. 


Show that (x + iy)’ = a + bi. Use this to prove that given any z € C there exists w € C 
such that w? = z. 


4.5 POWERS AND ROOTS OF COMPLEX NUMBERS 


The addition of complex numbers has a fairly natural geometric interpretation. Con- 
sider a + B, where a = x + yi and B = u + vi. It is not hard to see that if a par- 
allelogram is constructed using a, the origin. and B as three vertices. then the com- 
plex number a + 8 is the fourth vertex. This is illustrated in Figure 4.8. Thus we 
see that the triangle inequality, 


ja + B] = [ol + |B). 


' a+P=(x+u,y+v) 


Figure 4.8 


amounts to saying that the length of a side of a triangle is always less than or equal 
to the sum of the lengths of the other two sides. (See Figure 4.9.) 


4 
o+ B 


Figure 4.9 


4.5 Powers and Roots of Complex Numbers 177 


The geometric meaning of complex multiplication is easier to understand if the 
factors are written in trigonometric form. Suppose 


a = r,(cos 6, + isin 6,) and B = r(cos 6, + isin 6,). 
Then 
ap = r,r.(cos 6, + isin 6,)(cos 8, + i sin 0.) 
= rr.[(cos 0, cos 6, — sin 6, sin @,) + i(cos 6, sin 6, + sin 6, cos 6,)]. 
According to standard trigonometric identities 
cos 8, cos 6, — sin 6, sin 8, = cos (8; + 6,) 
and 
cos 6, sin 8, + sin 6, cos 6, = sin (8, + 6,). 
Thus we have 
aB = r,r(cos (0, + 6.) + isin (6, + 80,)). (4.5) 


We see that to multiply two complex numbers we multiply their absolute values and 
add their corresponding angles. This is illustrated in Figure 4.10. 


Figure 4.10 


mw EXAMPLE 1. We will use (4.5) to multiply the complex numbers a = 3(cos 15° + @ sin 15°) 


and B = 14(cos 120° + i sin 120°). Then 
aB = (3: 14)(cos (15° + 120°) + isin (15° + 120°)) 
=s42(e05 135° + i sin 135°). 


In rectangular form we have 


—] i = 
aB = a(— é i+.) = -21V2 +212). @ 
V2 
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If in (4.5) we take 
a = B = r(cos 8 + isin 8), 
then 
a” = r’(cos 20 + isin 26). 
We leave the induction proof of the following generalization of the last formula for 
the exercises. 
@ THEOREM 4.15 (De Moivre’s Theorem) Leta = r(cos @ + isin ®) in trigonometric form, 
and let n be any positive integer. Then 


a” = r'(cos nO + isin n6). 


m@ EXAMPLE 2 We will use De Moivre’s theorem to compute (1 — i)°. From Figure 4.11 we 
have 1 — i = r(cos 6 + i sin 8), where 


r= Vi? + (-17 = V2, 


and §@ = —45°. 


Figure 4.11 


Then 
(1 — ° = (V2)%[cos 6(—45°) + i sin 6(—45°)] 


= 2*(cos —270° + i sin —270°) 


1 
I 


8(cos 90° + 7 sin 90°) 
80 +i-l=8. 


Now we consider the problem of finding the nth root of a complex number, 
where n is a positive integer. That is, given a © C, we wish to find all complex 
numbers ‘y such that 


eee (4.6) 
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Suppose that in trigonometric form 
a = 7(cos 9 + isin 6), r > 0, 
and consider a number y of the form 
y = R(cos » + ising), R > 0. 
Then by (4.6) and De Moivre’s theorem we have 
y" = R'(cos ng + isinng) = a = r(cos @ + isin 8). 
Thus we conclude that 
R"=r, (4.7) 
and 
ne = 0 + 360°, (4.8) 


where k is some integer. 
The existence of a positive real number R satisfying (4.7) is guaranteed by Theo- 
rem 4.11. Thus we take R = "Vr. 
Solving (4.8) for @ gives 
@ + 360° 
aa 
n 
Note that if two integers k and k’ differ by a multiple of n, then the corresponding 
values © and q’ differ by a multiple of 360°, since 
, _ 9 + 360°’ = 8 + 360°K + jn) 8 + 360° 


n n n 


© + 360°j = @ + 360°). 


Since ¢ and ¢’ have the same sine and cosine, the values of y repeat after taking 
ig 0) (A iit 


@ THEOREM 4.16 Suppose that « = r(cos 8 + i sin 8) is a complex number, where r > 0 and 
n is a positive integer. Then the equation 


n 


Yineano. 
has the n distinct solutions 


8 + 360° @ + 360°k 
y= m\/> (cos - + isin ——“*), 
n n ; 


where k = 0, 1, 2, ..., n — 1. These solutions are equally spaced around a circle 
with center at the origin in the complex plane. 


Proof We have already proved all but the last sentence. Note that each number y, 
has absolute value "\/r, so all are on the circle about 0 with this radius. They are 
equally spaced since the angle (0 + 360°k)/n increases by the same amount 360°/n 
each time k increases by |. @ 
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@ EXAMPLE 3. We will find the 3 solutions to y’ = 
as 


—8i. We write —8/ in trigonometric form 


—8i = 8(cos 270° + isin 270°). 
Thus r = 8 and 0 = 270°. Then according to Theorem 4.16 we have 
270° + 360°k 270° + 360° 
y= Vi (cos a ” 
where k = 0, 1, 2. Thus 


Yo = 2(cos 90° + isin 90°) = 2(0 + i-1) = 2 


dot 


VA 


-V3 = i=, 
2(cos 210° +9 sinz10 y= | + (2) = Swe i. 


V3 —] = 
¥2 = 2(cos 330° + i sin 330°) = | . (+)| = V's i. 


The three solutions are shown in Figure 4.12. 


Figure 4.12 


@ EXAMPLE 4 We will find the 5 solutions to 


= 6 + 2V3i. 
Note that if 6 + 2\V/3i = r(cos 0 + 7 sin 8), then 


=e + (Ap = We + 1S aay. 
and, since 
x 6 ON amenys 


y 
60s 0 = -— = and sin§ =- = 


r av3 2 r ana” 
we can take 8 = 30°. Then from Theorem 4.16 


s |e rK(.. 30° + 360% 30° + 360° 
Va V48| cose : 


toul— 
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where k = 0, 1, 2, 3, 4. Thus 
Yo = °V/48(cos 6° + isin 6°), 
= '\/48(cos 78° + i sin 78°), 


KE 
y2 = "V48(cos 150° + i sin 150°) = vas] + (3)]: 
2 


= '°\/48(cos 222° + i sin 222°), 
ys = °V48(cos 294° + i sin 294°), 


The solutions are pictured in Figure 4.13. 


= 
| 


Py 


ll 


Y 


Yo 


% 


Figure 4.13 


M EXAMPLES We will find the two solutions to-y° = ~5 127. The latter number is graphed 
in Figure 4.14. 

Here r = V(—5)* + (—12)* = 13. Thus we can write —5 — 12i in trigono- 
metric form as 


= — 1p [atcos 8 Fes). 
where cos 8 = —5/13 and we can assume that 180° < @ < 270°. Thus 


A] i) 
Yo = Vi8(cos 5 + isin ‘). 


“~ 


Now we use the standard trigonometric identities 


i) 1 + cos 0 _ 8 1 — cos 6 
cos- = + ene and sin - = — 
2 ae, 2 : 
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Figure 4.14 


Since 6/2 is in the second quadrant we have 


and clearly y, = ~yo = 2-31. @ 


Let n © =’. A complex number y is called an nth root of unity if y” = 1. 


Taking a = | in Theorem 4.16 we see that the nth roots of unity are precisely the 


numbers 
360° =—s_—(€s$s‘C( ‘és "AN 
Vy. =1GOS + 1 sin 
n n 
where k = 0, 1, ..., n — 1. These are equally spaced around the unit circle r = 1, 


starting with yp = 1. 
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@ EXAMPLE 6 The sixth roots of unity are the 6 numbers 
Ye = cos 60°k + i sin 60°, 
k = 0, 1, 2, 3, 4, 5. These work out to be 


evs 1 V3 aes 


a abate? ee 
L. + i —=+-—i, =], --- —j. and ——-—— 
2 2 D 2 2 oie 2 2 


See Figure 4.15. 


Figure 4.15 


EXERCISES 4.5 


In Exercises 1-6 use formula (4.5) to multiply the given complex numbers. 
1. 3(cos 30° + i sin 30°), 8(cos 120° + i sin 120°) 
2. 4(cos 135° + i sin 135°), 3(eos 225° + i sin 225°) 
3. 7(cos 10° + i sin 10°), 0.5(cos 50° + i sin 50°) 
4. V6(cos 15° + i sin 15°), V3(cos 30° + i sin 30°) 
§. — 5 + 5i, Geos 195° + isin’ 195°) 
6. V12 + 2i, 3(cos 185° + i sin 185°) 


In Exercises 7—12 use De Moivre's theorem to compute the desired power 


Tealz(cos 10> 47 sin 10°)]'* 8. [V/3(cos 9° + i sin 9°)]° 
9. (73+ i) 10. (V2 -— VON" 
11. (-V3 - V3i)’ igeny/5 — 150) 
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In Exercises 13-20 find all complex numbers y that satisfy the given equation. Graph your 


solutions. 
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13. ¥ =2 + 2i 14. y* = 4i 15. y = —1/8 
16. y = 32 17.y =2+ Vidi 18. y° = 16 — 163 
19. y= -3 - V3i Way = 72N 31 — 72 


21. Prove De Moivre’s theorem by mathematical induction. 


In Exercises 22-24 assume that a = r(cos 8 + i sin 8), r> 0. 
22. Show that a = r(cos (—96) + i sin (—8)). 

@3) Show that —a = r(cos (6 + 180°) + i sin (@ + 180%). 
24. Show that a ' = r-'(cos (—@) + i sin (—8)). 


It 


25. Show that if a ~ 0, then De Moivre’s Theorem holds for all n € =. 
26. List the 4th roots of unity. 

27. List the Sth roots of unity. 

28. Show that if o is an nth root of unity, then so is a '. 
29. Show that if o is an nth root of unity, then so is a. 


30. Suppose that a ¥ 0, n € 5", and B” = a. Show that y” = a if and only if y = BS. 
where 6 is an nth root of unity. 


31. Let F be a field with characteristic not equal to 2. Let a. b. and ¢ be elements of F with 
a ~ 0, and suppose that y has the property that y= b? — 4ac. Set x = (—b + y)/2a. 
Show that ax’ + bx + c = 0. 

32. Let F be a field with characteristic not equal to 2. Let a, b. ¢. and 1 be elements of F 
with a # 0, and suppose that ax + ba + ¢ = 0. Show that there exists an element y in 
F such that x = (—b + y)/2a, where y? = b° — 4ac. 

33. Show that if a, b, and c are any complex numbers with a = 0. then there exists 1 E 
such that ax? + bx + ¢ = 0. Show that the number of such x is 1 if b> — 4ac = 0. and 
2 otherwise. 


Use Exercises 31-33 to find all complex numbers \ satisfying the equations in Exercises 34 


39. (See Example 5 also.) 


34. x°-ix+2=0 35. r -ix-2=0 
36. x’ + (U1 - 4)x -3 -i=0 37. xr + 3x -—i+3=0 
38. 2x? + (8 — S)x —-2-41=0 39. (i + Ix? + (4 + 2x + :15 — 33 =0 


4.6 THE CONSTRUCTION OF THE REAL NUMBERS 


In Section 4.3 we stated without proof that the set of real numbers ‘R is a field 
containing the rational numbers Q that is a complete ordered ring. The proof that 
such a field exists consists of constructing the set 'R trom Q, much as in Section 4.2 
we constructed Q from 2, and in Section 4.4 we constructed C from ‘R. The con- 
struction of the reals, however, involves more difficulties than the two constructions 
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just mentioned. We will only outline a construction of ‘R, leaving out many of the 
details. 

We start with the set Q of rational numbers, which we have proved is a field 
and an ordered ring. Somehow we must construct a field containing Q, or at least 
an isomorphic copy of Q, which “fills in the holes” in Q, such as the irrationals 
V2 and + V5. Since neither of these is an element of Q, some cleverness is in order. 

The key to our construction will be special sets of rational numbers called “cuts.” 
(The concept is due to the German mathematician Richard Dedekind.) We define a 
subset C of Q to be a cut in case 


(1) if r and s are rational numbers with r © C and s > r, then s € C; 
(2) C has no smallest element; 
(3) C# OGandcC # Q. 


An example of a cut is 
Cy = {Reo 15}. 


It is easily checked that C, satisfies conditions (1), (2), and (3). Another example 
is 


C, = {rE Q:r> Oand?r > 2}. 


The set C, also satisfies conditions (1), (2), and (3). These sets are pictured in Figure 
4.16. 


Figure 4.16 


In our construction each cut will correspond to a real number. The cut C, will 
correspond to the real number 1.5 (which is also a rational number), while the cut 
C, will correspond to the real number V 2 (which ts not a rational number). 

Thus our definition of ‘K will be 


‘RC: C is-arcut}. 


We must show that ‘R can be made into a field, and so we must explain how to add 
and multiply elements of 'k. Thus if C and D are cuts, we must define C + D and 
CD. In fact, although we will define the sum of any two cuts, we will only define 
the product CD when C and D correspond to positive real numbers. Of course we 
must explain what it means for a cut to be “positive” in terms of the ordered ring Q. 
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We say that a cut C is positive in case there exists a rational number r > 0 such 
that r ¢ C. For example the cut C, given above is positive, since the positive rational 
number 1/2 is not in C,. The cut 


CG = eo =, 


is not positive, however, since if r © Qandr > 0, thenr > —4. Thus every positive 
rational number is in C;. 

Our definitions of addition and multiplication are quite simple. Given cuts C 
and D, we define 


C+D=({r+s:r€@Cands € D}, 
and if C and D are positive we define 


CD = {rs:r € C ands € D}. 


Mm EXAMPLE 1 Let 


C={rEQ:r> 2} and D = {rE Q:r > 3}. 
We will show that C + D is a cut. In fact we claim that C + D = E. where 
E={reéQ:r> 5k 


If, as seems natural, C, D, and FE correspond to the real numbers 2. 3. and 5, re- 
spectively, then C + D = E amounts to saying 2 + 3 = 5 in 'R. 

The proof that C + D = E is straightforward. Suppose that x © C + D. Then 
by definition x = r + s, where r © C and s € D. This means that r > 2 and s > 3. 
Adding these inequalities gives x = r + s > 5. Thus x € E. 

Now suppose x € E, so that x > 5. Since v is rational. so is (x — 5)/2, which 
is positive, Note that 


ce x-5 
+3+ 
Z yi 


ros 


If we set r = 2 + (x — 5)/2 and s = 3 + (x — 5)/2, then r > 2 and s > 3. Thus 
r€C,s ED, andx =r+=s. This shows thatxE€ C+D. B 


Now we will prove in general that if C and D are cuts, then so is C + D. It is 
easy to check that C + D # @ and C + D ¥ Q. To prove condition (1) suppose 
r@€C+ Dandr<s€Q. Thens —-r=r€Q’. Alsor=c + dwithc € C and 
d€ D. Letc' =c + t. Thenc’ € C sinée C is a cut’ But 


Saeer’' + teee(c +d) a pee ot ds 
sos © C +9Dialaa: 


Now suppose C + D contains a smallest element... Then x = ¢ + d, with ¢ € C 
and d € D. Since C contains no smallest element there exists c’ € C such that 
c’ <c. But then c’ + d€ C + Dandc' + d< c+ d= x, which contradicts the 
definition of x. Thus C + D also satisfies condition (2) for a cut. 
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@ EXAMPLE 2 Now we will show that if C and D are as in Example 1, that is, 
C={reaQ:r> 2} and D={rEQar> 3}, 
then CD is also a cut, namely the cut 
F={rEQr> 6. 


This amounts to showing that 2 - 3 = 6 in ®. 
First suppose that x € CD. Then x = rs, where r > 2 ands > 3. Thus x = rs > 6, 


and so x € F. 
Now suppose that x € F, so that x > 6. Set 
Bl ot 
c= 2 + —— EC, 
4 
Note that 


3 
CeO OO — Oia 


Now if we set d = x/c, thend > 3c/c = 3, andsod€ D. Thusx =cdE CD. BB 


Proving that ‘ Is a Ring 


Of course the ring axioms R, through R; must be checked for ‘R as well as Rg and 
R,. Some are easy. For example, if C and D are cuts, then 


C eDe{r +orr € C ands @D} ={s + r:s€ DandrEe€Cc}=D+C. 
The zero element of ‘R turns out to be the cut 
CE Peer P=’ . 


The proof is left for the exercises. 

The reader has probably noticed that the cuts in ‘K come in two varieties, those 
like C, = {r € Q: r > 1.5} that correspond to rational numbers (in this case 1.5), 
and those like C. = {r © Q: r > 0 and r > 2} that do not. Note that C, has the 
greatest lower bound 1.5 € Q, while C, has no greatest lower bound in Q. In general 
we say a cut is rational if it has a greatest lower bound in Q, and irrational if it 
does not. 

The definition of —C, where C is a cut, is more complicated than one might 
expect. We define 


—-C={x-d:x€ Q* anddE Q\C}. (4.9) 

The proof that —C is a cut is fairly straightforward, and we leave it for the exercises. 
It must also be proved that 

= T= Cy (4.10) 


for any cut C. The hard part is to show that C) C -C + C. Letx € Ca 
Choose rational numbers a € C and b ¢ C. Let 
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nx 
S= jrez = + vect. 
Note that S is nonempty, for if n is greater than the positive rational number 2(a — b)/x, 
then 


nx 2(a — b) x 


—+bhb> +b=a. 
2 


x 
Let no be the smallest element of S. Then, whether m) = 1 or not, 


c= PREC, 


while 


But then c — d = x/2, and so 


x 
r=(5-a)+ce-c+e 


= 


Thus we see that Cp) C -—C + C. 


Ordering the Elements of 


It is also claimed that ‘RK is an ordered ring. We take ‘R~ to be the set of all cuts that 
are positive by our previous definition. It must be proved that ‘K” is closed under 
addition and multiplication, and that the trichotomy condition is satisfied. This is 
left for the exercises. As in Section 3.7, if C and D are cuts. then C < D means 
that D — C = D + (—C) 1s a positive cut. The following ean also be proved. 


@ LEMMA 1 = /fC and D are cuts, then C = D if and only if C DD. 


Proof First let us suppose that C = D. Since clearly C D D if C = D. we can 
assume that C < D. Then D — C is positive, which means that there exists x © Q” 
such that x € D — C. 

Now if C D D is talse there must exist d € D such that d ¢ C. But then 


=a i & — 2) ape (-€)- Dp — & 
which is a contradiction. Thus we must have C D D. 
To prove the converse, assume that C D D. If C = D is false. then by the 


trichotomy law we have D < C. But then D D C by the first part of this proof. Thus 
C = D, which contradicts D< C. @ 


To show that 'R is a field it must be proved that ‘R has a multiplicative identity 
and that every nonzero cut C has an inverse. It turns out that 
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rar > 1} (4.11) 


is the multiplicative identity of ‘R. The definition of C ', like that of —C, is more 
troublesome. A fairly simple case occurs when C has the form {r € Q: r > a} for 


a€ Q’. when C ' = {r © Q: r > 1 /a}. More details are given in Exercises 23 and 
32" 


The Completeness of ‘R 


It remains to show that ‘R is complete. This is the most important property ‘R has, 
since in Q we already have a field that is an ordered ring. We start with the following 
lemma. : 


@ LEMMA 2 /f the union of one or more cuts is not Q, then it is a cut. 


Proof Suppose that C, is a cut for each j in some nonempty set J. Let C* be the 
union of all the sets C,. Clearly C* is not empty. Suppose r € C* and s > r. Then 
r € C, for some j. Since C, is a cut, s € C, also. Thus s € C*. This proves condition 
lp; 

Now suppose C* has a smallest element cy. Then co © C; for some j. Since C, 
is a cut, it has no smallest element. Thus there exists d € C, such that d < cy. But 
then d € C*, which contradicts the assumption that cy is the smallest element of 
| 


@ THEOREM 4.17 The set of real numbers ‘R is complete. 


Proof Let .A be a set of cuts, and suppose that .A has a lower bound in ‘Rk. We 
must show that .A has a greatest lower bound. We claim that C*, the union of all 
the cuts in .X, is a greatest lower bound for -K. 

Let the cut D be a lower bound for all the cuts in .A. Then by Lemma 1 we 
know that D D C for all C € -K, and so D D C*. Thus C* # Q, and so C* is a 
Goeby Lenmme. If Ce 4, then C” 2 C, and so C* = C by Lemma |. Thusec™* 
is a lower bound for XK. 

Finally suppose that & is a lower bound for .A. Then for any C € .A we have 
E = Ceandso# D> ¢ by Lemma |. Thus & > C*. This means that F = C*. again 
by Lemma |. We see that C* is the greatest lower bound for kK. 


After the real numbers ‘Kk have been constructed, we identify each rattonal num- 
ber r with the rational cut {x © Q: v > r}. Thus we can consider Q as a subset of 
Re 

Recall that Theorem 4.9 also states that any field that is a complete ordered ring 
is isomorphic to ‘RK. Thus 'K is essentially the only field that is a complete ordered 
ring. We will sketch the idea behind this result, most of the details can be found in 
the exercises. 

Let F be any field that is a complete ordered ring. Then / has characteristic 0 
by the Corollary to Theorem 3.19 and Exercise 33 of Section 3.3. Thus there is an 
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isomorphism h from Q to a subset of F by Exercise 34 of Section 4.2, and h preserves 
order by Exercise 36 of Section 4.3. It can be shown that h can be extended to an 
order-preserving isomorphism from & to a subset ‘R’ of F; see Exercise 33. It remains 
to show that R’ = F. 

In order to simplify the notation we will assume that ‘R’ = ‘R, so that the field 
F contains the real numbers as a subset. Since F is a complete ordered ring, it is 
Archimedean by Exercise 37 of Section 4.3, and by Exercise 39 of the same section 
there is a rational number between any two distinct elements of F. 

Let x be any element of F, and let 


S={yER:y > x}. 
Note that because there are rational numbers r, and r, such that 
eb <r ak foe ee 


the set S is nonempty and has a lower bound in ‘R. Let z be the greatest lower bound 
for the set S in ‘R. We will complete the proof by showing that z = x, since this will 
prove that x € R. 


Case 1 °z< x. 
Then there is a rational number r with z <r < x. Since if y € S, thenr <x < y, 
we see that r is a lower bound for S. This contradicts the definition of z. 


Case 2 7 =x. 
Then there is a rational number s with x < s < z. Since s € S., this also con- 
tradicts the definition of z. 


EXERCISES 4.6 


1. Suppose that C is a positive cut and r © C. Show that r > 0. 
2. Show that if C and D are cuts, then C + D ¥ @ andC+D#Q. 
3. LetC = {r € Q: r > 4} and D = {r € Q: r > 5}. Show that CD = {r € Q: r > 20}. 


4. Let C = {r € Q: r>0 and r > 2} and D = {r € Q: r>0 and r > 3}. Show that 
CD = {rE Q:r>Oandr > 6}. 


() Show that if C and D are positive cuts, then CD # © and CD = Q. 
6. Show that if C and D are positive cuts, then C + D is a positive cut. 
(7) Show that if C and D are positive cuts, then CD is a positive cut. 
8. Show that if J is defined by (4.11) and if C is a positive cut, then JC = C. 
9. Show that if C is a cut, then C + Cy = C, where Cy = {r € Q: r > O}. 
10. Show that if C, D, and E are cuts, then C + (D+ E)=(C+D) +E. 
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In Exercises 11-13 let C be a cut, and let —C be defined as in (4.9). 


11. 
12. 
1s. 
14. 
15, 
16. 


7. 
18. 
19. 
20. 
2a. 
22. 
23: 


Suppose that c € C and d € Q\ C. Show that —c ¢ —C and —d + 1 € -C. 

Show that ifr € —C, s € Q, ands >r, thens € —C. 

Show that —C is a cut. 

Finish the proof of (4.10) by showing that -C + C C C. 

Show that if C is a rational cut with greatest lower bound co, then —C = {x € Q: x > —co}. 
Show that if C is a cut, then exactly one of the following holds: C is positive, C = Co, 
or —C is positive. 

Show that if C and D are cuts, then CM D is a cut. 

Show that {cd: c € C and d € D} need not be a cut if the cuts C and D are not positive. 
Show that if C and D are rational cuts, then C + D is a rational cut. 

Show that if C is a rational cut and D an irrational cut, then C + D is an irrational cut. 
Show without using Lemma | that if C and D are cuts, then C C Dor DCC. 

Show that if n © Z° and C,, C2, ..., C, are cuts, then so is C,; UC, U... UC,,. 
Show that if C is a positive cut and 


D={rEQ’:r' € Ch, 


then D = C™' if and only if C is irrational. 


. Exhibit a sequence C,, C2, ... of cuts such that C; UC, U ... is not a cut. 


Exhibit a sequence C,, C2, ... of cuts such that C,; NC, M ... is not a cut. 


. How would you define CD if C < 0 and D < 0? 


How would you define CD if C < 0 and D > 0? 


. Let C be a cut. Show that —C = {—d: d € Q\C} if and only if C is irrational. 
. Show that if C is the cut {x € Q: x > r} where r € Q, then —C = {—d: d € Q\C}\{—r}. 
. Show that if C is a cut and r € Q, then {r + c: c € C} is a cut. 


Show that if C is a cut and r € Q", then {rc: c € C} is a cut. 


. Show that if C is a positive cut, then C'' = {r + s:r°' © Q*\C, 5 E Q’}. 


. Show that if A is an order-preserving isomorphism from Q into a field F that is a complete 


ordered ring, then there exists an order-preserving isomorphism A* trom ‘RK into F that 
extends A in the sense that if r © Q, then A*(r) = A(r). Hint: If x is a real number, detine 
h*(x) to be the greatest lower bound of the set S = {h(r): r © Q, r > 4}. 
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SUPPLEMENTARY EXERCISES FOR CHAPTER 4 


1. Define the operations @ and © on R = 'R” by x Sv = xv and x & y = x""". Show 
that R is a field under these operations. (See Exercise 38 of Section 3.1.) 

2. Prove that the field R of the previous exercise is isomorphic to ‘R. 

3. Let R be a commutative ring with more than one element with the property that if a and 
b are in R and a # O, then the equation ax = b has a solution in R. Prove that R is a 


field. 


4. Let R be an ordered ring with identity whose set P of positive elements is well-ordered. 
Suppose that S is a subset of P such that 1 € S. and whenever x € S. thena + 1 € S. 
Prove that S = P. 


5. Strengthen Theorem 4.4 by proving that any ordered ring with identity whose set of 
positive elements is well-ordered is isomorphic to ~. 

6. Let ‘E be the ring of even integers, and let F be the field of quotients of IE. (See Exercise 
37 of Section 4.2.) Show that F is isomorphic to Q. 

7. Show that if E and E' are subfields of a field F, then E M E’ is a field. 

8. Prove that the intersection of any collection of subfields of a field is again a field. 

9, Let F be a field, and let E be the intersection of all the subfields of F. Show that E is 
isomorphic either to Q or else to =, for some prime p. 


10. Let F be a field and suppose f: F — F is an isomorphism. Show that {x € F: fix) = x} 
is a subfield of F. 

11. Prove that if S and 7 are subsets of ‘K” with greatest lower bounds s and 7. respectively. 
then the greatest lower bound of {xy: x € S and y € T} is sv. 


12. Let F be a subfield of ‘R with F # ‘R. Show that F is not complete. 


13. Let S be the ring of Example 5 of Section 3.4. Show that every nonzero element of S 
has an inverse, but that S$ is not a field. 

14. Define e: ‘R > C by e(x) = cos 360°x + i sin 360°x. Show that e(v + y) = e(x)e(y) for 
all real numbers x and y. 

15. Define E: C > C by E(x + iy) = e‘(cos 360°y + 7 sin 360°y), where e is the usual base 
of the natural logartthms and vy and y are real. Show that Fla * B) > Beak B) for all 
complex numbers @ and £. 

16. Show that the image of the function E of the previous exercise is C\ {0}. 


17. An ath root of unity y is said to be primitive itn is the smallest positive integer such 
that y" = 1. Show that if y is a primitive mth root of unity, then the numbers y, y’, ..., 
y" are distinct and thus are all the mth roots of unity. 


18 


Suppose y is a primitive mth root of unity, as in the previous exercise. Show that for any 
integer k, y‘ is a primitive nth root of unity if and only if ged(k, n) = 1. 


19, Exhibit a sequence C,, C2, ... of rational cuts such that C,; U C, U ... is an irrational 
cul. 


20. 


21. 


22. 
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Exhibit a sequence C,, C2, ... of rational cuts such that C; MC, ... is an irrational 
cut. 
Exhibit a sequence C,, C2, ... of cuts such that neither C,; UC, U... norC,; NC, 9 


. 1S a cut. 
Show that the absolute value of the cut C is CN —C. 
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Karl Friedrich Gauss 


Many consider Gauss the greatest mathematician of all time. He 
was born in Germany in 1777 to a laborer father who wanted his 
son to follow in his footsteps. His genius was discovered early. 
When Gauss was 10 his mathematics teachers admitted that there 
was nothing more they could teach him, and he entered Gottingen 
in 1795 with the help of the Duke of Brunswick. 

Gauss was unable to decide whether to pursue mathematics 
or languages until March 30, 1796. In his diary, this date marks 
Gauss’s discovery of the constructibility of the regular polygon 
with 17 sides, the first advance in this area since the time of 
Euclid. Mathematics won out as a career, and Gauss was so proud 
of his result that he asked that a 17-sided polygon be carved on 
his tombstone. 

In 1799 Gauss earned a Ph.D. at the University of Heimstadt. 
His thesis was a proof of the fundamental theorem of algebra, 
which says that every nonconstant polynomial with complex 
coefficients has a root in the complex numbers. This theorem 
had been stated before, but Gauss’s was the first satisfactory 
proof. In Disquisitiones Arithmeticae, published two years later, 
Gauss treated his favorite part of mathematics, number theory. 
In it he introduced the concept of congruence, including the same 
notation, a = b (mod m), used today. Gauss gave a rigorous proof 
of the fundamental theorem of arithmetic. known since Euclid, 
and generalized his earlier discovery by reducing the geometrical 
problem of which regular polygons are constructible to a problem 
of number theory. He showed that if p is an odd prime, then a 
regular polygon with p sides can be constructed if and only if p 
is of the form 27 + 1. Even today, however, it is not known 
whether there are infinitely many such primes 

Gauss’s attention was soon diverted from mathematics. On 
January 1, 1800, the first day of the 19th century, the Italian as- 
tronomer Piazzi discovered the asteroid Ceres. It disappeared from 
view after 41 days, having moved only 9 degrees in the sky. 
Nonetheless, Gauss set about computing its orbit, using the 
method of least squares that he had invented as a youth. His 
calculations were so accurate that Ceres was found again a year 
later where he predicted it would be. The computational method 
he developed is used today to track satellites. Gauss also made 
many important discoveries in physics, and with Wilhelm Weber 
made the first successful telegraph. 

Gauss discovered much, but published very little, and many 
mathematical results for which others are given credit were found 
in his diary after his death. Among these was the discovery of 
non-Euclidean geometry. Gauss lived a long and peaceful life, and 
received many well-deserved honors and awards. When he died 
in 1855, he had never set foot outside of Germany. 


CHAPTER 5 


Polynomials 


Considerable time is devoted to the study of polynomials in high school algebra 
courses. We learn there to perform the basic operations of addition, subtraction, and 
multiplication of polynomials, as well as to divide them in order to find a quotient 
and a remainder. But perhaps the most important topics in the study of polynomials 
concer finding their roots and the related subject of factoring. The polynomials 
considered in elementary mathematics courses are restricted to having coefficients 
that are real or complex numbers. In this chapter we will consider polynomials hav- 
ing coefficients that come from a commutative ring with identity. We will see that 
most of the familiar results concerning polynomials that are encountered in elemen- 
tary algebra courses are true when the coefficients come from a field. 

Rings of polynomials have a number of significant applications. In Sections 5.4 
and 5.5 we will show how the theory of polynomial rings can be applied to find 
roots and factors of polynomials with coefficients from Q,°R, and ©. Then in Section 
5.6 we will show how these ideas can be used to prove the impossibility of certain 
geometric constructions. Finally in Chapter 6 we will use polynomial rings to con- 
struct other rings, which will culminate in the creation of new finite fields. 


5.1 POLYNOMIAL RINGS 


In this section we will introduce the definition of a polynomial having coefficients 
from a ring and will show that the set of all such polynomials ts itself a ring under 
the appropriate operations. Although the definitions to be presented could be given 
for any ring, we will consider only commutative rings with identity. 

Let R be a commutative ring with identity. An expression of the form 


t l 1 ! O 
Pee ax Panjcjx +--+ + ax + ax, 
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where n is a nonnegative integer and a,, a,-1, ..-, 4), a are elements of R, is called 
a polynomial in x over R (or a polynomial in + with coefficients from R). Tite 
letter x is called an indeterminate; it must be regarded as a formal symbol and not 
an element of some ring. We call a, the coefficient of x‘ in the representation of 
p(x), and a,x* is called a term of the polynomial. 

We will denote by 0 the polynomial having all its coefficients equal to zero; this 
polynomial is called the zero polynomial. As in Section 1.7 we will usually omit 
from the representation of p(x) any term having the zero element of R as its coef- 
ficient and denote the terms (—a,)x“ and a,x' as —a,x" and a,x, respectively. Fur- 
thermore, a term lar with coefficient 1, will be written x. Thus the polynomial 


u(x) = 7x° + Ox* + (-8)x° + 1x* + (-3)x' + Gr” 
over Z will be written as 
u(x) = 7x — 8x + x? — 3x +5. 
If 
p(x) = a,x" + a,x" + +--+ ax + ag 


is a polynomial over R other than the zero polynomial. then the coefficient of some 
term must be nonzero. The largest integer k for which a, = O, is called the degree 
of p(x), and the coefficient a, is called the leading coefficient of p(x). Thus the 
polynomial u(x) in the preceding paragraph has degree S and its leading coefficient 
is 7. Note that the degree of the zero polynomial is undefined. 

Two polynomials 


p(x) = a,x" tr es) il 9 OTRO Q\x + agx 
and 
q(x) = bax” ots ee la Ae ODS - b,x + b,x° 


are equal if both are the zero polynomial or if both have the same degree and all 
pairs of corresponding coefficients are equal. 

The set of all polynomials over R in the indeterminate x will be denoted R[x}. 
Therefore 

i) P Paar - = 
3x’ — 12x* € 2x] and V20 — Six © Gish. 

We can define the addition and multiplication of polynomials in Ria] as in Section 
ES as 


Pe) ax ax | 


BOSS Se (ase op agx’ 
and 
q(x) = bax” + bee’ + --- +ebeepE? 
with m = n, then the sum of p(x) and q(x) is the polynomial 
p(x) + q(x) = (a, + BOX oPG,_, + Bee b,)x + (ao + bo)x°. 


where 6,,.; = bas. = ++: = b, = 0. Here the addition signs inside parentheses de- 
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note the addition in the ring R. The product of p(x) and q(x) is the polynomial 
Dia) =e ek ” eee x |! +e + oe + cox’, 
where 
Cx = Agby + aby) + andy. + +++ + abo 


fork = 0, 1, 2, .... m+ n. Note that the computation of c, involves adding k + 1 
products using addition and multiplication in the ring R. 


M@ EXAMPLE 1 In <[x], let 
u(x) = 2x* — x7 — 5x + 4° and v(x) = 7x7 — 3x + 8x°. 
Then 
u(x) + v(x) = (2x7 — x? — Sx + 4x°) + (Ox + 7x? — 3x + 82°) 
= (2 + O)x? + (-1 + 7)xX + [(—5) + (—3) |x + (4 + 8)x° 
= 2x + 6x? — 8x + 12x”. 


Also 
u(x)v(x) = (2x7 — x — 5x + 4°72 — 3x + 8x) 
= esr + cx’ + cy? + Ox? + Cx + Cor, 
where 
Cpa re ot 1)0 + 207) + 0-3) + 018) = 14, 
eu 4 (Oy (—S)0+ (—1)7 + 2(—3) + OB) = —IS, 
en— 4 (—5)7 + (=1)(-3) + 28) = —10, 
= 47) 4 3) + (—1) 8: = 35, 
Cp == 3) Fab == S52, 
Cy = 4(8) = 32. 
Thus 


u(x)v(x) = 142° — 13x* — 16° + 35x? — 52x + 32x”. 


w EXAMPLE 2 Let R = &%, and let u(x) and v(x) denote the following elements in R[x]: 
u(x) = [3]? + [S]}x + [2}x° and v(x) = [4}° + [3hx. 
Then 
u(x) + v(x) = ([OL? + [B)? + [S]x + [2]0°) + (4° + [O}x? + [3]x + [O}’) 
= ({0] + [4])x* + ((3] + [0}x* + ([5] + [3)x + 12] + [Ox 


See a (2x + [2)2". 
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Also 
u(x)v(x) = ([3}x? + [Sle + [2}° (14° + [3]x) 
= 50° + cg’ + 0 + cx? + Cx + Cor’, 

where 

cs = [2][0] + [5][0] + [3}[4] + [0}[0] + [0]{3] + [0}{O] = [0}, 

C4 = [2][0] + [5][4] + (3}(0] + [0][3] + [0}][0] = [2], 

cs = [2][4] + [5}[0] + [3}[3] + [0][0] = [5], 

C2 = [2}[0] + [5][3] + [3J[0] = [3], 

ce, = [2][3] + [5][0] = [9], 

Co = [2][0] = [0]. 
Therefore 


u(x)v(x) = [2]}x* + [5] + [3]¢. Bf 


Because R is closed under addition and multiplication, it is not difficult to see 
that R[x] is closed under the definitions of addition and multiplication given above. 
It is also easy to see that addition in R[x] is commutative. For let 


p(x) = a,x" + a,x" | + +++ + ayx + agx’ 


and 

Q(X) = by X™ + Dy iyx | +o + Dx + Bor? 
be elements of R[x] with m = n. Taking b,,., = bas. = °*° = b, = 0, we have 
Pp) + a) = G@, + be > Get Pe ea, + Be (a, ee 
and 
qx) + p(x) = (6, °K FB, + a,x = ap es ee 


Since aq + bh = bh + ay fork = O01, 2..... 1 by the commutativity of addition in 
R, it follows that 


P(x) + q(x) = q@) + pQ@), 


proving that addition is commutative in R[x]. 

Furthermore, addition and multiplication are both associative in R[x] because of 
the corresponding ring properties for R. We will prove only the associativity of mul- 
tiplication. Let 


p(x) = a,x" + apy | toes + an asx 
q(x) = bx” + bx ee eee 
and 


r(x) = cyx? + cy? | t+ +++ + Ex + cox” 
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be elements of R[x]. In the product p(x)[g(x)r(x)] the coefficient of x° is the sum of 
all products of the form a(bc,), where i + (j + k) = s. Likewise in the product 
[P(x)q(x)|r(x) the coefficient of x is the sum of all products of the form (a;b,)c;, 
where (i + j) + k = s. Since a(bc,) = (a,b,)c, by the associativity of multiplication 
in R, we see that 
PO)gO)rO)] = [pO)g@)Ir(x), 
proving that multiplication is associative in R[x]. 
Clearly the zero polynomial is a zero element for R[x]. Moreover, if 
P(x) = a,x" + a,x”! + +++ + ax + agx® 


and 


— —1 
u(x) eo Oa = Oa pn wae ae! Te Gan 


then 
p(x) + u(x) = 0. 


Thus u(x) is an additive inverse for p(x). Finally, it can be shown that the distributive 
properties hold in R[x], and so R[x] satisfies all of the ring axioms. 

Furthermore, it is easy to show that because R is a commutative ring, R[x] is a 
commutative ring. The polynomial 1,x° is also easily shown to be an identity element 
for R[x]. We summarize these facts in the following theorem. 


@ THEOREM 5.1 Let R be a commutative ring with identity. Then R[x] is a commutative ring 
with identity that has a subring isomorphic to R. 


Proof The preceding discussion and Exercises 32—35 show that R[x] is a com- 
mutative ring with identity. Define h: R > R[x] by A(r) = rx°. For any elements 
r\, T2 © R we have 


hir, + ro) = (ry + ey? = 7,x° + nx = hr.) + Ar) 
and 
A(r,r2) = Gar = ree) = A(r,)A(r2). 


Thus A is a homomorphism. 
If A(r,) = A(rz), then rx? = rox’. Hence the definition of equality in R[x] shows 
that 7, = r,, and so h is one-to-one. Now the image of h is 


S = deer’: agGik) 
which is a subring of R[x] by Theorem 3.13(c). Therefore S is a subring of Riv] that 
is isomorphic to R. @ 
Because R is isomorphic to the subring 
Si=Hagx:: ayo ER} 


in the proof of Theorem 5.1, we can identify the element ay in R with the polynomial 
ap? in R[x]. Henceforth we will regard R as a subring of Rix], (rather than merely 
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being isomorphic to a subring of R[x]) and will write a term of the form aox° more 
simply as dy. Thus a typical element of R[x] will have the form 


p(x) = ae SF ae qe GO oP a,x ta ao; 


where n is a nonnegative integer and a,, d,-,, ..-, 4), Q are elements of R. The 
coefficient ay is called the constant term of the polynomial. Note that in this poly- 
nomial p(x), each term is itself a polynomial over R. and the + signs that occur in 
this representation of p(x) can be viewed as addition of these terms in R[x]. 

Also recall that the polynomial 1,x* is being denoted as x“. In particular. the 
polynomial 1,x is written simply as x. Moreover, this polynomial is such that when 
multiplied by itself we get 


x(x) = x’, 
and, more generally, 
os 6 a) es a 


By regarding a polynomial as a sum of terms of the form a,x‘, we can perform 
the multiplication of polynomials by using the generalized distributive property 
(Theorem 3.4). For example, in [x] the product (2x* — x° — Sv + 4 7x° — 3x + 8) 
in Example | can be computed as follows. 


(2x? — x? — 5x + 4)(7x? — 3x + 8) 
= 2x°(7x? — 3x + 8) + (—x’)(7x? — 3x + 8) + (—Sx)(7x? — 3x + 8) + 4(7x? — 3x + 
= 2x°(7x’) + 2x°(—3x) + 2x°(8) + (—27)(722) + (—2°(-3x) + (— (8) 
+ (—5x)(7x?) + (—5x)(—3x) + (—5x)(8) + 4(72x7) + 4(-3x) + 4(8) 
= 14x° — 6x* + 16x° — 7x* + 3x° — 8x? — 35x° + 15x? — 40x + 28x? — 12x + 32 


14x° — 6x* — 7x* + 16x° + 3x’ — 35x* — Bx? + 15x? + 28x? — 40x — 12x + 32 
= 14° — 13x* — 16x° + 35x* — 52x + 32 


Unfortunately, the ring Riv] exhibits certain pathologies when R has zero divi- 
sors. For example, in ‘K[.x] we expect the product of a polynomial of degree 2 and 
a polynomial of degree 3 to be a polynomial of degree 5. But in Example 2, which 
involved <,|.x], we saw polynomials u(v) and v(x) of degrees 2 and 3 having a product 
of degree 4. In this instance the coefficient of the term involving x° is zero because 
the product of the leading coefficients of wv) and va) is zero. We can prevent this 
situation from occurring by requiring that R be an integral domain. 


M@ THEOREM 5.2 /f D is an integral domain, then the product of polynomials of degrees m and 
n in D[{x] is a polynomial of degree m + n. 


Proof Let D be an integral domain. Then D is a commutative ring with identity 


such that if r,, r, © D, then r;r, = 0 implies r, = 0 or r, = 0. It follows from 
Theorem 5.1 that D[x] is a commutative ring with identity. Let p(x) and q(x) be 
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nonzero elements in D[x] of degrees n and m, respectively. Then p(x) and q(x) have 
the form 


P(X) = a,x" + ayy! + +++ + ax + ay 
and 
q(x) — Ooxe SP ea + ae + bx + bo, 


where a,, and b,, are nonzero. The definition of multiplication in D[x] shows that the 
degree of p(x)q(x) is at most m + n. Consider the coefficient a,b,, of x”*” in P(x)q(x). 
Because a,, and b,, are nonzero and D is an integral domain, we have a,b,, ~ 0. Thus 
the coefficient of x”*" in p(x)q(x) is nonzero, and so p(x)q(x) has degree m+ n, 
completing the proof. 


@ COROLLARY /f D is an integral domain, then D{x} is an integral domain. 


In subsequent sections it will often be necessary to require that R be an integral 
domain or a field in order that R[x] be sufficiently well behaved to permit us to prove 
particular theorems. 


Polynomial Functions 


In previous mathematics courses (such as calculus courses), the concept of a 
polynomial function was encountered. As used in a calculus course, a polynomial 
function is a function p: ‘R — ‘R for which there exists a nonnegative integer n and 
real numbers a,, ..., @,;, dg such that p(x) = a,x" + --: + a,x + a forall x E R. 
Despite the similarity between the notations for the polynomial function p and the 
polynomial p(x) = a,x" + +++ + ayx + dy in ‘R[x], they are fundamentally different 
objects. A polynomial over ‘K, as we have defined it, 1s a formal expression in which 
x is an indeterminate, a symbol that is not an element of ‘K. On the other hand, a 
polynomial function is a function, and the letter x that appears in the definition is a 
variable that represents an element of ‘R. 

Unfortunately, the use of the letter x for both an indeterminate and a variable ts 
a common practice, and care must be taken to interpret the symbol correctly. Con- 
sider, for instance, the following question: 


isex? + x — 2 = 0? 


If x is an indeterminate, then we are asking tf the polynomial woof ox 2 Is equal 


to the zero polynomial. Since the coefficient of x is different in the two polynomials, 
our question has a negative answer. On the other hand, if a is a variable, then we 
are asking if the real number x x © 2 is equal to the real number 0. Here our 
question has a positive answer ify = ~ | ora = 2 and a negative answer otherwise. 
For any commutative ring with identity RK, it is possible to define a polynomial 
function similarly. That is, a polynomial function f: KR — R ts a tunction for which 
there exists a nonnegative integer m and elements b,,. .... 6), by) © R such that 


ey ge ss +b, tbo 
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for all x € R. Let S denote the set of all polynomial functions having domain and 
codomain R. Corresponding to each polynomial p(x) = a,x" + -+* + ax + a in 
R[x] there is a polynomial function p: R — R in S defined by 


p(x) = a,x" + +++ + ax + ay for all x € R. 


We will call p the polynomial function induced by p(x). 
It can be shown (as in Example | in Section 3.2) that S is a ring with the def- 
initions 
(f + gi) = FG) tee) and Cf - g(x) = f(x)g@). 


It is natural to investigate the relationship between the ring R[x] of polynomials over 
R and the ring S of polynomial functions with domain and codomain R. Note that 
by assigning to p(x) © R[x] the polynomial function p € S induced by p(x). we 
obtain a function VW: R[x] — S, which is onto S. Moreover. it can be shown by a 
straightforward but tedious argument that VY is a homomorphism. In many cases, 
however, WV is not an isomorphism because it fails to be one-to-one. 


@ EXAMPLE 3 In <,[x] the polynomials p(x) = x and g(x) = x° are not equal because they 


have different degrees. Yet the polynomial functions p and g that they induce are 
equal because the following table shows that p(r) = g(r) for each r © 2y. 


Hence if S denotes the ring of polynomial functions with 2, as their domain and 
codomain and W: 2,[x} > S$ is the homomorphism defined above, then 


V( p(x) = V(q@)) for p(x) # q(x). 


Thus V is not an isomorphism. 


Of course, the fact that Wis not an isomorphism in Example 3 does not prove 
that the rings <,[.v] and S are not isomorphic. But this is also true. In general, the 
ring of polynomial functions with =,, as domain and codomain is finite, because the 
number of functions with =,, as domain and codomain is finite. (There are only om 
values for the image of each of the mm domain elements.) On the other hand. the ring 
<mlX] 1s infinite because it contains all the polynomials x” for n € 2°. 

Thus for an arbitrary ring R, the ring of polynomials R[x] and the ring S of 
polynomial functions with domain and codomain R need nor be isomorphic. Never- 
theless, there is an important case in which these rings are isomorphic. We will see 
in Section 5.3 that the homomorphism V: R{x] — S defined above is an isomorphism, 
so that the rings R{|x] and S are isomorphic, whenever R is an infinite integral do- 
main. 
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It is customary to use notations such as p(x) and f(x) for both polynomials and 
polynomial functions, sometimes in the same discussion. In such cases the reader 
must be careful to identify which type of object is intended. Our primary interest in 
this book is with polynomials, however, and so symbols such as p(x) and q(x) will 
almost always denote polynomials. 


EXERCISES 5.1 


In Exercises 1-8 a polynomial over ‘R is given. For each polynomial state: (a) its degree, 
(b) its leading coefficient, and (c) its constant term. 


1. 8 + 3x + xr —- V2 2. 5x — 7 
9 Ue eh ae 
eS OL6x" =20! ee 
3. 5 — 0.6x — 0.07x 4 3 3 a 
5. -3 6. (6x° — 5x + 1)(—4x® + 9x4 — 3) 
7. x(4x° — 3x° — V3) 8. (2° — 1)° 


In Exercises 9-16 compute the sum and product of u(x) and v(x) in R[x]. 


9. x) = 2x, vox) = 5x* — 3x, R= Z 
10. u(x) = —4x° + 8x, W(x) = 5% R=RQ 


11. u(x) = 5° — x + V2, Wx) = V3x -4,R=R 

12. u(x) = + 2x + 2, Wx) = x? -— 2x +2,R=Q 
jam x +x, atx) =x +2 + [1), Risez 

14. u(x) = x + [2], vx) = [2]? + [2x + [1], R = Z 
1Siauax) = (4])x¢ —13)x"+ [2], vx) = [S17 + x + (3),R = & 
16. u(x) = (2]x + [3], vx) = (6) + [4]x + [8], R = Zp 


In Exercises 17-24 determine if the polynomial functions f: R — R and g: R — R are equal. 


17. f(x) = [2)¢ + x, g(x) = [3)x, R = 2% 18. fixp= x", g(x) = x, R=, 
19. f(x) = x + [2], o(x) = [2]}x, R = 2, 20. f(x) = (3)? + x, ge) = (4), R = % 


fire x + [1], e@) =e + [1], 22. f(x) = x* + x’, g(x) = [4° + [4),, 
R = 2s R= 2, 
23. f(x) = x‘, a(x) = (3)? + (2, R = 24. f(x) = [4]x’, g(x) = [4], R = 2; 


25. Give an example of two polynomials in ‘A[x] with degree 4 such that their sum has 
degree 2. 

26. Give an example of two polynomials in =,[<] with degree 4 such that their product has 
degree 2. 

27. List all the polynomials of degree 2 in <,[+]. 

28. List all the polynomials of degree 3 in ~,[1]. 

29. Let m and n be positive integers such that n = 2. How many polynomials of degree m 
are there in <,[x]? 
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30. 


31. 


32. 
38% 
34. 


Let p(x) and q(x) be polynomials of degrees m and n, respectively, over a commutative 
ring with identity. What can be said about the leading coefficients of p(x) and q(x) if 
p(x)q(x) does not have degree m + n? 


In proving that A is a homomorphism in Theorem 5.1, we claimed that 
(r; + 12)x° = ryx° + r,x°. What justifies this equality? 

Prove that multiplication is commutative in R[x] if R is a commutative ring with identity. 
Prove that R[x] has an identity element if R is a commutative ring with identity. 


Prove that addition is associative in R[x] if R is a commutative ring with identity. 


@s) Prove that the distributive properties hold in R[x] if R is a commutative ring with identity. 


36. 


7. 
38. 


32: 


Let R be a commutative ring with identity. Prove that R has no zero divisors if and only 
if R[x] has no zero divisors. 


Show that if F is a field, then F[x] is never a field. 

Prove that S = {a,x" + a,_\x" | + +++ + ayx + a © R[x]: aq, = Og if k is odd} is a sub- 
ring of R[x] if R is a commutative ring with identity. 

Prove that S = {a,x" + a,\x" |) + +++ + ayx + dy © Rix): ay 
if R is a commutative ring with identity. 


Og} is a subring of R[x] 


40." Let R and S be rings and h: R — S a homomorphism. Define H: R[x] > S{x] by 


41. 


43. 


H(a,x" + +°* + aye Hu@o) = Ala;)x" + --- + hhagx + Ales 
(a) Prove that H is a homomorphism. 

(b) Prove that if h is one-to-one, then H is one-to-one. 

(c) Prove that if h is onto, then H is onto. 


Show that —[x] is an ordered integral domain. Hint: Define piv) to be positive if and 
only if its leading coefficient is positive. 


. Prove that if D is an ordered integral domain, then so is D[x]. 


Determine all the zero divisors in <,[-x}. 


- Let R be a commutative ring with identity, S be the ring of polynomial functions with 


domain and codomain R, and ¥: R[x] — S be the tunction that assigns to each polynomial 
p(x) the polynomial function p induced by piv). Prove that Y is a homomorphism of 
R[x] onto S. 


5.2 DIVISIBILITY 


In this section we will introduce the concept of divisibility in polynomial rings and 
will show that the principal results in Section 2.1 are true for polynomials over a 
field. Because of the similarity of this material to that in Section 2.1, the reader may 
wish to review that section before proceeding. 


Let R be a commutative ring with identity. and let u(x) and v(x) be polynomials 


over R. We say that u(x) divides v(x) (or that u(x) is a factor or divisor of v(x) if 
there exists g(x) © R[x] such that v(x) = u(x)q(x). 


‘Exercise 40 is cited in Section 6.5. 
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M@ EXAMPLE 1 In [x]. the polynomial x ~ 1 divides x‘ — | because x° + 1 © <[x] and 


= eee = 1) 1). 98 


Mm EXAMPLE 2 In ‘R[x], < + Vx + 4 divides x + 16 because x — Vie 4 e ‘R[x] and 
+ 16=( + V8x+ 40? — V8r+ 4). © 


@ EXAMPLE 3 In =. [x], 
[2]x + [4] = 3} + [3]x + [4])((2]x + {4)). 
Hence [3]x* + [3]x + [4] divides [2]x + [4]. 


We would like to prove a version of the division algorithm (Theorem 2.2) for 
polynomials. There are complications with polynomials, however, that we did not 
face with integers. For instance, we cannot divide x° by 2x in [x]. In the theorem 
below we assume that R is a commutative ring with identity and that the divisor has 
the identity element of R as its leading coefficient. A polynomial in R[x] with the 
identity element of RF as its leading coefficient is called a monic polynomial. 


@ THEOREM 5.3 Ler R be a commutative ring with identity, and let u(x) and v(x) be polynomials 
over R. If u(x) ts a monic polynomial, then there exist unique polynomials q(x) and 
r(x) in R[x] such that 


v(x) = ulx)q(x) + r(x), 

where 
r(x) = 0 or the degree of r(x) is less than the degree of u(x). 

Proof We begin by proving the existence of g(x) and r(x) satistying the conditions 
of the theorem. Note that because u(x) Is a monic polynomial, we have u(x) * 0. 
We will begin by considering two easy special cases. If viv) = 0 or if the degree 
of v(x) is less than the degree of u(x), then 

v(x) = O- u(x) + v(x), 


and we can take g(v) = O and r(x) V(X). So suppose that v(x) * O and the degree 
n of v(x) is greater than or equal to the degree m of u(x). Let 


W(x) = a,x" ++ + ax t a and u(x) 8x + ++ + Dix + Dp. 


We will prove the existence of g(x) and r(x) by induction on a. The induction 
begins with n = 0, for in this case n> mr implies thatm © O. Since u(x) is a monic 
polynomial of degree 0, we must have u(y) 1. Thus we can take giv) = v(x) and 
r(x) = O in this case. 

Now suppose that the theorem is true whenever vv) has degree less than 1, 
Define a polynomial p(x) as follows: 


p(x) = v(x) — a,x" "u(x). 
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Note that p(x) is a polynomial of degree less than n, and so we can apply the in- 
duction hypothesis to p(x) and u(x) to obtain polynomials q’(x) and r(x) such that 


p(x) = u(x)q'(x) + r@), 


where r(x) = 0 or the degree of r(x) is less than m. Equating the two expressions 
for p(x), we obtain 


v(x) — a,x" “ulx) = u@)q'@) + re), 
or 
V(x) = a,x" “u(x) + u@pe ) + r@) 
= [a,x""" + q'@)wG@) + ri). 


Thus the desired form is achieved by taking g(x) = a,x" ” + q'(x). This completes 
the induction argument and proves the existence of polynomials q(x) and r(x) with 


v(x) = u(x)q(x) + r(x), 
where 
r(x) = 0 or the degree of r(x) is less than the degree of g(x). 


We will now show the uniqueness of q(x) and r(x). Suppose that there are poly- 
nomials q(x), r(x), q'(x), and r’(x) over R such that 


v(x) = u(x)q(x) + r(x) and v(x) = u(x)q'(x) + r'(x), 


where r(x) and r’(x) are either the zero polynomial or else have degrees less than 
m, the degree of u(x). Then 


ux)[q) — q’)] = r'@) — ro): 


The right side of this equation is either the zero polynomial or else is a polynomial 
of degree less than m. Since u(x) is a monic polynomial with degree m, the left side 
of the equation will be a polynomial of degree at least m unless g(x) — q'(x) = 0. 
Thus q(x) = q‘(x). But then r’(x) — r(x) = 0, and hence r’(x) = r(x). This proves 
the uniqueness of g(x) and r(x). 


Just as in the division algorithm for integers, the polynomials g(x) and r(x) in 
Theorem 5.3 are called the quotient and remainder for the division of v(x) by u(x). 


@ COROLLARY (The Division Algorithm for F[x]) Let u(x) and v(x) be polynomials over 


a field F such thai u(x) # 0. Then there exist unique polynomials q(x) and r(x) in 
F [x] such that 


v(x) = u(x)gQx) + r(x), 


where 


r(x) = 0 or the degree of r(x) is less than the degree of u(x). 
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Proof Let a be the leading coefficient of u(x). Since a # 0, and F isa field, a’! € F. 
The polynomial p(x) = a 'u(x) is a monic polynomial, and so Theorem 5.3 shows 
that there exist polynomials q’(x) and r(x) such that 


vx) = p@)aiG@) + r(x), 


where r(x) = 0 or the degree of r(x) is less than the degree of p(x). Clearly p(x) has 
the same degree as u(x), and so either r(x) = O or the degree of r(x) is less than the 
degree of u(x). Take g(x) = a~'q'(x). Then 


v(x) = p(x)q'(x) + r(x) 
[a 'u(x)]q'(x) + r(x) 
u(x)[a~'q'(x)] + r(x) 
= u(x)q(x) + r(x) 


is the required representation of v(x). 
The uniqueness of q(x) and r(x) can be proved as in the proof of Theorem 5.3 
and is left as as exercise. 


M EXAMPLE 4 The proof of Theorem 5.3 provides a straightforward way to divide polynomials. 
We begin by subtracting from v(x) a product of the form (ax) - u(x) so as to obtain 
a polynomial v’(x) with degree less than that of v(x). Then we subtract from v’(x) a 
product of the form (bx”) - u(x) so as to obtain a polynomial v"(x) with degree less 
than that of v’(x). We continue in this manner until a polynomial r(x) with degree 
less than u(x) is obtained; this polynomial r(x) is the remainder in the division of 
v(x) by u(x). 
To illustrate this process, we will divide v(x) = 3x* — 4x° + 6x — 20 by 
u(x) = x° — 2x + 4 in 2x]. 


v(x) = [v(x) — (3x*) + u(x)] + (3x’) « u(x) 
= [(3x* — 4x° + 6x — 20) — (3x’)(" — 2x + 4)] + (3x’) > ux) 
= [(3x* — 4x° + 6x — 20) — (3x* — 6x° + 12x’)] + (3x’) + ux) 
= (2x° — 12x* + 6x — 20) + (3x’) - u(x) 
= (Og — 12x? + 6x — 20) — (2x) - u(x)] + (2x) - u(x) + (3x7) + u(x) 
= [(2x? — 12x? + 6x — 20) — (2x)(x? — 2x + 4)) + (3x? + 2x) U(x) 
= [(2x? — 12x? + 6x — 20) — (2x° — 4x° + 8x)] + (3x7 + 2x) - u(x) 
= (—8x7 — 2x — 20) + (3x7 + 2x) - u(x) 
= [(—8x" — 2x — 20) — (—8) - u(x)] + (—8) + u(x) + (3x7 + 2x) > u(x) 
= [(-8x* — 2x — 20) — (—8)02 — 2x + 4)) + (3x? + 2x — 8)- U(x) 
= [(—8x? — 2x — 20) — (—8x* + 16x — 32)] + (3x° + 2x — 8) - u(x) 
= (—18x + 12) + (3x* + 2x — 8) - u(x) 


= r(x) + g(x) ° u(x) 
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: 
Hence in the division of v(x) by u(x), the quotient is 3x° + 2x — 8 and the remainder 
is — 18er 1 
The manipulations above are usually displayed in the familiar form of a “long 
division” calculation, shown below. Notice that the polynomials that appear in the 
calculation above are precisely those that occur in the one below. 


3° +2x -—8 
2 tee 4k 6x — 20 
3x4 — 6x° + 12x 
Zee 125 oy — 20) 
2 Ax eames 
-8x7— 2x — 20 
—8x* + 16x — 32 
=x + 12 
Observe that, although the process in Example 4 is called division. no actual 
divisions (in the sense of Section 4.2) are performed: all the calculations are addi- 
tions, subtractions, and multiplications. Consequently the process used in Example 


4 is valid in any polynomial ring. We illustrate this by performing a similar caleu- 
lation in 2[x]. 


M EXAMPLE 5 We will find the quotient and remainder when [3]a* + [2]Ja° + [S]v + [4] is 
divided by x° + [2]x + [5] in S[x]. 


(gin = (1) 
x + [2x + [5] BP + [2]? + [Se + 14) 
[3]x* + [3}° 
—x "(Sx & [4] 
—x — [ie [Sl 
al 
From the calculation above we see that the quotient is [3] [1] [3]a° * [S] and 


the remainder is x + [3]. @ 


M EXAMPLE 6 The division of (3 + DW = C= Dal + Ov + (6 + 2 + (2 * DA FT by 
x + ix? — 2 in C[x] is shown below. 


(3 + dx — Diremehonil _— 
Pt+ir-2) B+iar-— T=Nereer + eee Cnn 
(3+ dx + (-1 + 30x — (6+ 21/)r 
—2ix* + 6x9 + 4ir? + (2 + ix + 1 
—?2ix* sik 2c Aix 
Ay aE dix + (23d 
4x* 23 Aix? + (=8) 
(2 — 3)x +9 
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From this calculation we see that the quotient is (3 + ix? — 2ix + 4 and the 
remainder is (2 — 3i/)x +9. 


When performing division in R[x] with a divisor of the form x — c, a simpli- 
fication of the long division process, called synthetic division, is possible. Suppose 
that we wish to divide 


V(x) = a,x" + a,x" | + +++ + ax + ay 


by x — c. It follows from Theorem 5.3 that there are unique polynomials g(x) and 
r(x) in R[x] such that v(x) = (x — c)q(x) + r(x), where r(x) = O or the degree of 
r(x) is less than the degree of x — c. Since x — c has degree one, g(x) must have 
degree n — | and r(x) = 0 or r(x) is a polynomial of degree zero. In either case 
r(x) = r is an element of R. Suppose that 


q(x) = b,x"! + Dyax"? + +++ + Dix + Do. 
Then 
Va) = = cGy 71x) 
= (x — c)(b,-X" | + b,x"? +e + bxt by tr 
= b,_;x" + (Dy-2 — cb,-\)x"" | + +++ + (by — cb,)x + (r — cb). 
Equating the coefficients in the two representations of v(x) gives 
"Dee, ees — COR) ss» 6 = OD — CO, =, = CG: 
These equations can be rewritten as 
aa a Cc woo, )6=©— gaa, Heeb,. Sage D. 


and so the coefficients of g(x) and the remainder r can be computed successively in 
the order listed above. Moreover, these calculations can be conveniently arranged 


in the table below. 


_& a, Gy=1 aye> see a> a, ag 
ie, Cl... TE Cb, GB; 
bas bea be eee b, bo ie 


Note that the elements of the second row are the products of ¢ with the element in 
the preceding column of the third row, and, since a, = 6, ,, the elements in the 
third row are the sum of the corresponding elements in the first two rows. Thus the 
values of the elements b, can be computed by beginning in the leftmost column and 
proceeding from left to right. . ; 

To illustrate the process of synthetic division, we will divide x" av + Sx - 7 
by x + 2 in <[x]. Since we are dividing by x + 2, the value of c in our table is —2. 
The first row of the table consists of the number ¢ and the coefficients of the dividend 
written in order of decreasing powers of x. Note that we must be certain to include 
coefficients of 0 where necessary. Thus the first row of our table is 


a ae 3) S07. 


Now we draw a line to separate the second row from the third, and we are ready to 


begin. 
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=m) |= 19s 7 


Step 1 Bring the first coefficient in the dividend (the 1) down to the third row. 


=—2) |" 1 0 =o w 


! 


Step 2. Now multiply the number (1) that we just entered in the third row times 
—2 (the number c), and enter the result in the second row, second column. 


=2\  Y 30° =3557 0S 


=2 


Step 3 Add the two numbers (O and —2) in the second column, and write their 
sum in the third row, second column. 


| Rn Ul 6 ees ats Ie 


-2 


1 —2 


Step 4 Repeat steps 2 and 3 for each of the remaining columns. The resulting table 
is shown below. 


| 
tl 
s) 

| 
oO 
Nn 


Step 5 The last number in the third row (5) is the remainder r, and the other num- 
bers are the coefficients of the quotient q(v), written in order of decreasing powers 
of x from left to mght. Thus the quotient and remainder in the division of 
x — 3x° + 5x? — 7 by x + 2 are 


gx) =x'- 2 +x2+4+3x-6 and r=5. 


The Greatest Common Divisor of Polynomials 


Just as for the integers, the division algorithm for polynomials over a field F enables 
us to define the greatest common divisor of polynomials. It is natural to expect that 
the “greatest” common divisor will be a common divisor of largest degree. For poly- 
nomials, however, we must require more, for if d(x) divides a polynomial in F{x], 
then so does cd(x) for every element ¢ € F. Therefore, in order that the greatest 
common divisor of polynomials be unique, we define it as in Theorem 2.5. 


5.2 Divisibility 211 


Let a(x) and b(x) be polynomials over a field F that are not both 0. The greatest 
common divisor of a(x) and b(x) is the polynomial d(x) such that 


(1) d(x) divides both a(x) and b(x); 
(2) if p(x) divides both a(x) and b(x), then P(x) divides d(x); and 
(3) d(x) is monic. 


Note that if d(x) exists, it must be unique. For if both d(x) and d'(x) satisfy 
conditions (1), (2), and (3), then d(x) divides d'(x), and d'(x) divides d(x). Since 
both d(x) and d’(x) are monic, it follows that d(x) = d'(x). (See Exercise 32.) More- 
over, if d(x) exists, then condition (2) guarantees that it is a common divisor of a(x) 
and b(x) of largest degree. The next theorem, which is analogous to Theorem 2.4, 
shows that such a polynomial d(x) does exist. 


M@ THEOREM 5.4 Ler a(x) and b(x) be polynomials over a field F such that not both of a(x) and 
b(x) are 0. There is a unique monic polynomial d(x) of smallest degree that can be 
expressed in the form 


a(x)u(x) + b(x)v(x) 


for some polynomials u(x) and v(x) over F. Moreover, d(x) is the greatest common 
divisor of a(x) and D(x). 


Proof Let S denote the set of all monic polynomials in F[x] that have the form 
a(x)u(x) + bOx)v(x) 


for some u(x), v(x) © Fl[x]. Since a(x) # 0 or b(x) ¥ 0, we may suppose without 
loss of generality that a(x) # 0. Let c ¥ 0, be the leading coefficient of a(x). Then 
a(x)c | + bixyO € S, and so S # ©. Thus the degrees of the polynomials in S form 
a nonempty subset of the natural numbers, and so this set has a smallest element 
because .\ is well-ordered. Let d(x) be a polynomial in S of smallest degree. Then 
d(x) is a monic polynomial such that 


d(x) = a(x)u(x) + b(x)v(x) for some u(x), v(x) € F[x]. 


We will show that d(x) is the greatest common divisor of p(x) and q(x). Apply 
the division algorithm to a(x) and d(x) to obtain polynomials q(x) and r(x) in Fx] 
such that 

a(x) = d(x)q(x) + rx), 
where r(x) = O or the degree of r(x) is less than the degree of div). We will show 
that r(x) = O. If not, then 


r(x) 


il 


a(x) — d(x)q(x) 
= a(x) — [a(x)u(x) + bOxX)v(x) | q(x) 
a(x)[1 — ulx)q(x)} + bOx)[—vOdq(x)]. 


Thus if c is the leading coefficient of r(x), then ¢ 'r(x) is a monic polynomial, and 
c’'r(x) € S because 


crx) = abd[c'( — uddg(0)] + bd [-c 'v(x)q(x)). 
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But the degree of c”'r(x) equals the degree of r(x) and so is less than the degree of 
d(x), contradicting the definition of d(x). It follows that r(x) = 0. Therefore 
a(x) = d(x)q(x), and so d(x) divides a(x). A similar argument shows that d(x) divides 
b(x). Therefore d(x) is a common divisor of a(x) and b(x). 

Now let p(x) be any common divisor of a(x) and b(x). Since 


d(x) = a(x)u(x) + b(x)v(x), 


p(x) divides d(x) by Exercise 28. Because d(x) is monic, it follows that d(x) is the 
greatest common divisor of a(x) and b(x). 

We have shown that a monic polynomial in S of smallest degree is the greatest 
common divisor of a(x) and b(x). Because the greatest common divisor of a(x) and 
b(x) is unique, it therefore follows that there can be only one monic polynomial in 
S of smallest degree. Ml 


Just as for integers, the Euclidean algorithm provides a method for computing 
the greatest common divisor of polynomials. 


@ THEOREM 5.5 (The Euclidean Algorithm for F[x]) Ler a(x) and b(x) be polynomials over 
a field F such that a(x) # 0. Successively apply the Corollary to Theorem 5.3 until 
the first zero remainder is obtained: 


b(x) = a(x)q,(x) + r(x), 
a(x) = r\(x)qx(x) + r(x), 


r(x) = r.Qx)q.(x) + r(x), 


r,=as) =" 7, \CONga) + zee); 
Feat) "7d aien(); 


where the degree of r(x) is less than the degree of ala) and the degree of ry. (x) ts 
less than the degree of r(x) for k = 1,2. ....1 — 1. Ife is the leading coefficient 

7 . career : —— ——o _ " 
of the last nonzero remainder r,(x), then ¢ ‘r,(x) is the greatest common divisor of 


a(x) and b(x). 


Proof The proof is similar to that of Theorem 2.3 and is left as an exercise. (See 
Exercise 30.) I 


M@ EXAMPLE 7 We will use the Euclidean algorithm to compute the greatest common divisor 
of 6x* + 9x° — 5x* ~ Sx — 3 and 2x° + x* = 2% — 1) Since inithe statement of the 
Euclidean algorithm a(x) is to be divided into b(x), we take the polynomial of larger 
degree to be b(x). Thus we let _ 


b(x) = 6x* + Ox? — 5x? — 5x — 3 and atxy= 2x7 + x? — 2x = 1, 
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Dividing b(x) by a(x) using the division algorithm, we obtain 
6x* + 9x° — 5x* — 5x — 3 = (28 + x? — 2x — 1)(3x + 3) + (8X + 4x). 
Next we divide a(x) by the first remainder 8x’ + 4x; this yields 


2x? +x —-2x-1=(8 + wo(4s) 2% 1), 


We continue by dividing the previous divisor by the previous remainder: 
8x° + 4x = (= 2 — eax 0; 


Since a zero remainder has been obtained, the algorithm ends. 
The last nonzero remainder is —2x — |. Multiply this polynomial by the inverse 
of its leading coefficient to obtain a monic polynomial: 


Jee 
2 ge 


Thus x + 1/2 is the greatest common divisor of the given polynomials. 

The calculations above also enable us to express the greatest common divisor 
in the form a(x)u(x) + b(x)v(x). As in Section 2.1, we begin with the last nonzero 
remainder and work backwards, substituting for each successive remainder. 


; OI] ; 7 P 1 
—2x —1= (2° + x — 2x- 1) - (8° + 40( 42) 
3 Rd a) 3 2 3 4 ] 
=weeees” — Bie — 1) — lee + On — Se — Se — 3) — (re + x — 26 -— Weert 3) 4% 
2 1 a 
= [ ae (oe or (4s) Jer ar oe ae (4. )ie« +i — 51° — Su— 3) 
3 2 3 3 2 c ] fA 3 2 
= 4 Foie =: ie +f 1)(2x = 2 == Ie a" (Ge + Oge— Sr = Sie) 


4 


Hence 
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EXERCISES 5.2 


In Exercises 1-8 find the quotient and remainder when vv) ts divided by uv) in Riley. 


1. v(x) = 5x’ — 16x° + 21x + x4 — 6x? — x? + 21x -— 12 u(x) = 2° — 3x7 + 4x - 1 
R= 
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2. 
3. 
4. 
=F 
6. 
7 


8. 


1 art ci cle) 1 
=e —_— _- _—_=— —-r-— = +-—-r-1,R= 
v(x) Pale Fs 3 rol z a u(x) = x? > Q 
wo =x te txt te e¢ txt flue =xvrtrt+xt+ [l],R=% 
vx) = 2p? + 2 + (2h + [1], ua) = 2 + 21,R=% 
v(x) = [2p° + x4 + 2x7 + [1], ux) = 7 + (2x + [1], R = 2 


v(x) = [B]x® + 2° + [3)x* + [5S]? + x + [4], ux) = x + [S]}? + (2) + [4], R = % 
v(x) = 3x° + (V6 — 3V2)x* + (V3 — V2) + B+ 3V2P + (5 — VOx + 8V3, 
u(x) = x2 — V2x + V3,R=R 

v(x) = (1 + 2ix* -— (1 + 2x? + (-2 + «11D? + (7 — de + (-7 + 109, ue) = 
aS it (+ ik 


In Exercises 9-16 use synthetic division to find the quotient and remainder when v(x) ts 
divided by u(x) in Q[x). 


9. 
10. 
ii. 
12. 
13. 
14. 


15. 


16. 


v(x) = 2° — 5x° + 4x -— 7, u(x) = x - 3 
v(x) = 3x° — 2x7 + 6x — 8, u(x) = x -— 2 
v(x) = 4x4 + 5° — 3x -— lu) =xt+1 
v(x) = 2x* — 7x7 + 5x — 4, u(x) = x +2 
v(x) = —x° — 3x4 — 15x? — 2x + 16, ux) =x + 4 


v(x) = —x° + 2x? + 56x — 12, ux) = x + 3 
ly =, eel 

Wx) = —x* — 2x) +H + =x — —, ux) = x — 6 
4 2 2 4 


i ; Pe tl 25 
Vjl= =X — 3x0 + x ES x ue) = x — 5 
2 2 4 


In Exercises 17-24 use the Euclidean algorithm to find the greatest common divisor of aa) * 
and b(x) in F{x], and express it in the form a(x)u(x) + b(x)v(x). 


17. 
18. 
12 
20. 
21. 
22. 
23. 
24. 


25. 


26. 


4 


a(x) = x° — 2x? — 13x + 6, D(x) = 2x° — 4x4 — 25x° + 11x? -— 18x + 8, F=Q 
a(x) = x° — 3x —- 2, ba) = x4 + x -— 4° —- 72x -3.F =C 

ax) =x +a’ 1' + vebeoeek” pede FV eee 1. es =, 

a(x) = [2]x* + [2}° + (2)? + [1], d@) = x° + [2)x4 + [2], F =<, 

a(x) = x% -— 1, bx) = x“ + 1, F = 


a(x) = x” — 1, bx) = x77 -1,F =R 
a(x) = 2x* — x? -— 2? — 2e — 1, b@) = xt + xP - P- 4-2, F = R 


a(x) = x0 ~ 1, dG) = xh + + Bx +x +2, F =Q 


Show that in 2,o[v] the polynomial 1 can be factored as a product of two polynomials 
of degree one. 

Show that every polynomial in =,[x] can be expressed as a product of two polynomials 
having positive degrees. Hint: Consider ({2]x + [1])’. 


Prove that if D is an integral domain, then a polynomial in D[x] cannot divide a nonzero 
polynomial of smaller degree. 
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28. Let R be a commutative ring with identity. Prove that if p(x), a(x), and b(x) are poly- 
nomials over R such that p(x) divides both a(x) and b(x) in R[x], then for any polynomials 
u(x) and v(x) over R, p(x) divides a(x)u(x) + b(x)v(x). 

29. Let F be a field. Prove that if u(x), v(x), and w(x) are polynomials in F[x} such that u(x) 
divides v(x) and v(x) divides w(x), then u(x) divides w(x). 

30. Prove Theorem 5.5 by modifying the proof of Theorem 2.3. 


31. Let F be a field, and let u(x) and v(x) be polynomials over F such that u(x) divides v(x) 
and v(x) divides u(x). Prove that u(x) = cv(x) for some c € F. 


32. Let F be a field, and let u(x) and v(x) be monic polynomials over F such that u(x) divides 
v(x) and v(x) divides u(x). Prove that u(x) = v(x). Hint: Use Exercise 31. 
Let F be a field and p(x) a monic polynomial in F [x] such that p(x) = u(x)v(x) for some 
polynomials u(x) and v(x) in F [x] of degrees m and n. Prove that p(x) = u'(x)v'(x) for 
some monic polynomials u’(x) and v'(x) in F [x] of degrees m and n. 


34. How would you define the least common multiple of polynomials p(x) and q(x) in F[x]? 


In Exercises 35—40 let F be a field. Two polynomials in F[{x] are called relatively prime if 
their greatest common divisor is 1. 


35. Show that if a # b, then x + a and x + b are relatively prime in F[x]. 

36. Show that p(x) and q(x) are relatively prime in F[x] if and only if p(x)u(x) + g(x)v(x) = 1 
for some u(x), vic) € F{x]. 

37. Let p(x), g(x), u(x) © F[x]. Prove that if p(x) and q(x) are relatively prime and both p(x) 
and q(x) divide u(x), then p(x)q(x) divides u(x). 

38. Let p(x), u(x), v(x) © F[x]. Prove that if p(x) and u(x) are relatively prime and p(x) and 
v(x) are relatively prime, then p(x) and u(x)v(x) are relatively prime. 

39. Let p(x), u(x), v(x) © F[x]. Prove that if p(x) and v(x) are relatively prime and p(x) 
divides u(x)v(x), then p(x) divides v(x). 

40. Let F and K be fields such that F is a subfield of K. Show that if p(x) and q(x) are 
relatively prime in F[x], then p(x) and q(x) are also relatively prime in K[x]. Hint: Use 
Exercise 36. 


5.3 ROOTS AND IRREDUCIBLE POLYNOMIALS 


The study of roots of polynomials has played a prominent role in the history of 
algebra. The theory of equations, as this study ts called, was once a prominent part 
of the college mathematics curriculum. In this section we will learn some of the 
basic results of this theory. We will also prove a result similar to the fundamental 
theorem of arithmetic (Theorem 2.10) for polynomials over a field. 

Let R be a commutative ring with identity and 


] 
Pie Gee + 0,-;% + °°: + ax TF a 


an element of R[x], that is. a polynomial over R. For a given clement r © R. we 
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7% 


can “substitute” r for x in the polynomial p(x) to obtain the expression 
ar ar PS Ha ee 


which is a sum of products of elements of R and hence is an element of R. This 
element of R will be denoted by p(r). Thus we have associated with each polynomial 
p(x) € R[x] an element of R, and so this substitution process defines a function ¢, 
with domain R[x] and codomain R. We call the function ¢,: R[x] — R defined by 
©,(p(r)) = p(r) an evaluation mapping. The next theorem tells us more about eval- 
uation mappings. 


@ THEOREM 5.6 Let R be a commutative ring with identity, and letr © R. Then the evaluation 
mapping ¢,: R[x] = R is a homomorphism of R(x) onto R. 
Proof Let 
Dx) =a + tardy and q(x) = b,x" + «>: + bx + Do 


be elements of R[x]. Suppose without loss of generality that m <n. and let 
Dinvt = Dns. = *°* = b, = Og. The sum of p(x) and q(x) is the polynomial 


u(x) = (a, + b,x" + >>> + (a, + be 4i(@y FB, 
Using the ring axioms for R, we see that 
u(r) = (a, + b,)r" + +++ + (a, + br + (ao + bo) 
=a(a,7 ab, ie: ++ + (air + Dir) + agen) 
= (a,r" + ... + ayr + ao) + (br + +> + Bir + BH) 


= pW). 
Thus 


e(p(x) + g(x) = ofu(x)) = u(r) = p(r) + g(r) = e(p@®) + (¢(a)). 


Likewise, a straightforward but tedious argument proves that 


P( POA) = PINT) = O(pPONe(q(a)). 


Hence @, is a homomorphism. 
Leta € R. To show that g, ts onto, we consider pia) = a. which is a polynomial 
over R. Thus p(x) € R[x], and clearly ¢,(p(x)) = a. OF 


In the preceding discussion we are regarding r as a fixed element of R and 
applying ¢, to different polynomials over R. We will now change our perspective 
and consider a fixed polynomial p(x) over R and allow r to vary over all the elements 
of R. Aneclement r € R is called a root of p(x) if ¢,(pi)) = Og. that is. if pi) = Og. 
Much of our work tn the remainder of this chapter will s devoted to studying the 
roots of a polynomial. 

When searching for the roots of a polynomial, we will frequently use the fol- 
lowing theorem and corollary. 
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m@ THEOREM 5.7 (The Remainder Theorem) Le? c be an element of R, a commutative ring 
with identity, and let p(x) be a polynomial over R. Then the remainder in the division 
OF py oy x — Cc isep(c). 


Proof By the division algorithm there exist q(x) and r(x) in R[x] such that 
PQ) = & — c)g) + ra), 


where r(x) = O or the degree of r(x) is less than the dégieeof x — c. Since:the degnee 
of x — cis 1, it follows that r(x) = 0 or r(x) is a polynomial of degree 0. In either 
case r(x) = a for some element a € R. Thus 


PO) =e c)q(x) + a. 
Applying the evaluation homomorphism ¢, to both sides of this equation gives 
P(c) = eA p(x)) = el — c)q(x) + a) 
= g(x — c)p(q(x)) + ¢(a) = (c — c)q(c) + a = Op ta=a. 
Hence the remainder in the division of p(x) by x — c is r(x) = a= p(c). & 
@ EXAMPLE 1 The remainder theorem shows that when dividing p(x) = 3x* — 5x° + 6x — 8 
by x — 1 in 2[x], the remainder is 
p(t) = 3(1)* — 51) + 6(1) - 8 = 3 —-5 + 6-8 = —4., 
Note that 
p(x) = (x — 13x? + 3x° — 2x + 4) - 4, 
and so the quotient is 3x° + 3x° — 2x + 4 and the remainder is —4. 

M COROLLARY (The Factor Theorem) Let c be an element of R, a commutative ring with 
identity, and let p(x) be a polynomial over R. Then x — c divides p(x) in R[x] if and 
only if p(c) = Op. 

Proof Apply the division algorithm to write 
P(x) = (x — c)q(x) + r(x), 


where r(x) = O or the degree of r(x) is less than the degree of x — c. The remainder 
theorem shows that r(x) = p(c). Thus if plc) = Og, then ria) = 0; so x — © divides 
p(x). Conversely, if x ~ c divides p(x), then r(v) = 0 by the uniqueness of the quo- 
tient and remainder. Since r(x) = p(c) by the remainder theorem, we have p(c) = Ox. 

| 


Note that the factor theorem says that ¢ is a root of p(y) if and only if.« — ¢ Is 
a factor. This fact helps us to factor 4 polynomial as in the following examples. 


@ EXAMPLE 2 We will factor the polynomial p(x) = x5 ov + x — Tin Cla). Note that 
ry) iy P= 1-1+1-1=0. 
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Hence 1 is a root of p(x), and so the factor theorem shows that x — 1 is a factor of 
p(x). Using synthetic division, we find that the quotient in the division of p(x) by 
x — lis x* + 1. Hence 


pax) =P -xr+x-1=(- DO + I). 
Note that i is a root of x* + 1 because 
(i)? + {= CEly+ 1] 


and so x — i is a factor of x’ + 1. In the division of x + 1 by x — i, the quotient 
is x + i. Hence —i is also a root of x* + 1 and 


rl =e ir rw 
Therefore in C[x] we have 


p®) =(x-)D)C+)=e-DEa-dADat+y). B 


@ EXAMPLE 3 We will factor the polynomial p(x) = x — x — x + 1 in 2[x]}. Note that 
pay= dy - ar -1+1=1-1-14+1=0. 


Hence | is a root of p(x), and so the factor theorem shows that x — 1 is a factor of 
p(x). By synthetic division, we find that the quotient in the division of p(x) by x — 1 
is x° — 1. Hence 


pPa=rP-xr-xt+1=(—- IO - DI. 
From elementary algebra we know that 
x —1= (x — 1) +). 
Therefore 
P(x) = & — DO? - 1 
GQ= He — Wa 1) 
=@-lytel. @ 


I 


In Example 2 we saw that x — x +t x — Lisa product of three distinct poly- 
nomials of degree 1 in C[x]. On the other hand. the polynomial x° - av - x + Fin 
Example 3 is a product of three polynomials of degree 1. only two of which are 
distinct. The following terminology is useful in describing this situation. 

A root ¢ of p(x) is said to have multiplicity m if m is the largest integer such 
that (x ~ ¢)” divides p(x). In Example 3, for instance, —1 is a root of multiplicity 
1, but 1 is a root of multiplicity 2. 


@ EXAMPLE 4 In 2,[x], let 
p(x) = x’ + [2]. 
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We will determine all the roots of p(x) and their multiplicities. Note that [1] is a 
root because 


p((1]) = [1p + [2] = [1] + (2] = [0]. 


Hence by the factor theorem x — [1] is a factor of p(x). By synthetic division we 
obtain 


x + (2)=9@ — [1)@? + x + [ip. 
Since 
[17° + [1] + (1) = [17] + (1) + (1) = [0], 
we see that [1] is also a root of x° + x + [1]. Therefore the factor theorem shows 
that x — [1] is a factor of x° + x + [1], and synthetic division gives 
x = = (el) = & — ii). 
Thus 
meas FIZ) (ie +x +l) =G -—Bpe- wy =G—-Ti- 


and so p(x) has only one root, namely [1], which is a root of multiplicity 3. 


In each of Examples 2, 3, and 4, p(x) is a polynomial of degree 3 that has at 
most three roots. In general, we cannot expect a polynomial to have any roots; for 
instance, p(x) = x’ + 1 in ‘R[x] has no roots. It seems natural to expect that a poly- 
nomial of degree n should have no more than n roots. The next example shows that 
this need not be the case, however. 


M@ EXAMPLE 5 In Z,[x], the polynomial of degree 2 
p(x) = {3} + [3] 
has three roots, namely [1], [3], and [5]. @ 


To nd ourselves of this pathology, we must consider polynomials over an in- 
tegral domain. In this case the following result can be proved. 


@ THEOREM 5.8 A (nonzero) polynomial of degree n over an integral domain can have at most 
n roots. 


Proof Let D be an integral domain and p(x) a polynomial over D of degree n. The 
proof will be by induction on n, beginning with n = 0. If p(x) is a polynomial of 
degree 0 over D, then p(x) = a for some nonzero element a € D. In this case p(x) 
has no roots in D, and so the result is true if n = 0. 

Suppose that the result is true for polynomials of degree k = 0, and let p(x) be 
a polynomial of degree k + | over D. If p(x) has no roots in D, then the result is 
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immediate; so suppose that c is a root of p(x). Then the factor theorem shows that 
there is a polynomial q(x) over D such that 


p(x) = (x — c)q@). 


Since x — c has degree 1, it follows from Theorem 5.2 that q(x) has degree k. Thus 
the induction hypothesis shows that q(x) has at most k roots in D. To complete the 
proof, we need only show that every root of p(x) is either a root of x — ¢ or a root 
of g(x). But if a is a root of p(x), then as in the proof of the remainder theorem we 
have 


Op = p(a) = (a — c)q(a). 


Because D has no zero divisors, it follows that a — c = Op or gia) = Op. and hence 
a is either a root of x — c or a root of q(x). Hence p(x) has at most k + | roots. 
This completes the induction. & 


M@ COROLLARY = Let u(x) and v(x) be polynomials over an integral domain D such that uia) = (a) 
for n distinct elements of D. If the degrees of u(x) and v(x) are both less than n. 
then u(x) = v(x). 


Proof Let c,, c), ..., c, be n distinct elements of D for which uc.) = vic,). Sup- 
pose that u(x) # v(x). Then p(x) = u(x) — v(x) is a nonzero polynomial over D of 
degree less than n, and for i = 1, 2, ..., m we have 


p(c)) = u(e;) — v(¢)) = Op. 


Thus p(x) has at least n distinct roots. contradicting Theorem 5.8. 


M@ EXAMPLE 6 The Corollary to Theorem 5.8 need not hold for polynomials over an arbitrary 
commutative ring with identity. In <,[.]. for instance, the polynomials 


P(x) = [3}x? + [3] and q(x) = [3]x + [3] 
are equal when x = [1], x = [3], and x = [5]. @ 


We can use the Corollary to Theorem 5.8 to justify a statement made in Section 
5.1. Let R be an infinite integral domain and § the ring of polynomial funetions with 
domain and codomain R. If the polynomials piv) and gv) are distinet but their in- 
duced polynomial tunctions p and q are equal, then pia) ~ q(x) will have more roots 
than its degree, contradicting the Corollary to Theorem 5.8. Hence the homomerph- 
ism WV: Rix] > S in Section 5.1 that maps pir) € Riv] to the polynonual function 
p induced by p(x) is an isomorphism, and so the ring of polynomial functions over 
R is isomorphic to R[x] when R is an infinite integral domain. 


Unique Factorization in F[x] 


In our study of the integers, the primes played a critical role. The polynomials that 
correspond to the prime integers are called irreducible. 
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Let F be a field. A polynomial p(x) over F of positive degree is called irre- 
ducible in F|.x] if p(x) cannot be expressed as the product of two polynomials over 
F having positive degrees. Thus p(x) is irreducible in F[x] if and only if a divisor 
of p(x) with positive degree must have the form cp(x) for some c € F. 


M@ EXAMPLE 7 The polynomial x° — 2 is irreducible in Q[x] but not in ‘R[x] because 
2 -2= («+ V2) - V2). a 


M EXAMPLE 8 The polynomial x° + 1 is irreducible in ‘R[x] but not in C[x] since 
r+l=a+)x-). 8 

From Examples 7 and 8 we see that whether a polynomial is irreducible over a 
field depends both on the polynomial and the field. It follows from Theorem 5.2, 
however. that every polynomial of degree | over a field is irreducible. In ([x] the 
only irreducible polynomials are those of degree |, but, in general, determining which 
polynomials are irreducible over a given field can be quite difficult. This is the case 
for polynomials over Q, as we will see in Section 5.4. 


The following result is analogous to the Corollary to Theorem 2.9. It shows that 
the irreducible polynomials over a field behave like prime integers. 


M@ THEOREM 5.9 Ler p(x), r(x), and s(x) be polynomials over a field F such that p(x) ts irre- 
ducible in F(x] and p(x) divides r(x)s(x). Then p(x) divides r(x) or p(x) divides s(x). 


Proof Let g(x)p(x) = r(x)s(x), and suppose that p(x) does not divide r(x). Because 
p(x) is irreducible in F{x], the greatest common divisor of p(x) and r(x) must be 1. 
Hence by Theorem 5.4 there exist polynomials u(x) and v(x) in Fx] such that 


P(x)u(x) + r(x)v(Qx) = 1. 
Multiplying this equation by s(x) produces 
pCaues) + rix)vGas(x) = sc). 
Therefore 
s(x) = p(x)u(x)s(x) + vOrq(x)p(x) 
= [u(x)s(x) + vOq(x) |p), 
so that p(x) divides s(x). 


M@ COROLLARY Let p(x). giQ). gs00. ©... ih) be polynomials over a field F. If p(r) ts trre- 
ducible in F |x| and pry divides qvyqsry oo. ql. then par) divides Yr) for some 
eo |< e aner 


We are now prepared to prove an important result analogous to the fundamental 
theorem of arithmetic. 
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@ THEOREM 5.10 (Unique Factorization Theorem for F[x]) Let p(x) be a polynomial of 
positive degree over a field F. Then 


a= ap,(x)""p(x)” .. . px)”, 


where a is the leading coefficient of p(x); p\(x), p(x), ..., p(x) are distinct monic 
irreducible polynomials in F{x]; and m,, mz, ..., m, are positive integers. This fac- 
torization is unique up to the order of the factors. 


Proof We will begin by showing that p(x) has a factorization of the required form. 
Let p(x) be a polynomial of degree n over F with leading coefficient a. The proof 
will be by induction of n. If n = 1, then p(x) = ax + b for some b € F. Taking 
c =a''b, we have 


p(x) = ax + b=a(x+ co). 


Since every polynomial of degree 1 over F is irreducible. this is a factorization of 
p(x) having the required form. 

Now assume that all polynomials of degrees 1, 2, ..., m — 1 have factorizations 
of the required form. If p(x) is irreducible, then so is p,(x) = a '‘ptx). and hence 
p(x) = ap,(x) is the desired factorization of p(x). Otherwise. if p(x) is not irreducible. 
then p(x) = r(x)s(x) for some polynomials r(x) and s(x) of positive degree over F. 
It follows from Theorem 5.2 that the degrees of r(x) and s(x) are both less than m, 
and so the induction hypothesis implies that both r(x) and s(x) have factonzations 
of the required form. The product of these factorizations of rv) and s(x) then vields 
the required factorization of p(x). This completes the induction argument. proving 
the existence of the desired factorization. 

To prove the uniqueness of this factorization up to the order of the factors, we 
will again proceed by induction on n, the degree of p(x). For n = 1 any factorization 
of p(x) must consist of an element of F multiplied by a pelynemial of degree 1. 
Suppose therefore that p(w) = au(x) and p(x) = av(y) are two factorizations of p(x) 
with the required form. Then u(x) = a ‘'p(X) = (a). proving the uniqueness of the 
factorization in this case. 

Now suppose that tor polynomials of degrees 1. 2. 2... — La factorization of 
the required form is unique up to the order of the factors. Let 


P(x) = a(x)" u(x)? ©. y(x)™ = av (X)"v,(x)? 22. v0)” 


be two factorizations of p(v) having the specitied form. Now u,(a) divides p(x), and 
SO u,(x) also divides 


av, (x)"'v2(x)? ... v(x)” 


Since (x) is irreducible, the Corollary to Theorem 5.9 implies that u(x) divides 
v(x) for some 7, and by renumbering, if necessary, we can suppose that ¢ = 1. But 
since v,(¥) is reducible and both w,(v) and +(x) are monic, it follows that W(x) = v(x). 
Let q(x) denote the quotient for the division of p(x) by u,(x). Then 


my m, 


os yx) ay (x) "V5 Gale. v(x)”. 


Since q(x) has degree less than n, the induction hypothesis implies that j = k, and 


q(x) = au,(x)™"'uo(x) 
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with the appropriate renumbering, p.x) = 9.0), ...,. p(x) = q(x), and 
m—1l=r,—-—1, m, =r), ..., m= r,. This proves that the two representations 
of p(x) are the same up to the order of the factors. Hence the induction is complete, 
proving the uniqueness of this factorization up to the order of the factors. I 


EXERCISES 5.3 


In Exercises 1-8 find all the roots of the given polynomial over R. 


lLxwtxert+xt[l],R=2% 2. [(2b° + x + [1], R= Z 
Silk + x* + (2x, Rk = 2 Ax ox PS. R =e, 
Sx — 13x, + 36,8 — 2 6. x — 2x? + 8’ - 16,R=Q 
7.x+V2x-4,R=R 8. x4 +274+1,R=C 


In Exercises 9-16 factor completely each polynomial over the given field F. 
a. x; — or = 2, 

10. x —x,F = 2, 

11. x* — [1], F = 2, 

igee — xP = Z, 

Iser tx +x 4 2iP 4 (2k + 2), F = 2, 

14. x° + [4]¢ + [3])x* + [3])° + x? 4+ 2x + [3], F = 2, 

15, xo + x‘ — 16x — 16, F = 

IGhx — 9x° — 8x + 72, F =C 


17. Prove that if F is a field, then every polynomial of degree 1 over F is irreducible. 
Prove that if F is a field, then a polynomial of degree 2 or 3 over F is irreducible if and 
only if it has no root in F. 


Use Exercise 18 to determine if each polynomial In Exercises 19-26 is trreducible in F\x). 
If a polynomial is not irreducible, factor it as described in Theorem 5.10. 


19. x + [1], F = 2; Zee alee =, 
21. x + x* + [2]x + [3], F = 2; 22.x + (Al, fete 
2.x ¢+¢x+[1],F = Wx tx’ +([2],F = 
25. x + [4], F = 2 26. + (1), F = &, 


27. Prove that x* + 1 is irreducible in Z,[x] but not in 2s[x]. 

28. Find a prime m > 5 such that x + 1 is not irreducible in <,,[x}. 

29. Find two different factorizations of Vo + a into a product of monic factors of degree one 
in Z,[x]. Does this example contradict Theorem 5.10? 

30. Find two different factorizations of y' + ¥ into a product of monic factors of degree one 
in Zyolx]. 

31. Over each of the following fields, factor 3x" 12 into the form described in Theorem 


5.10. 
(a) Q (b) ‘R (c) ¢ 


224 Chapter 5 Polynomials 


32. Over each of the following fields, factor x* — x° — 6 into the form described in Theorem 
S210; 

(a) Q (b) R (e)eC 

33. Find c € ® such that x + 2 is a factor of 5x + 3x° — 4x + c in R[x]. 

34. Let F be a field and p(x) = a,x" + a,-\x" | + +++ + ax + do E Fx]. Prove that if r 
is a nonzero root of p(x), then r' is a root of ax” + ax"! + +++ + a,x + ay. 

35. Prove that if F is a field, then every polynomial of degree | in F[x] has exactly one root. 

36. Let F be a field. Prove that p(x) has a factor of degree 1 in F[{x] if and only if pix) has 
a root in F. 

37. Let F be a field. Prove that a polynomial of degree 2 in F[x] either has no roots or can 
be factored as c(x — a)(x — Bb) in F{x]. 

38. Give an example of a commutative ring with identity R. a polynomial pix) € R[x] of 
degree | that has no roots in R, and a polynomial q(x) € R[x] of degree | that has two 
roots in R. 

39. Prove that no polynomial of degree 2 is irreducible over ¢. Hint: Use the quadratic for- 
mula. 

40. Prove the Corollary to Theorem 5.9. 


41. Let p(x) be an irreducible polynomial over a field F. Prove that cpt.) is also irreducible 
for any nonzero element c € F. 

42. Let F be a field. Prove that p(x) is irreducible in F[x] if and only if a diviser of pia) 
with positive degree must have the form cp(x) for some c € F. 

43. Show that if p is a prime. the number of monic polwnemials of degree 2 that are irte- 
ducible over Z, is (p* — p)/2. 

44. How many monic polynomials of degree 3 are irreducible over 2. where p is a prime? 

45. Let p(x) and q(x) be nonzero polynomials over a field F. Suppose that the factorizations 
described in Theorem 5.10 are known for p(ad and gia). Exaplam how to use these tac- 
torizations to determine the greatest common divisor of p(x) and q(x). 

46. Complete the proof of Theorem 5.6 by showing that 9 p( q(x) = p(ra(r). 

47. Let R be a commutative ring with identity. Show that @,: R[x] — R is nor one-to-one. 


48. Give an example to show that the evaluation mapping ¢,: Rla| = R need not be a home- 
morphism if R is not commutative. Hint: If a, b € R and ab # ba, consider p(x) = x 
and q(x) = a. 


5.4 POLYNOMIALS OVER 


We have seen in Theorem 5.10 that every polynomial of positive degree over a field 
can be factored into a product of irreducible factors. In this section and the next we 
will investigate the nature of the irreducible polynomials over Q. °K. and C. the most 
important fields in elementary mathematics. 

Consider any polynomial p(v) over a field F. If p(x) is irreducible, its only fae- 
torizations are as a product of a constant polynomial (that is, an element of F) and 
a multiple of p(v). Otherwise, if p(x) is not irreducible. it can be factored into a 
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product u(x)v(x) of two polynomials with positive degrees. If p(x) has degree two, 
necessarily each of the factors u(x) and v(x) must be of degree one. Similarly if p(x) 
has degree three, it must factor as a polynomial of degree one times a polynomial 
of degree two. In either of these cases p(x) must have a factor of degree one, and 
so by the factor theorem must have a root in F. Thus determining the irreducible 
polynomials over F is related to finding the roots of polynomials. 

A polynomial p(x) over Q can be multiplied by a positive integer so as to obtain 
a polynomial over = that has the same roots. For example, if we multiply 


hg 1 1 
a a 
p(x) * 8 x 4 
by 8, which is the least common denominator of its coefficients, we obtain the poly- 


nomial 
g(x) = 4x7 —- 8° —~x+2 


with integer coefficients. Since p(x) = 8q(x), we see that p(c) = 0 if and only if 
q(c) = 0. Thus p(x) and q(x) have the same roots. It turns out that there is a simple 
procedure for determining the rational roots of a polynomial with integer coefficients, 
and so it is possible to determine the rational roots of any polynomial over Q. This 
procedure is based on the following result. 


@ THEOREM 5.11 (Rational Root Theorem) Ler p(x) be a nonzero polynomial over =. If 
r/s is a rational number in lowest terms that is a root of p(x), then r divides the 
constant term of p(x) and s divides the leading coefficient of p(x). 


Proof Let p(x) = a,x" + a,-,x" | + +++ + ayx + apo, where a, # 0. If r/s is a root 


of p(x), then 
; 
So eee of a(2) + Ao. 
3 


r r\" r\ 
OTE) ar ie prey 


Multiplying the equation above by s” gives 


-1 


O=ar +a,_r"'s +--+ ars ' + as". 
Therefore 
—a,r" — a,-yr" 's — +++ — ayrs"' = aos", 
or 
r(—a,r" | — a,_-\r" 2s — +++ — ays"') = ays". 


Since r divides the left side of the equation above, it must also divide the right side. 
Now the greatest common divisor of r and s is 1 because r/s ts in lowest terms, 
and therefore Example 2 of Section 2.2 shows that the greatest common divisor of 
rand s" is 1. Hence Theorem 2.9 implies that r divides dp. 

We can also rewrite the equation 


1 } r 
ewer ae os +++: + ays” + ays” 
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as 
-dyo 0+ ase ae) ee 


Thus a similar argument shows that s divides a,. @ 


™@ EXAMPLE 1 We will use the rational root theorem to determine all the rational roots of 
p(x) = 4x* + 8x° — 7x? — 11x — 3. Any rational roots of p(x) must have the form 
r/s, where r divides —3, the constant term of p(x), and s divides 4, the leading 
coefficient of p(x). Thus the possible values for r are +1 and +3, and the possible 
values of s are +1, +2, and +4. Hence the only possible rational roots of p(x) are 

1 3 3 

= + + os 

a Pig i =>? and a 
We can determine the rational roots of p(x) by evaluating p(c) for the twelve 
values listed above. Since p(1) = —9, p(—1) = —3, and p(1/2) = —9, we see that 
1, —1, and 1/2 are not roots. On the other hand, p(—1/2) = 0, and so —1/2 is a 

root. Continuing in this manner, we obtain 


Deel : (3) = 441 =) =75 
Pp , Pp 4 64° Pp : eS =. 


3 3 3 675 3 51 
=) = 12, a ee Sx ste ee 
“ (5) P ( |] P (3) = = ol 3) 64 


Thus we see that the only rational root of p(x) is -—1/2. HE 


In Example | we found the rational roots of a polynomial in =[x] by using the 
rational root theorem to determine the possible rational roots and then evaluating the 
polynomial at each possibility. Although this method will find all of the distinct 
rational roots, it will not determine the multiplicity of a root. Another approach that 
makes use of the factor theorem may yield additional information. 

In Example |, after we have determined that +1 and 1/2 are not roots and 
—1/2 is a root, let us use the factor theorem. It follows from this result that 
x — (-1/2) = x + 1/2 is a factor of p(x). But then so is 


i l 
a(x + _ = Pee ae II. 
9 


~ 


which has integer coefficients. Divide p(x) by 2x + 1 to obtain 
p(x) = (2x + 1)(2x° + 3x7 -— 5x — 3). 


Clearly any roots of 2x' + 3x° — Sx — 3 must also be roots of p(x), and so we will 
apply the rational root theorem to 2x° + 3x° — Sx — 3. A rational root r/s of this 
polynomial must be such that r divides —3 and s divides 2. Hence the possible values 
of r are +1 and +3, and the possible values of s are +1 and +2. Thus the possible 
rational roots of 2x° + 3x* — 5x — 3 are 


15 aE 


I+ 
w& 
= 
(eu 
I+ 
Nj} Ww 
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Notice that the numbers 


Pas and Be 
4 

in the original list of twelve possible rational roots of p(x) are now eliminated from 
consideration. In fact, of the eight numbers in the list of possible rational roots of 
2x’ + 3x° — 5x — 3, there are only five numbers that need to be checked because 
1, —1, and 1/2 are known not to be roots of p(x), and therefore cannot be roots of 
a factor of p(x). Thus, after discovering that —1/2 is a root of p(x) in Example 1, 
we still had eight candidates left to check, whereas our present apprcach requires 
checking only five. Moreover, if we check —1/2, we see that —1/2 is also a root 
of 2x + 3x° — Sx — 3. Applying the factor theorem as before, we find that 


2x° + 3x — 5x — 3 = (2x + 1) + x — 3). 


-ilw 


Hence 
p(x) = (2x + 1)(2x? + 3x? — 5x — 3) 
= (2x + 1)(2x + IQ? + x — 3) 
—Qnq Ix + x — 3). 


We still must consider the roots of the quadratic factor x? + x — 3. But these are 
easily determined by using the quadratic formula. In this case the remaining roots 


are 
—-1+VP- 41-3) -1+V13 


2(1) Pi 


o 


which are not rational. Thus we have again found that the only rational root of p(x) 
is —1/2, but through the use of this method we obtain the additional information 
that —1/2 is a root of multiplicity two. Moreover, the present method requires fewer 
calculations than the approach in Example 1. 


@ EXAMPLE 2 We will factor the polynomial p(x) = 8x' + 4x° — 10x + 3 into irreducible fac- 
tors over Q. We noted above that if a polynomial of degree three is not irreducible, 
then it must have a root. Hence we will apply the rational root theorem to look for 
roots r/s of p(x). In this case r divides 3 and s divides 8, and so the possible rational 
roots of p(x) are 

] I 1 3 es 
5 4 a a 


t 
ae 
Ld 

+ 

| 

t 

] 
be) 
=| 
[ao 
\+ 

oolw 


If we try these values in the order listed, we find that 
| 
p(1) = S, Wl) = 9, and r(-) = (0. 


Thus 1/2 is a root of p(x), and so 
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is a factor of p(x). Dividing p(x) by 2x — 1 gives 
p(x) = (2x — 1)(4x° + 4x — 3). 


To complete the factorization, we need only work with the quotient 4x? + 4x — 3, 
which is easily factored: 


Pa) = Qx— D@e— DCrt 3) =aeae 1)°(2x + 3). 


Thus p(x) can be factored into a product of three factors of degree one. 


@ EXAMPLE 3 The possible rational roots of p(x) = x + 4x — 3 are +1 and +3. Now p(1) = 2 


m@ LEMMA 


and p(—1) = —8, and clearly p(3) > 0 and p(—3) < 0. Therefore none of these is 
a root; so p(x) has no rational roots and hence is irreducible in Q[x]. a 


We have seen that finding the roots of a polynomial in Q{x] can be accomplished 
by finding the roots of a polynomial in =[x]. Surprisingly. factoring a polynomial 
in Q[x] with integer coefficients is essentially the same as factoring it in |x]. Before 
we can prove this fact, we need the following lemma. 


(Gauss’s Lemma) Let u(x), v(x), and w(x) be polynomials with integer coefficients 
such that u(x) = v(x)w(x). If g is a prime that divides every coefficient of u(x), then 
q must divide every coefficient of v(x) or every coefficient of w(x). 


Proof Let qg be a prime that divides every coefficient of u(x), and let 
aR” RARE EE > = + eae 
v(x) = bx" + bx! + ++ + bx + Do. 


and 

W(X) = Ce” + Cen | tees + ex + Cp. 
We will assume that g does not divide every coetficient of either v(v) or w(a) and 
obtain a contradiction. Let r denote the smallest nonnegative integer such that g does 
not divide b,, and let s denote the smallest nonnegative integer such that g does not 
divide c,. Consider the coefficient a,., of u(x). By the definition of polynomial mul- 
tiplication, we have 


ar+s = boCr+s a DiCra5=1 prs) 2 Sot b, Get 4 be, a b,. 1C5-4 ' eke beiee: 
Solving this equation for b,c,, we obtain 
Apts (boC +5 a Cierst Ss “ts Dy 1Cs+1) a (b,, 1C5-1 a ** ee b,+o) = ie, 


Now q divides a,,,, cach b, for ¢~< r. and each c, for j ~ s. Thus g divides each 
term on the left side of this equation, and so g must divide b,c,. But then the Cor- 
ollary to Theorem 2.9 shows that g must divide b, or gq must divide c,, contradicting 
the definitions of r and s. We conclude that q must divide every coefficient of v(x) 
or every coefficient of w(x). @ 
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We will use Gauss’s lemma to prove that for polynomials with integer coeffi- 
cients, factoring in Q[x] reduces to factoring in <[x]. Observe that the converse of 
Theorem 5.12 is trivially true, for if a polynomial factors in <[x], the same factoriza- 
tion is possible in Q[x]. 


@ THEOREM 5.12 A polynomial with integer coefficients that factors as a product of two poly- 
nomials in Q{x] can be factored as a product of two polynomials in Z[x] with the 
same degrees. 


Proof Let p(x) be a polynomial with integer coefficients such that p(x) = u(x)v(x) 
for some polynomials u(x) and v(x) in Q{x] having degrees m and n, respectively. 
Choose positive integers a and b such that au(x) and bv(x) have integer coefficients. 
Then abp(x), au(x), and by(x) are polynomials with integer coefficients such that 
abp(x) = [au(x)][bv(x)]. Let 


ab = Qiqo--- 4 


be the prime factorization of ab, where the primes gq, are not necessarily distinct. 
Since 


(9192 -»- q,) P(x) = [au(x)][bv@)], 


the lemma shows that g, must divide every coefficient of au(x) or every coefficient 
of bv(x). Suppose without loss of generality that g, divides every coefficient of au(x). 
Then au(x) = q,u'(x) for some polynomial u’(x) of degree m with integer coeffi- 
cients. Thus 


(4192 -- - 4x)p(x) = [qie'(x)][bv@)]. 
Cancelling q, on each side of this equation produces 
(gz... Q,)p(x) = [u'(x)][bv@)], 


where u'(x) and bv(x) have integer coefficients. Continuing to cancel each of the 
primes q2, q3, ---, 4 in this manner, we will eventually obtain 


Peer =n (x)VAX), 


where u*(x) and v*(x) are polynomials with degrees m and n, respectively, that have 
integer coefficients. 


Theorem 5.12 is often useful in showing that.a polynomial is irreducible in QLv]. 
The following example demonstrates the technique. 


m@ EXAMPLE 4 We will show that the polynomial p(x) = x" Ao 4 3 is irreducible in Qhx]. 
The rational root theorem shows that p(v) has no rational roots, and so pay) has no 
factors of degree one in Q[x]. Therefore if p(x) can be factored as a product of 
polynomials with positive degree. it must be as a product of polynomials of degree 
two. Theorem 5.12 states that if p(x) can be factored as a product of polynomials 
of degree two in Q[x], it must also factor as a product of polynomials of degree two 
in 2[x]. We will show that no such factorization is possible. 
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We must look for a factorization of the form 
p(s) = (ar + bx FOr Fs + 0, 


where a, b, c, r, s, and ft are integers. Multiplying out the right side of this equation, 
we obtain 


x — 2 + 3 = arx’ + (as + br)x’ + (at + bs + cr)x + (bt + cs)x + ct. 


Equating the coefficients of like powers of x, we see that a, b. c. r. s, and 1 satisfy 
the system of equations 


ar=1, as+br=0, at+bs+cr=—1, bf+ cs=0, “and ct — 3. 
Since ar = 1, either a = r = 1 ora = r = —1. Note that if there is a factoni- 
zation with a = r = —1, then the additive inverses of the factors provide a facto- 


rization with a = r = 1. Hence we may assume that a = r = |. The remaining four 
equations in the system then reduce to 


Se-epe— se t+ bse — —1, bt + cs = 0, and fg == 3) 


The first equation above implies that b = —s. Substituting fer 6 in the third 
equation then gives s(—t + c) = O. Since the fourth equation implies that c * 7. we 
must have s = 0. Thus the second equation reduces to tf + ¢ = —1. which 1s in- 
consistent with the fourth equation. (No two integers have a sum of — 1 and a product 
of 3.) It follows that p(x) cannot be factored as a product of pelynomuals of degree 
two in Q[x], and hence p(x) is irreducible over Q 


For polynomials of high degree, the type of analysis in Example 4 is unhkely 
to succeed because the system of equations to be solved is intractable. There are. 
however, several techniques for showing that certain types of polynomials are ir- 
reducible in Q[x]. Perhaps the best known of these is the following theorem due to 
the German mathematician Ferdinand Gotthold Eisenstein (1823-1852). a student of 
Gauss. 


@ THEOREM 5.13 (Eisenstein’s Irreducibility Criterion) Let pix) be a polynomial of pos- 
itive degree with integer coefficients. If, for some prime integer q, 


(i) q divides every coefficient of p(x) except the leading coefficient, and 
(ii) g° does not divide the constant term of p(x), 


then p(x) is irreducible over Q. 


Proof Let 


Ey i 


P(X) = a,x" tage" + °° ex Pe 


be a polynomial over = of degree n > 0. Assume that p(x) is net irreducible over 
Q. Theorem 5.12 shows that p(x) = u(x)v(x) for some polynomials 


u(x) = bx" + byyx® | + +++ + Dix + dy 
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and 

Ve C+ Ceo + ss fox + cy 
of positive degrees k and m in [x]. Then n = k + mand dy = boco. Conditions (i) 
and (ii) imply that g divides ay, but g° does not. Hence exactly one of bo and co 1s 
divisible by q. By relabeling if necessary, we may assume that g divides b, but not 
Co. Since q does not divide a, = by,c,,, we see that g cannot divide b,. It follows that 
there is a smallest positive integer r such that g does not divide b,, and 1] <r<k <n. 


Consider the coefficient of x” in the product p(x) = u(x)v(x). By the definition of 
polynomial multiplication, we have 


(= Dee ore + > + ie 
Therefore 
Ge Oya DiC pay =  — b20y = Deo. 


Now gq divides a, and every 5, on the left side of this equation; so g must divide b, 
or ¢ ) by the Corollary to Theorem 2.9. This contradiction proves that p(x) is irre- 
ducible over Q. @ 


@ EXAMPLE 5 The polynomial p(x) = x* + 6x° — 3 is easily shown to be irreducible in Q[x] 
by Eisenstein’s irreducibility criterion. The prime q = 3 divides every coefficient of 
p(x) except the leading coefficient, and 3° = 9 does not divide the constant term. 
Hence p(x) must be irreducible in Q[x]. = 


M@ EXAMPLE 6 The polynomial 7x° — 12x° — 10x’ + 8x° — 24x + 6 is irreducible in Q[x] by 
Eisenstein’s irreducibility criterion, for 2 divides every coefficient except the leading 
coefficient and 27 = 4 does not divide the constant term. @& 


It follows from Eisenstein’s irreducibility criterion that the polynomial x" + 2 is 
irreducible in Q[x]| for any positive integer n. Hence there are irreducible polyno- 
mials in Q\x] of any positive degree. 


EXERCISES 5.4 


For each polynomial in Exercises 14 list the possible rational roots as given by the rational 
root theorem. 

1x - 3x0 +2e +7 2. 3x* — 4x" + Sx — 2 

S20 + x - 10 4, 10x* - 3x° + 6x? - 8x + 21 
For each polynomial in Exercises 5-12 determine all the rational roots and their nualtiplic- 
ities. 

5, 4a 3 Ga = ate AS 

G7 9x ager 23% 44 Bian aay — 3x = 9 
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9. 1+ 5r + 6 —4x-8 10. x* — 4° — 26° + GOx + 225 
11. x* — 6x — 8x - 3 12. x* — 2x — 13x? + 14x + 24 


In Exercises 13—16 show that the given polynomials are irreducible over Q. 


13. —3x° + 50x”? — 20x + 35 14. 2x° — 6° + 12x? — 9x + 15 
i 1 

15. —x® — -x + —v —- -x* + -x-- 

16. 0.7x° — 1.5x* + 2.25x° + 1.8x — 0.06 


17. Find infinitely many integers c such that 14x° — 30x* + 50x’ — 20x + c is irreducible 


in Q[x]. 

18. Find infinitely many integers c such that 10x* + 18x — 6x" + 30x ~ ¢ is irreducible in 
Qix]. 

19. Find infinitely many integers c such that cx’ + 18x° — 6x° — 24x + 12 is irreducible in 
Q{x]. 

20. Find infinitely many integers c such that x* + cx’ — 12x° — 48x = 18 is irreducible in 
QI]. 

In Exercises 21-28 factor the given polynomial into irreducible factors over Q. 

21. ¢ = 16 

2204 Noe 1x = 9x lar 3 

23. x — 6x4 + O° — 2? — 4x + 2 24. x* — 48 

2B. xv txt t+ret+xrt+xt i 26. x6 + 3x°+4 

27. x + 4 28. x —-x+1 


In Exercises 29-32 show that the given polynomial is irreducible over 2 by an argument 
similar to that in Example 4. 

29. x ae + 4 S02 x* AR 2 

31.x¢ +x t¢rtrtl 32. xt - x° + 6 


33. Prove that all the rational roots of a monic polynomial in <[x] are integers. 

34. Suppose that a monic polynomial p(x) in 2[4] can be factored as a product of polynemials 
of degrees m and n. Show that p(x) can be factored in I]t] as a product of monic poly- 
nomials of degrees m and n. 


os) 
mn 


. Use the results of this seetion to show that if p is a prime. then "\ p is irrational for any 
integer n = 2. Hint: Consider x" — p. 


36. Define a function VW: Q[x] > Q[x] as follows: 
V( p(x) = Ayx" at ax" ab te Sate Gn- 1X a a, 


if p(x) = a,x" + a,\x""' + +++ + ayx + a is a polynomial of degree n, and WV(pd) = 0 

if p(x) is the zero polynomial. 

(a) Prove that for u(x), viv) © Qhx], we have V(u(x)vQX)) = V(uco)V(v(a)). 

(b) Prove that VW: Q[x] > Q[x] is not a homomorphism. 

(c) Prove that if p(x) = a,x” + a,_\x""' + +++ + ayx + ap has a nonzero leading coef- 
ficient and a nonzero constant term, then VOV( p(@®))) = px). 
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(d) Prove that if p(x) has a nonzero leading coefficient and a nonzero constant term, 
then p(x) is irreducible if and only if W(p(x)) is irreducible. 

37. Let p(x) = a,x" + a,-\x""'| + +++ + ax + aybea polynomial over Z of degree n > 0. 
Use Exercise 36 to prove that p(x) is irreducible over Q if, for some prime integer gq, 
(i) q divides every coefficient of p(x) except the constant term, and 
(ii) q° does not divide the leading coefficient of p(x). 

Let p(x) = a,x" + ayyx" | + ++ + a,x + do be a polynomial with integer coefficients, 
and let m be a prime. Define 


P(x) = [anlx" + [a,-y]x""' + >++ + [ay] + [aol 


to be a polynomial in —,,[x] obtained by replacing each integer coefficient a, by its equiv- 
alence class [a,] in =,,. Prove that if p(x) is irreducible in <,,[x] and m does not divide 
a,, then p(x) is irreducible in Q[x]. Hint: Prove that if p(x) = u(x)v(x) in Lx], then p(x) 
= u(x)V(x) in =,,[x]. Then apply Theorem 5.12. 
39. Use Exercise 38 to show that each polynomial is irreducible in Q[x]. 
(a) Sx* = 3x° — 8x7 + 6x +7 (b) 2x* — 6x° — 5x7 + 4x -— 2 
(our an x1 — be + 9x 8 (d) 3x° — 4x* + Gx? + 10x — Sx + 9 
40. Give an example of a polynomial p(x) that is irreducible in Q[x] but such that the poly- 
nomial p(x) in Exercise 38 can be factored in Z,[x]. 


5.5 POLYNOMIALS OVER ‘« AND < 


In elementary mathematics the most important fields are the fields of real and com- 
plex numbers. In this section we will investigate the nature of irreducible polyno- 
mials over these two fields. 

The principal tool for discussing irreducibility over the real and complex fields 
is the following important result due to Karl Friedrich Gauss. 


m@ THEOREM 5.14 (The Fundamental Theorem of Algebra) Any polynomial in C[x] of 
positive degree has a root in C. 


Although many different proofs of this theorem have been given, none of them 
is truly elementary. That is, all the proofs require knowledge of the real or complex 
numbers that is beyond the scope of this book. As a result, the fundamental theorem 
of algebra is stated here without proof. We will freely use this theorem, however, 
to analyze irreducible polynomials over C and ‘R. 

Recall that over any field a polynomial of degree | is irreducible. The funda- 
mental theorem of algebra implies that the converse 1s true for the field of complex 
numbers. 


@ COROLLARY 1.) A polynomial over C is irreducible if and only if it has degree 1. 


Proof We have already noted that a polynomial over ¢ of degree | is irreducible. 
and so it suffices to prove that a polynomial of degree greater than | is nor irre- 
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ducible. Let p(x) € C[x] be a polynomial of degree 2 or more. The fundamental 
theorem of algebra implies that p(x) has a root r € C. Thus the factor theorem shows 
that x — r is a factor of p(x), and so 


p(x) = &@ — nq) 


for some g(x) € C[x]. It follows from Theorem 5.2 that the degree of g(x) is 1 less 
than the degree of p(x), and so q(x) has positive degree. Since p(x) is the product 
of two polynomials of positive degree in Cx], we see that p(x) is not irreducible. 


@ COROLLARY 2 /f p(x) is a polynomial of degree n in ([x], then there are complex numbers 
C, 15 To, ---» T, SuCRthatr pp) cee es Ger: 


Of course, knowing that a polynomial of degree 2 or more is not irreducible 
over C and factoring it into a product of irreducible factors are two different issues. 
Recall that even the factoring of an integer into its prime factors can be hard, and 
so it is not surprising that factoring an arbitrary polynomial into irreducible factors 
is quite difficult. We know from Corollary 1 of Theorem 5.14. however, that de- 
termining the irreducible factors of a polynomial over C is equivalent to finding its 
roots. For polynomials of degree 2, we can find the roots using the quadratic for- 
mula, as in the example below. 


@ EXAMPLE 1. We will factor p(x) = x° + (4 — Six — (1 + 7i) into a product of irreducible 
polynomials in C[x]. 
If we apply the quadratic formula to p(x), we obtain 


)6saRe V (4 - 51% — 40-1 — 71) 
2(1) 


(-—4 + 5) + V(—9 — 401) + (4 + 28) 


5 


BN: 


(—4 + Si) + V-5 — 123 


2 
How should we interpret the expression 
V =5 = 127 


We have seen in Section 4.5 that a complex number a + bi has two square roots. 
But since C is not an ordered field, it is not possible to designate either of these as 
the principal square root, as we did for real numbers in Section 4.3. Nevertheless. 
if y is one of the square roots of a + bi, then -y must be the other. Therefore in 
using the quadratic formula we can choose Va + bi to be either of the square roots 
of a + bi. In Example 5 of Section 4.5 we found that the square roots of —5 — 12i 
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are —2 + 3i and 2 — 3i, that is, +(2 — 3i). Hence the roots of p(x) are 
(ee tr) = (2 — 37) 
x=--___oOoO_——_. 


2 
P| Pal —6 + 8i 
= ——__— or ———. 
2 2 
Thus x = —1 + i or x = —3 + 4i. The factor theorem now shows that 


p@) = [x — (-1 + DJ -— ("3 + 4D) = @ + 1-d)Da+ 3 - 49, 
which is the desired factorization of p(x). 

Although De Moivre’s theorem provides a method for computing the square 
roots of a complex number, there is another approach that is often easier to use. We 
will illustrate this technique by computing the square roots of —5 — 12i. Suppose 
that for some real numbers r and s, r + si is a square root of —5 — 12i. Then 

—-§ — 12i=(r t+ si? = (r — s*) + 2rsi. 
Hence 


r—s=—-5 and ars = 122 


36 o 
— a) 
36 — s* = —5s° 
0 = s* — 5s? — 36 
0 = (s* — 9)(s* + 4). 
Since s is real, s* = 9. Thus 
Ome s 
cy 6) and r=--= 2. 
AY 
Thereforethetsquarerrootsrof' —5 — l2ivaree— 2 + 3ieande2 - 3i, thateis, (2 — 33). 


Unfortunately, irreducibility is different in ‘K[x], for there are polynomials of 
degree 2 in ‘R[x| that have no real roots. One such polynomial is x + 1. Because 
x’ + 1 has no real roots, it must be irreducible in ‘K[.x]. Therefore, unlike (|x], there 
are irreducible polynomials in ‘R[x] of degree 2. It turns out, however, that there are 
no irreducible polynomials over ‘K of degree greater than 2. The following result is 
a key part of the proof of this fact. 
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@ THEOREM 5.15 Let p(x) be a polynomial with real number coefficients. Then for any complex 
number u, p(u) = pti). 


Proof Let p(x) = a,x" + a,..x""' +--+ + ax + ay have real number coeffi- 
cients, and let u be a complex number. Then by (a), (b), and (d) of Theorem 4.13 
we have 


p(u) = (a,u" + a,-\u" | +++ + au + ao) 


(a,u") + (a,-\u"') + +++ + (au) + G& 
=G,u'+a,,u" +--+ + aa + a 


= @,(a)" + a,_,(@)” | + --- +i) # a5 


Hl 


a,(uy" + a,-,\@@)" | + ... + a) + ao 


p(u). 


@ COROLLARY 1. Let p(x) be a polynomial with real number coefficients. If a complex number 
u is a root of p(x), then a is also a root of p(x). 


™@ COROLLARY 2 A polynomial with real number coefficients having odd degree has at least 
one real root. 


Proof Let p(x) be a polynomial with real number coefficients having odd degree. 
Corollary | of Theorem 5.15 shows that if uw is a nonreal root of piv). then so is W. 
Hence we can divide p(x) by the polynomial 


(x — u(x — =x — (uw + Me + UT, 


which by Theorem 4.13 has real coefficients. The quotient in this division will be 
a polynomial of odd degree with real coefficients. Continue in this manner until a 
quotient q(x) with only real roots ts obtained. Since g(x) has odd degree, the fun- 
damental theorem of algebra shows that y(v), and hence pir), must have at least one 
real root. @ 


It follows from Corollary 1 of Theorem 5.15 that ne polynomial of degree greater 
than 2 ts irreducible in ‘K\x|. For the fundamental theorem of algebra shows that a 
polynomial p(x) over ‘kK of degree greater than 2 must have a roet ¢ € Cc. If ¢ is real, 
then the factor theorem shows that .v - c is a factor of pir). and so pla) is not 
irreducible in ‘K[.x]. On the other hand. if ¢ is not real, then both ¢ and &€ are roots 
of p(x). Hence (v —c)(v ~ 6) is a factor of p(a). As in the proof of Corollary 2 of 
Theorem 5.16, (v > c)(v ~ &) has real coefficients, and so in this case also p(x) is 
not irreducible in ‘R[.x]. 

The observation in the preceding paragraph enables us to classify the irreducible 
polynomials in ‘K{.xv]. Recall that the discriminant of a polynomial 


p(x) = ax’ + bx + 


of degree 2 is the number b* — 4ac. 
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M@ THEOREM 5.16 The irreducible polynomials in ‘R{x] are the polynomials of degree one and 
the polynomials of degree two having a negative discriminant. 


Proof The discussion above shows that no polynomial of degree greater than 2 can 
be irreducible in ‘R[x], and polynomials of degree | are irreducible over any field. 
So it remains to consider polynomials in ‘R[x] of degree 2. Let 


p(x) = ax’ + bx +c 


be such a polynomial. It follows from the factor theorem that p(x) is irreducible if 
and only if it has no real roots. But the quadratic formula gives the complex roots 


of p(x) to be 
—b + VB’ — 4ac 


DS aaa 


2a 
and these are not real if and only if b’ — 4ac < 0, that is, if and only if the dis- 
criminant of p(x) is negative. & 
™@ EXAMPLE 2 The polynomial p(x) = x — 2x + 5 is irreducible in ‘R[x] because its discrim- 
inant 
(—2) — 4(1)(5) = 4 — 20 = -16 
is negative. M@ 


mM EXAMPLE 3 The polynomial p(x) = x° — 2x + 5, being of degree 2, is not irreducible in 
([x]. The quadratic formula gives the roots of p(x) as 


—(—2) + V(-2) — 4(1)(5) : 2+V-16 


2(1) “ 


Therefore 
noi =— (1 ta 2inix — (1 — 21)|. 8 


In the examples of this section the quadratic formula has played an important 
role. It is natural to wonder, therefore, whether there is an analog of the quadratic 
formula for polynomials of degrees other than 2. For polynomials of degrees 3 and 
4, such formulas do exist. Scipione del Ferro (1465-1526) appears to have been the 
first to have found a method for finding the roots of polynomials of degrees 3, but 
his method was never published. Later, around 1540, Niccolo Tartaglia (¢. 1500- 
1557) discovered a method for finding the roots of polynomials of degree 3, and 
Ludovico Ferrari (1522—1565) discovered a method for finding the roots of poly- 
nomials of degree 4. Both of these methods were widely publicized in a 1545 book 
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entitled Ars magna that was written by Geronimo Cardano ( 1501—1576), known as 
Cardan, a teacher of Ferrari. 

For almost 300 years mathematicians tried to find a procedure for determining 
the roots of polynomials of degree greater than 4, but in 1824 Niels Henrik Abel 
(1802—1829) showed that an arbitrary polynomial of degree 5 or more cannot be 
solved by radicals, that is, its roots cannot be obtained by performing algebraic op- 
erations on the coefficients of the polynomial. Thus there can be no general formula 
for finding the roots of a polynomial of degree 5 or more. Later Evariste Galois 
(1811-1832) developed a method (now called Galois theory) for determining con- 
ditions under which a polynomial of degree 5 or more can be solved by radicals. 


EXERCISES 5.5 


Determine all the real roots of the polynomials in Exercises 1-16. 


i 6, 13 2.7 -3x+8 

3.x°+ 5x +8 4.x + 4x42 

5. x° + 10x — 9 6. x — &x - 5 
7.2¢°+5x4+1 8. 2° + 4x + 3 

9, -2r° + 7x — 9 . 10. 3x7 + 9x — 2 

11. 3° — 3x —7 12. 2? — 7x + 4 

13. x — 4V/2x + 6 14. x — V2ix + 6 

15. x7 + (V5 — 2)x — 2V5 16. °° + 3V/3x + 6 

Determine all the complex roots of the polynomials in Exercises 17-24. 

17. x — (7 — 6i)x + (2 — 24%) 18. x’ + (4 — Bix — (20 + 22%) 
19x + (5 Fax +6 4 fli) 20. x° — (i — 2x +3 — 1) 
21. x? — (8 — 2i)x + (18 — 41) 22. x? + (5 — Ti)x — (8 + 16i) 
Poe ah aa? iy aul) 24. x? — (6 — 3i)x + (12 - 4f) 


In Exercises 25—40 factor the given polynomials into the form described in Theorem 5.10 


over the fields (a) Q (b) 'R (c) C. 


25. 4x” — 20 26. 3x + 21 
27. —2x? + 8x — 10 28. 3x? — 12x + 3 
es 2) 1 S 
29, -x? — =x — 5 23 ae 
5 3 ». ae + x Fi 
3 4 


31. x4 — x? — 5x? + 3x + 6 32. x* — x* — x? -— 5x — 30 
33. —5x° + 10 34. 2x° + 10x? — 14x — 70 
35. 0.25x* + 4.5x? + 20.25 36. 0.25x* — 4.5x* + 20.25 
37. x%+¢xr4+2x4+1 38. da —x7+2 

8 
39. x4 + 1 40. x* + 2° + 2 
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41. Find the monic polynomial of smallest degree with real number coefficients that has 
—2 + Si as a root. 


42. Find the monic polynomial of smallest degree in ([x] that has 5 and 4 — 3i as roots. 
43. Prove Corollary 1 of Theorem 5.15. 
44. Prove that for any u € C and any positive integer n, #7 = (a)". 


Let p(x) be a nonzero polynomial over ‘R. Show that if all the coefficients of p(x) are 
nonnegative or all the coefficients are nonpositive, then p(x) has no positive roots. 

46. Let p(x) = a,x" + a,-x""' + +++ + ayx + ap be a nonzero polynomial over R. Show 
that if the coefficients of p(x) alternate in sign, that is, if 
(i) a, = 0 if k is even and a, <= 0 if k is odd, or 
(ii) a, = 0 if k is odd and a, = 0 if k is even, 
then p(x) has no negative roots. 

47. Let p(x) = a,x" + a,x"! + +++ + a,x + ao be a polynomial over C of degree n > 0. 
Prove that if p(x) = (x — ¢))@ — c2) ... (« — c,), then cc ... c, = (—1)'a. 

48. Let p(x) = a,x" + a,x" | +--+ + ax + ay bea polynomial over C of degree n > 0. 
Prove that if p(x) = & — c,)(x — c.) ... & — c,), then c, + c. + «+: + c, = —a,-). 


5.6 GEOMETRIC CONSTRUCTIONS 


In their study of geometry, the ancient Greeks posed and solved many questions 
involving geometric constructions. Nevertheless, they were unable to solve certain 
problems. Among these were the problems of squaring a circle, doubling a cube. 
and trisecting an angle with straightedge and compass. To square a circle means to 
construct a square having the same area as that of a given circle. Likewise, to double 
a cube means to construct a line segment representing the edge of a cube having 
volume equal to twice that of a given cube. The classical problem involving angle 
trisection is to construct an angle having measure equal to one-third that of an ar- 
bitrary angle. It is important to understand that these constructions are to be per- 
formed using only a straightedge (that is, an unmarked ruler) and a compass. The 
Greeks knew how to solve these problems with other types of instruments. For ex- 
ample, they could double a cube using a ruler in the shape of a right angle and trisect 
any angle using a ruler with two marks. (See Exercise 29.) These problems resisted 
attempts at solutions for over two thousand years. It was only when these problems 
were translated into the language of algebra that mathematicians in the nineteenth 
century were able to show that these constructions are impossible. In this section we 
will investigate these classical problems. 

A real number r will be called constructible if, given a segment of length [, it 
is possible to construct a segment of length Ir| with straightedge and compass. Given 
line segments of length a and b, where a = b> Q, it is quite simple to construct 
line segments of length a + b, a = b, ab, and a/b. (See Exercises 1, 2, 6, and 7.) 
Thus we can construct a segment of length 1 + I + --- + | = n for any positive 
integer n and a segment of length p/q tor any positive integers p and q. From these 
facts the theorem below follows easily. 


M@ THEOREM 5.17 The set of constructible numbers is a subfield ef ‘K containing &. 


We w S a COFr | 
struct points C and see vsren je ona v 
CO = 1andOA = k. (See Figure 5.1., nce pth 1. 
can be constructed using Exercise 3. aad construct a » citele ads center M 
MA. Construct a line perpendicular to CA at point O. and let D denote the point « of 
intersection of this line with the circle. 


Figure 5.1 


We will show that DO = \ k. In right triangle CDA. . DCO and — DAO are 
complementary. Thus right tnangles COD and DOA are similar. Hence 


DO OA 
CO DO 
DO ik 
“1 DO 
DO? = k. 


It follows that DO = Vk. 

We saw in Theorem 5.17 that every rational number is constructible. At this 
point, however, we do not know which (if any) real numbers are ner constructible. 
In order to show the impossibility of deubling a cube and trisecting an angle, we 
will need to be able to show that certain real numbers are not constructible numbers. 
Therefore we will turn our attention to the problem of characterizing the constructible | 
real numbers. 

We showed above that all rational numbers and the square root of positive con- 
structible numbers are constructible. Since the sum, difference. produet. and quotient 
of constructible numbers are also constructible, it follows that every real nunber 
that can be ebtained from Q by a finite number of additions, subtractions, multi- 
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plications, divisions, and extractions of square roots is constructible. For example, 


the real number 
V7 
+ V11V8 -3V2+9 
V5 


is constructible because it can be obtained from Q by the following sequence of 
operations. 
BG) 


LaNT, VVPR"Vi. 55, VE eee 
5 


BV 28 — BNO WR ye, 11/8 oN. 11\/8 = 30 


BAW 
11V8 — 3V2 +9, Peat 11V8 —- 3¥2+9 
5 


4 


It will prove convenient to translate the italicized statement in the preceding 
paragraph into a statement about fields. This will require some new terminology. 
Let F be a subfield of '‘R and k a positive element of F such that Vk ¢ F. We saw 
in Example 3 of Section 4.1 that the set 


F(Vk) = {a + bVk: a, b € F} 


is also a field. We call such a field a quadratic extension of F. The statement that 
every real number which can be obtained from Q by a finite number of additions, 
subtractions, multiplications, divisions, and extractions of square roots is construc- 
tible can be translated into the language of quadratic extension fields as follows. 


@ THEOREM 5.18 A real number r is constructible if there exists a finite sequence of fields 
Fo CF, C... € F, such that Fy = Q, r € F,, and each F; is a quadratic extension 
OF 2). 


Proof Let r be a real number for which there exists a finite sequence of fields 
PREF, C ...& Py ehh, — @., €F,,. andveach F) isea quadratic extension 
of F,.,. The proof will be by induction on vn. If nm = 0, then r © Q, and so r is 
constructible by Theorem 5.17. Assume that the theorem is true for sequences of 
length m = 0, and letn = m + 1. Since r € F,,, there are elements a, b, k © F,, | 
such that r = a + bV/k. The induction hypothesis shows that a, b, and & are all 
constructible, and since the square root of a positive constructible number is con- 
structible, it follows from Theorem 5.17 that r = a + bVk& is a constructible num- 
ber. This proves the theorem for n = m + 1. Hence it is true for all nonnegative 
integers n by the principle of mathematical induction. M& 


We will now show that every constructible number is of the form described in 
Theorem 5.18. This will provide us the needed characterization of constructible num- 
bers. Our argument will use some elementary facts from analytic geometry. Since 
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geometric constructions with straightedge and compass involve the construction of 
lines and circles, we will need to consider these types of geometric objects for an 
arbitrary subfield F of ®. 


Figure 5.2 


Given a subfield F of ‘R we will call an element of F x F a point in F. By a 
line in F we will mean any line passing through two points in F. We claim that 
every line in F has an equation of the form ax + by = c, where a, b. c € F and 
a #0 or b # 0. Consider, for instance, the line through the points (x,, ¥,) and 
(x2, y2) in F. (See Figure 5.2.) If the line is a vertical line. then its equation is 
x = x,, which is of the desired form with a = 1, b = 0. and c = x,. If the line is 
not vertical, then its equation is given by the familiar point-slope form as 


¥2 ey 


Yer le ee — 2a); 


ge AH 
which simplifies to the form 
(Y2 — via + Oe — w)Y = x2 — Yer. 


This equation is also of the proper form since vy. — y,, x, — x», and x,y. — y,x, are 
elements of F and x, — x; ¥ 0. 


(¥3. ¥5) 


Figure 5.3 
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By a circle in F we will mean any circle that passes through some point of F 
and has a point in F as its center. We will show that every circle in F has an equation 
of the form x° + y" + ax + by = c, where a, b, c € F. For consider the circle with 
center (x,, y,) in F that passes through the point (x), y,) in F. (See Figure 5.3.) Its 
equation is 


i) Or ,) = =x) + G2 — ype 
which simplifies to the desired form 
x + y — 2x — 2yy = G — x1)? + (y — yy)? — xt — YH. 


For r to be a constructible number we must be able to construct a segment of 
length |r| using straightedge and compass. But a segment can be constructed only 
by constructing its endpoints, and the only way in which a point can be constructed 
with straightedge and compass is if the point occurs as the intersection of two lines, 
a line and a circle, or two circles. Thus we must investigate the nature of these types 
of intersections. 

First, consider two distinct lines in F that intersect. The point of intersection is 
the solution of a system of two equations of the form 


a,x + by =c, 
ax + by = c, 


where a,, b,, ¢,, Go, bo, Cc, © F. We leave it to the reader to show that the point of 
intersection of such a system is a point in F. (See Exercise 16.) 

Next, consider a line in F and a circle in F that intersect. Any point of inter- 
section is the solution of a system of two equations of the form 


ax + by =e, 
xt y+ ax t+ hy =e, 


where d,, b;, ¢;, G2, b>, C © F and a, ¥ 0 or b, # 0. Assume without loss of gen- 
erality that b, # 0. Then the first equation can be solved for y in terms of x: 


Substituting this expression into the second equation of the system and simplifying 
yields a quadratic equation of the form 
re + sx t+t=0, where r,s, t€ F. 


The solutions of this equation given by the quadratic formula are 


yes Vs? — 4rt rf 
yo —— =p +qVk, 


Dy 


“- 


where 


| 
p=, q=—. and = ee 4rt 


where @. &.c) EF. we see that yy E FYE Pla ER EEE R 
point of intersection it, vi ts esther a pot ie F or peer @ & 


The final case to be considered ts the mtenecoue of two Cle Aey past of 
intersection of two cinsies wm F ow the sotwmun of 2 water of tee egeutem af Ae 
form 


vee eae hee & 
vio tase AS eS 


where @. &. ¢.. as, B: ¢: € F Replacing the vend egeumes by be Gitte of 


veovtensbrwe 
(a, — ade + (Bb — by =e, — Fy 


Sinee @ — #. and 6, — &, are clemerss of F. is Faxe Cowes f ee peo eee 
In summary. we sce that pe peer of aeetermon af owe cote Mase Fote 
Pemes! af mersecnan of @ ue mn F ant acer @ F ead  pemert) a eeroer 
tient of pwe corcies on F are cues pos on F or pose @ oem gee pees 
GF. 
We are now able w peeve the camwene of Thearese 5 1S erent Soper 
our classification of the coastructible numbers. 


@ THEOREM 5.19 Le: + be « tomar tity reel meter Teor emaet 4 fer teyerare of Bedée 
F&C C... CF, mek te FL. fo PF, onl eet Ff & ogee ooo . 
of P;_,. 


Preef We will regard 4 gcometer camserwcaom as Domg pertenmed of me Cacthueese 
plane. Since we are given a unt formeth. we cam extebline «¢ cour cvaem aed 
constrict the pounts (0. 0) amd 11) Ear of te steps an Ge Semetnece CUlNS 


of: 


(1) drawing a line (or lone segumont) detetiweed by feo preveoaly comenacied 
points or 

(2) drawing a cirele with center at a prevewesiy comstowctred peat and hewn @ 
radius equal to the distance Between pretremady Comngewoted press 


The steps in the construction will provuce 4 sogueeet of pew fat ae famed bx 
the intersections ef two limes. a fume and & cHcle. of fwe circles of de fvpe descrthed 
above. 

Sinee ros a Constructie number, the pert (9. 0) cae be comsmucted eau « 
strarghtedge and compass Ceesuicr the peents FP. PL te. @ teed by 
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the steps in this construction of (|r|, 0). Our proof will be by induction on m, the 
number of points created in this manner. If m = 0, then (|r|, 0) must be either of 
the original points (0, 0) or (1, 0). Hence in this case r € Q and so the theorem is 
true with » = 0. Now assume that the theorem is true for m = k = 0, and suppose 
that k + | points P,, P., ..., P,,, are created in the construction of (|r|, 0). Let the 
coordinates of P, be (a, b). Then both a and b are constructible numbers, and so 
the induction hypothesis shows that there is a finite sequence of fields 
Peer, ©... G F,esueh thatFo = Qea, b € F,,-and each F, iseaquadratie-extene 
sion of F, ,. Then (|r|. 0) is created by drawing a line or a circle in F,,. But we have 
seen that the equations of lines and circles in F,, have coetficients in F,,, and the 
points of intersection of these lines and circles have coordinates that lie either in F,, 
Of in GOme quadraticiextension'F;.,o0f F,,. Therefore r € Fpand FyeG F, C ... C F, 
is a sequence of fields such that F, = Q and each F, is a quadratic extension of F,_,, 
car GiiipgandifyCc FP, ©... GF, Fy. , iseasequence of fieldsssuch that, = Q 


and each F, is a quadratic extension of F, ,. In either case the theorem is proved for 
m =k + 1, and so the principle of mathematical induction shows that the theorem 
is true for all nonnegative integers m. & 


Theorems 5.18 and 5.19 characterize the constructible numbers. In order to show 
that the classical Greek problems mentioned at the start of this section are not solv- 
able with straightedge and compass, however, we need to be able to show that certain 
real numbers are not constructible. The corollary to the next theorem provides us 
with the means to do so. 


@ THEOREM 5.20 Let F be a field and v(x) a polynomial over F of degree 3. If v(x) has a root 
in some quadratic extension field of F, then v(x) has a root in F. 


Proof Let v(x) be any polynomial over F of degree 3 having a root in some qua- 
dratic extension field F(\VA) of F. If e is the leading coefficient of vay), then 
nies) = e 'viaa) 


is a monic polynomial of degree 3 over F having the same roots as v(x). We will 
show that u(x) has a root in F. e 
Let u(x) = x° + ax + bx + c, where a, b,c € F. Note thatk € F, but Vk ¢€ F. 


Now the root of u(x) in F(\/k) has the form r + s\ k for some r,s € F. Its QO, 
we are finished. Suppose then that s ~ 0. Now 


(n+ sVkyp ap (aA Gs sVb° + b(r + sVb) +c=0 
(r? + 3Pe\/ k + 3k SIA/ ED) +a? + Drs) eee 
b(r + sVib +c=0 


(P+ 3rs*k + ar + as’k + br +c) + (3r's + 8k + 2ars + bs)\VkK=0. (5.1) 


If 3r-s + s'k + 2ars + bs 4 0, then equation (5.1) can be solved for \ k. But since 
a, b, c, k, r, s © F, this would imply that Vk € F, a contradiction. Therefore 
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3r’°s + sk + 2ars + bs = 0, (6:2) 


and so it follows from equation (5.1) that 
r + 3rs’k + ar + ask + br +c =0. (5.3) 
Dividing equation (5.2) by s # 0 and solving for sk, we obtain 
sk = —3r — 2ar — b. 

Substituting this expression into equation (5.3) yields 

r + 3r(—3r — 2ar — b) + ar + a(—3r — 2ar — b) + br +c =0 

r — (9° + 6ar’ + 3br) + ar — (3ar + 2a’r + ab) + br +c =0 

—8r — 8ar — (2a’ + 2b)r — ab+c = 0. 
Take d = —2r — a. Thend € F, and a straightforward computation shows that 
u(d) = —8r — 8ar’ — (2a’ + 2b)r — ab+c = 0. 


Hence d is a root of u(x). 


M@ COROLLARY An irreducible polynomial of degree 3 over Q has no constructible reets. 


Proof We will prove the contrapositive: If a polynomial pix) of degree 3 over Q 
has a constructible root r, then p(x) is not irreducible. If ris a constructible number, 
then there exists a finite sequence of fields 


FoCF,C...CF, 


such that Fy = Q, r © F,,, and each F,,, is a quadratic extension of F,;. Since pir) 
has a root in the quadratic extension field F,, of F,, ,. Theorem 5.20 shows that piv) 
has a root in F,, ,. Repeating this argument with the quadratic extension field F,. , 
of F,, » shows that p(x) has a root in F,, ». Continuing in this manner. we find that 
p(x) has a root in Q. It follows that p(x) is not irreducible. UF 


We will use the Corollary to Theorem 5.20 to prove the impossibility of per- 
forming two of the classical geometric constructions with straightedge and compass. 
Given a cube, we can take the length of its edge as our unit of measurement. Then 
the volume of the given cube ts 1 cubic unit. To double this cube. we must construct 
a segment with length equal to the edge of a cube having a volume of 2 cubic units. 
Thus we must construct a length of ‘\ 2. But *\ 2 is a root of x' — 2 € Q[x]. Since 
x’ — 2 is an irreducible polynomial of degree 3 over Q, the corollary to Theorem 
5.20 shows that .v' — 2 has no constructible roots. Therefore ‘\ 2 is not a construc- 
tible number, and so the problem of doubling the cube is impossible with straight- 
edge and compass. 

To prove that the angle trisection problem has no solution, we will show that a 
60° angle cannot be trisected, that is, that we cannot construct a 20° angle using a 
straightedge and compass. First, note that if a 20° angle can be constructed with a 
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straightedge and compass, then 2 cos 20° is a constructible number. For if we have 
constructed a 20° angle, then we can mark off two unit lengths on one of the angle’s 
sides and drop a perpendicular to the second side. This forms a segment of length 
2 cos 20° on the second side of the angle. (See Figure 5.4.) 


_—— 1) | 


2 cos 20° 


Figure 5.4 


Using familiar trigonometric identities, we see that 


cos 30 = cos (20 + 06) 


cos 28 cos 8 — sin 26 sin 8 


(cos? @ — sin’ 0) cos 8 — (2 sin 8 cos 8) sin 8 
= cos’ @ — 3 sin’ @ cos @ 

cos’ 6 — 3(1 — cos’ 6) cos 6 

4 cos’ ® — 3 cos 0. 


Taking 6 = 20°, we have 


l 
~ = 4cos’ 0 — 3 cos 0. 
2 
Thus 
1 = 8cos’ 6 — 6cos 8, 
0 = 8cos’ @ — 6cos®@ — | 
0 = (2 cos 6) — 3(2 cos 9) — 1. 
Therefore 2 cos 20° is a root of the polynomial x 3x 1, which is irreducible 
over Q. But the Corollary to Theorem 5.20 shows that v= Ba | has no construc- 


tible roots, and so we cannot construct a segment of length 2 cos 20°. It follows that 
we cannot construct an angle of 20° with straightedge and compass. 


Regular Polygons 
The theory developed in this section can also be used to decide questions about the 
constructibility with straightedge and compass of certain regular polygons. Note that 
a regular n-sided polygon can be inscribed in a circle. The angle formed by two 
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adjacent vertices and the center of the circle is easily seen to be 360/n degrees. (See 
Figure 5.5.) Thus a regular n-sided polygon can be constructed with straightedge 
and compass if and only if an angle of 360°/n can be constructed. From this fact it 
follows immediately that a regular 24-sided polygon can be constructed because an 
angle of 360°/24 = 15° can be obtained by bisecting a 60° angle twice. On the other 
hand, it is impossible to construct a regular 9-sided polygon with straightedge and 
compass, for the angle 360°/9 = 40° is not constructible. (If it were constructible. 
we could bisect it to construct a 20° angle, which we have already seen is impos- 
sible.) 


Figure 5.5 


The ancient Greeks knew how to construct regular n-sided polygons with 
straightedge and compass when nm was of the form 2 -3°-5*° for some nonnegative 
integers 7, J, and k with j, A Lt. They mistakenly believed, however. that these 
were the only constructible regular polygons. In 1796 Gauss showed that a regular 
17-sided polygon was constructible and asserted in TSO] that a regular m-sided poly - 


gon is constructible with straightedge and compass if and only ifm = 2pyps ... Pes 
where r and nr are nonnegative integers and p,. ps. .... Pw» ate distinet primes of the 


i Uae : 
form 2° + 1. It can be shown by techniques bevond the scope of this book that 
Gauss's assertion ts correct. Moreover, at this time the only known primes of the 


form 2? + 1 are 3, 5, 17, 257, and 65,537. 


EXERCISES 5.6 


In Exercises 1-12 explain how to perform the indicated constructions with straightedge and 
compass. 


1. Given line segments of length a and b, construct a line segment of length a + b. 
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2. Given line segments of length a and b, where a = b, construct a line segment of length 
a 40; 


3. Given a line segment, construct its perpendicular bisector. 


4. Given a line and a point P not on the line, construct the line through P parallel to the 
given line. 


5. Given a line and a point P, construct the line through P perpendicular to the given line 
in each of the following cases. 
(a) Point P lies on the given line. 


(b) Point P does not lie on the given line. 


6. Given line segments of length a and b, construct a line segment of length ab. Hint: 
Consider the figure below, in which the line through A and C is parallel to the line 
through B and D. 


7. Given line segments of length a and b, construct a line segment of length a/b. Hint: 
Consider the figure below, in which the line through A and B is parallel to the line through 
C and D. 


8. Bisect a given angle. 
9. Given a line segment of length a, construct an equilateral triangle with side a. Deduce 
that a 60° angle can be constructed with straightedge and compass. 


10. Given a line segment of length a, construct a square with side a. 
11. Construct a regular hexagon. 


12. Construct a regular 16-sided polygon. 


“ 
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13. Prove that x° — 2 and x° — 3x — 1 are irreducible over Q. 
14. Prove Theorem 5.17. 
15. In the proof of Theorem 5.20, prove that d is a root of u(x). 
16. Let F be a field. Prove that if a,, b), c), a2, 62, Cc. € F, then a unique solution (x, ¥) to 
a system of equations of the form 
ax+ by=c, 
ax + bay Rae ie) 


is a point in F. 
17. Is it possible to “triple” a cube? 
18. Is it possible to “quadruple” a cube? 


19. Prove that an angle with measure 6 can be constructed with straightedge and compass if 
and only if both sin @ and cos 8 are constructible numbers. 


20. Prove that if angles with measures a and B can be constructed with straightedge and 


compass, then so can angles with measures a + B and a — 6. 


21. Show how to circumscribe a circle around a regular polygon using straightedge and com- 
pass. 


22. Show that if a regular n-sided polygon is constructible. then so is a regular 2r-sided 
polygon. Deduce that a regular polygon with 2” sides (nm = 2) is constructible. 


23. Can a regular 18-sided polygon be constructed with straightedge and compass? Justify 


your answer. 


24. Prove that a regular n-sided polygon can be constructed with straightedge and compass 
if and only if cos 360°/n is a constructible number. 


@5) Let 6 = 360°/7 and z = cos @ + isin 0. 


(b) Deduce that z? + 27+ 2+ 1+ 


| . 
(c) Show that if y = z + -, then y is a real root of x* + x? — 2x - 1, 


(d) Prove that y is constructible if and only if an angle with measure @ is constructible. 


l 
Hint: Evaluate y = z + — in terms of 0. 


(e) Show that y is not constructible. 


(f) Deduce that a regular seven-sided polygon cannot be constructed with straightedge 
and compass. 


26. Suppose that a regular decagon is inscribed in a circle of radius 1. Prove that the length 
ke) ll 
of the side of the decagon is ——. Deduce that a regular decagon can be constructed 


- 


with straightedge and compass. Hint: In the figure below. AB is the side of a regular 
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decagon inscribed in a circle of radius I with center at O, and M is the intersection of 
the angle bisector of 2OAB and radius OB. Prove that all the segments labeled x have 
the same length and x* + x — 1 = 0. 


27. Show that if a and b are positive integers such that b is odd, then x* + 1 divides x” + 1 
in 2[x]). 
28. Use Exercise 27 to prove that if r is a positive integer such that 2’ + | is prime, then 
r = 2 for some nonnegative integer k. 
29. The following method of trisecting an angle using a marked straightedge and compass 
is attributed to Archimedes. ' 
Let a be any given angle with vertex at O. Pick a point A on one side of the angle, 
and draw a circle with center O and radius r = OA. Let B be the point of intersection 
of this circle with the side of the given angle that does not contain A, and let C be 
the second point of intersection of this circle with the line through A and O. Mark 
two points L and R on the straightedge so that LR = r. With the straightedge po- 
sitioned so that it passes through B and R lies on the circle, mark the point D where 
L falls on line OA. 
Justify that the measure of ZBDO is one-third that of ZBOA. Hint: Let E be the point 
of intersection of BD with the circle, and consider triangles BOF and DOE. 


30. Let s, denote the length of the side of a regular n-sided polygon that is inscribed in a 


circle of radius |. Prove that s>, = Wve'we s. 
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SUPPLEMENTARY EXERCISES FOR CHAPTER 5 


1. Let R be a commutative ring with identity. Prove that the characteristic of R[x] 1s the 
same as the characteristic of R. 


2. Let do, a;, .--, @, be distinct points of a field F. For k = 0, 1, ..., m define 


aia) = & — ag) — a) *** &— Gee — a3))°-- G@ — a2. Carer 


(a) Show that a; is a root of q,(x) if j # k, but a, is not a root of q(x). 


(b) Let bo, b;, ..., b, be any elements of F. Define c, = b,[q,(a,)]"' fork = 0,1, ...,7 
and 


P(X) = CoGolx) + ciqi(x) + ++° + Ong, (*). 


Prove that p(a,) = b, for k = 0, 1, ..., n. This representation of p(x) is called the 
Lagrange interpolation formula. 

(c) Deduce that there is exactly one polynomial in F(a} of degree m or less such that 
p(a,) = b, fork = 0, 1, ..., 0. 

3. Let p be a prime. Prove that x?’ — [1] = (x — [1)(@ — [2])... @ — [p — 1) in Sx). 

4. Let u(x), v(x) © =,[ x]. Prove that the polynomial funcuens induced by wou) and viv) are 


equal if and only if x” — x divides u(x) — v(x). 


In Exercises 5-10 let R be a commutative ring with identity. For any element 
p(x) = a,x" + a,x" | + +++ + ayx + ao of R[x], define the derivative of p(x) to be the polvy- 
nomial 


na,x" + (n — l)a,-yx"' + +++ + a, E Rix). 


We will denote the derivative of p(x) by p'(x). 
5. Prove that for any p(x), g(x) © R[x] we have [p(x) + go] = p'Wo) + q'(). 
6. Prove that for any p(x) © Rix] and any c € R we have [cp(x)]' = cp’(2). 
7. Let p(x) = x" © R[x). Prove that for any g(x) € R[x] we have 
POX)" = pad’) + q&)p'(a). 


8. Use Exercises 5-7 to prove that for any p(x), g(x) © R[x] we have 


[POO] = pda’) + gix)p'(x). 
9. Let p(y) be a nonzero polynomial over a ticld F of characteristic zero. Prove that pi) = 0 
if and only if p(x) has degree 0. 
10. Let F be a field, ¢ © EF. and pa) © Fla]. Prove that ¢ ty a root of pO) having multiplicity 


greater than one if and only if c is a root of both p(x) and p’(x). 


Let the polynomial {(x) have real number coefficients. Write the terms of f(a) in either de- 
scending or ascending order with terms having zero coefficients omitted. Whenever two con- 


ws of f(x) have opp 


ae 


nA 


has 3 variations in sign. Exercises 11-17 derive a relationship between the number of vari- 
ations in sien for f(x) and the number of positive and negative real roots of f(x). Throughout 
these exercises we will count a root as often as its multiplicity; for example, (x — 5)(x + 7/ 
has three positive roots and two negative roots. 


11. Let f(x) © R[x] have exactly p positive roots, and let f’(x), the derivative of f(x), have 
exactly q positive roots. Prove that p — 1 = q. Hint: Let the distinct positive roots of 
F(x) be cy, C2, ..., Cy, where c; < cp < +++ < c, and the multiplicity of c; is m; for i = 
1, 2, ..., k. Use Rolle’s theorem from calculus to prove that f'(x) has at least one root 
CHE resacalon? = 263.4cs0k 

12. Let f(x) € ‘R[x] have exactly v variations in sign, and let f’(x), the derivative of f(x), 
have exactly w variations in sign. Prove that w =< y. 

13. Let f0) = a,x" + a,x"! + +++ + ayx + ay bea polynomial of degree n in ‘R[x] such 
that a4, > 0. Suppose that f(x) has exactly p positive real roots c;, C2, ..., ¢, (where each 
root is listed as often as its multiplicity). Prove that 


SOM aX — Cy — c,) -- + (eee AX) 


for some monic polynomial h(x) € ‘R[x] having a positive constant term. Hint: Use the 
Corollary to Theorem 5.15 and Theorem 4.13(e). 


14. Let f(x) be as in Exercise 13. Prove that if a, > 0, then f(x) has an even number of 
positive roots, and if a, < 0, then f(x) has an odd number of positive roots. Deduce that 
for f(x) the number of variations in sign and the number of positive roots are both even 
or both odd. 

15. Let f(x) be a polynomial in ‘R[x] with a positive constant term. Prove that if f(x) has 
exactly p positive roots and exactly v variations in sign, then p = v. Hint: Use mathe- 
matical induction on the degree of f(x). In the inductive step apply the induction hy- 
pothesis to f’(x), the derivative of f(x), and use Exercises I1, 12, and 14. 


16. Use Exercise 15 to deduce the following result (called Descartes's rule of signs). If 
f(x) © ‘R[x] has exactly v variations in sign, then the number of positive real roots of 
f(x) equals v — 2k for some nonnegative integer k. 

17. Let w denote the number of variations in sign for the polynomial f(—x). Prove that the 
number of negative real roots of f(x) equals w — 2k for some nonnegative integer k. 


18. Factor the polynomial 12x* — 16x* + 53x’ — 74x” — 35x + 30 over'R into the form de- 
scribed in Theorem 5.10. 


Emmy Noether 


Amalie Emmy Noether is widely regarded as the greatest of all 
female mathematicians who lived before the twentieth century. 
She was born in Erlangen, Germany on March 23, 1882. As a 
young girl she studied foreign languages and planned to teach 
French and English. Before beginning her teaching career, how- 
ever, she decided to study at the University of Erlangen, where 
her father was a professor of mathematics. This decision met 
with considerable opposition, for in 1900 very few German women 
attended universities. After a semester in Gottingen, where she 
studied with the eminent mathematicians Felix Kiein and David 
Hilbert, Noether returned in 1904 to the University of Erlangen. 
which had just permitted women the same rights as men. In 1907 
she received a Ph.D. in mathematics summa cum laude, writing 
her doctoral dissertation on algebraic invariants. 

Because of the discrimination against women, Noether was 
unable to obtain an appropriate position at a German university. 
She did receive a modest salary from a teaching appointment in 
algebra at the University of Gdttingen, but she lost that position 
in 1933 when all Jewish professors were dismissed after the rise 
of Hitler. At this time she was offered a visiting professorship at 
Bryn Mawr College in Pennsylvania, and she spent the rest of 
her career teaching and doing research at Bryn Mawr and the 
Institute for Advanced Study in Princeton, New Jersey. She died 
suddenly on Apri! 14, 1935 following complications from surgery. 

One of Noether’s principal contributions to mathematics in- 
volved her development of the theory of ideals during the years 
1920-1926. Over the next three years Noether contributed sig- 
nificantly to the theory of representations, which is concerned 
with studying the homomorphisms from a given ring into a ring 
of matrices. Noether’s work clearly shows the power of an axi- 
omatic approach in algebra. She wrote over forty research pa- 
pers, one of which established a mathematical basis for several 
of the concepts found in Albert Einstein's general theory of rel- 
ativity. In a tribute published in the New York Times following 
her death, Einstein wrote: 

“In the judgment of the most competent living mathemati- 
cians, Fraulein Noether was the most significant creative math- 
ematical genius thus far produced since the higher education of 
women began. In the realm of algebra, in which the most gifted 
mathematicians have been busy for centuries, she discovered 
methods which have proved of enormous importance in the de- 


velopment of the present-day younger generation of mathema- 
ticians.”’ 
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Extension Fields 


We have seen that there are polynomials in ‘R[x] that have no roots in ‘kK, for example. 
the polynomial x + 1. The fundamental theorem of algebra states that every poly- 
nomial in ([x] has a root in C, however. Thus every polynomial in ‘K[.x] does have 
a root in a field containing ‘k. More generally, if F is any field, then every poly- 
nomial in F[x] has a root in some field containing F. The ability to enlarge F in this 
manner will enable us to create new finite fields. 


6.1 CONGRUENCE IN F[x] 


In Sections 2.4 and 3.1 we used the divisibility properties of the integers to construct 
a new ring ~,, in which the elements were equivalence classes of integers. If F ois a 
field, then F[.x] is an integral domain (Corollary to Theorem 5.2), and so Fv] has 
many of the divisibility properties possessed by the integers. In this section we wall 
use the divisibility properties of polynomials to create a new ring analogous to <,, 
in which the elements are equivalence classes of polynomials. Since this construction 
will be quite similar to the earlier one, the reader should review the discussions of 
congruence in Section 2.4 and the ring <,, in Section 3.1. 

Let F be a field and p(y) a nonzero clement of Fv]. Given ftv), eQ) © Fly}. 
we say that f(x) is congruent to ¢(v) modulo p(x) in case p(v) divides (OX) ga). 
If f(x) is congruent to giv) modulo ply), we write f(a) © gv) (mod pir). Just as 
for integers (see Theorem 2.13) congruence of polynomials ts an equivalence rela- 
tion. 


255 


256 Chapter 6 Extension Fields 


@ THEOREM 6.1 /f p(x) is a fixed nonzero polynomial over a field F, then congruence modulo 
p(x) is an equivalence relation on F|x]. 


Proof We will prove only that the relation is transitive. Let f(x). g(x), A(x) © Fix) 
be polynomials such that f(x) = g(x) (mod p(x)) and g(x) = h(x) (mod p(x)). Then 
there exist u(x), v(x) © F(x) such that ‘sa x) — g(x) = plxyutx) and g(x) — A(x) = 
p(x)v(x). Hence 


Fx) — h@) = F@) — 8] + [s@) — h@)] 
= p(x)u(x) + p(x)v(x) 
= p(x)[u(x) + vx)]. 
Thus p(x) divides f(x) — h(x), and so f(x) = A(x) (mod p()). 


As usual, the equivalence class of congruence modulo p(x) that contains the 
polynomial f(x) will be denoted [f(x)]. As for integers (see Theorem 2.14). the ele- 
ments of an equivalence class can be described in terms of their remainders when 
divided by p(x). 


M@ THEOREM 6.2 Let F be a field, p(x) a polynomial over F of degree n = 1, and r(x) a pely- 
nomial over F such that r(x) = 0 or the degree of r(x) is less than n. Then for the 
relation of congruence modulo p(x) we have f(x) € [r(x)] if and only if rv) is the 
(unique) remainder when f(x) is divided by p(x) using the division algerithm. 


Proof If r(x) is the remainder when f() is divided by p(x) using the division al- 
gorithm, then f(x) = g(x)p(x) + r(x), where gi) is the quotient in this division. 
Hence 


FQ) — rx) = qix)po, 


and so f(x) = r(x) (mod p(.x)). Thus f(x) € [r(x)]. 

Conversely, suppose that f(v) © [rad]. Then pod divides ft) | rtd. and so 
there exists giv) © Fla] such that (QW) ~ rd) = podga). Henee PO) = pargad * 7X). 
Since r(v) = 0 or the degree of r(x) ts less than the degree of piv). uniqueness of 
the remainder in the division algorithm shows that rcv) is the remainder when f(a) 
is divided by p(x) using the division algorithm. : 


As a consequence of Theorem 6.2, every equivalence class of congruence mod- 
ulo p(x) can be written as [rd]. where r(x) = 0 or the degree of ra) is less than 
the degree of p(x). The set of all the equivalence classes of Fa] under the relation 
congruence modulo p(x) will be denoted’ F[.x]/(p(x)). 


M EXAMPLE 1 Let F = Rand p(x) = + 1 E€ Fla. Since pia) has degree 2, the elements of 
Flx|/(p(x)) can be written in the form [7()], where r(x) = 0 or the degree of ry) 


'The reason for this notation will become clear in Section 6.3. 
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is less than 2. Hence the elements of F[x)/(p(x)) have the form [ax + b] for some 
real numbers a and b. 


When F is a finite field, the set F[x]/(p(x)) will also be finite, as in the following 
example. In this example and henceforth in this chapter we will denote elements of 
<, Without brackets, that is, as k rather than [Kk]. 


M@ EXAMPLE 2 Let F = 2, and pix) = x’ + x © Fx]. The elements of F[x]/(p(x)) can be 
written in the form [r(x)], where r(x) = 0 or the degree of r(x) is less than 3. Hence 
the distinct elements of F[x]/(p(x)) are 


[0], [1], ix], x + 1], b2), b2 + be +a], b2 +241). © 


As for the integers, we would like to introduce operations of addition and mul- 
tiplication in F[x]/(p(x)) by defining 


[f@)] + [g@)] = (£@) + g@)] and [f@x)][eC)] = [£@)g)]. 
But since the elements of F[x]/(p(x)) are equivalence classes, we need to check that 


these operations are well-defined by proving the following result. 


@ THEOREM 6.3 Let F be a field and p(x), f(x), f'(x), g(x), g'(x) be elements of F(x] such that 
peo 0. If 


f(x) = f'(x) (mod p@®)) = and —s g(x) = g8'(x) (mod p(x)), 
then 
f(x) + g(x) = f'(x) + g'(x) (mod p(x)) and sf (x) g(x) = f’(x)g'() (mod p(x)). 


Proof Let f(x) = f(x) (mod p(x)) and g(x) = g(x) (mod p(x)). We will prove only 
that fixe) =f" (oe'(x) (mod p(x)). Thefe exist u(x), v(x) © Fix] such that 
f(x) — f'(®) = p(x)u(x) and g(x) — g'(x) = p(x)v(x). Then 


fodgex) = [f'C) + pO)uQd]le’Q) + pO)vQ)] 
= f'(x)e'(x) + poduixdg'(x) + [f'(x) + poduGd pv) 
= f'(x)g'(x) + p(x)[ude’(x) + f’Cdv(x) + pdux)v(x)]. 


Hence 
fide) — f’ Ode’) = p)[uda'Qx) + fQOVQX) + pCQuCovGd)], 


so that f(xe(x) = f’(x)g'(x) (mod p(x). & 


Thus the definitions of addition and multiplication given above are legitimate 
operations on F[x|/(pQ)). In particular, note that [+][ +] [x | and, more generally, 
that 


We can now prove that F[x]/(p(x)) is a ring. 
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@ THEOREM 6.4 Let p(x) be a fixed polynomial of positive degree over a field F. Under the 
operations of addition and multiplication defined above, F{x)/(p(x)) is a commu- 
tative ring with identity that contains a subring isomorphic to F. 


Proof We will leave as an exercise the proof that F[x]/(p(x)) is a commutative 
ring with identity. If p(x) is a polynomial of positive degree, we will show that 
F* = {{a]: a € F}, the set of congruence classes in F[x]/(p(x)) corresponding to the 
constant polynomials in F, is a subring of F[x]/(p(x)) that is isomorphic to F. 

Define a function h: F — F[x]/(p(x)) by h(a) = [a]. By the definitions of ad- 
dition and multiplication in F[x]/{p(x)) we have 


h(a + b) = [a + b] = [a] + [b] = h(a) + h(d) 
and 
h(ab) = [ab] = [a][b] = h(a)h(b). 


Hence h is a homomorphism. Suppose that h(a) = h(b). Then [a] = [b]. and so 
a = b (mod p(x)). Thus p(x) divides a — b. But since p(x) has positive degree and 
a — bis anelement of F, necessarily a — b is the zero polynomial. Therefore a = b, 
proving that h is one-to-one. Thus F is isomorphic to the image of h, which is a 
subring of F[x]/{p(x)) by Theorem 3.13(c). But the image of h is F*: so F is iso- 
morphic to F* under the isomorphism h. 


If p(x) has positive degree, we will often identify F with the subring F* in the 
proof of Theorem 6.4 and denote the element [x] in F[x]/(p(x)) by ¢. With this 
notation the element 


[apx" + dyX” + +++ + ayx+ ao) =[a,Jie)" + fa, ey + - ~~ + fai + (ao) 
of F[x]/(p(x)) will be written as 


a,t” + a,t” | + +++ + at + ao. 


@ EXAMPLE 3 For F ='R and p(x) = x + 1 © Fix], the elements of Flx]/(p()) found in 
Example 1 can be written in the form at + b, where a, b © ‘R. In this case we find 
that 


(at + b) + (ct + d) = (a + cht + (6b + d) 
and 
(at + b)(ct + d) = act + (ad + be)t + bd. 
Now f + 1 = [x] + 1 = [x + 1] = [0] in Flx], and so Fe = —1. Thus 
(at + b)(ct + d) = act’ + (ad + bc)t + bd 
= ac(—1) + (ad + bce)t + bd 
= (ad + bc)t + (bd — ac). & 


| EXAMPLE 4 For F = Q and p(x) = x — 7 € F[x], the elements of F{x]/(p(x)) can be written 
in the form at + b, where a, b € Q. In this case we find that 


(at + b)(ct + d) = act’ + (ad + be)t + bd. 
Since ? — 7 = [x] — 7 = [¢ — 7] = [0] in Flx], we have @ = 7. Thus. 
(at + b)\(ct + d) = act’ + (ad + bc)t + bd 
ac(7) + (ad + bc)t + bd 
(ad + bc)t + (Jac + bd). 


WM EXAMPLE 5 Recall from Example 2 that if F = =, and p(x) = x’ + x © F[x], then the ring 
F[x]/(p(x)) contains eight elements. These can be written as 


OS I I ey cae cae ao 


Note that since 


3 


rie tax] = 0, 


it follows that 
Likewise 


Using these equations, we can show that the elements of F[x]/(p(x)) satisfy the 
following addition and multiplication tables. 


r+) 


i 1 0 tt t r+ re rP+ertl Pr+e 
t t 1+] 0 1 Per P+rtt ie r+ 
| t+ t ! 0 P+e+tl +e ea) ? 
fe ie r+) ree tet 0 1 t tel 
e+ nol G err et |e ites 1 ft) | t 
ett Pee P+et [E ol t tri 0 1 
rP+et eertl +t e+ fe r+ t 1 0 


if 1 ttm ! Af 1 i fj 
{haa iaat | (el at | me} 1) fom 

t es t ) i t t 

) t | 0 om v Baa 
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For example, 
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Just as the ring <,, is a field when m is a prime, the ring F[x]/(ptx)) is a field 
when p(x) is an irreducible polynomial. For example. it can be seen in Example 3 
that F[x]/(p(x)) is a field. We now establish this important result. 


@ THEOREM 6.5 Let p(x) be a fixed polynomial of positive degree over a field F. Then ptx) ts 
irreducible in F(x] if and only if F[x]/(p()) is a field. 


Proof Assume first that p(x) is irreducible in F[x]. By Theorem 6.4 F{x]/(p(x)) ts 
a cummutative ring with identity. Thus to prove that F[.x]/(ptx) is a field. we need 
only show that each nonzero element [q(x)] © Flx]/(p(x)) has a multiplicative in- 
verse. Since [g(x)] # 0, it follows that p(x) does not divide giv). Because p(x) is 
irreducible in F[x], the greatest common divisor of p(x) and gta) in Fla] must be 1. 
Thus by Theorem 5.4 there exist polynomials u(x) and v(x) in F [x] such that 


p(xu(x) + g(x)v(x) = 1. 
Therefore in F[x]/(p(x)) we have 


[gq@)N[v@)] = [1 — pu) = 11] — p@u@)] = [1] — [0] = (1), 


and so [v(x)] is the multiplicative inverse of [q(x]. 

Conversely, assume that p(x) is not irreducible in Fix]. Then there are poly- 
nomials u(x) and v(x) of positive degree in Fy] such that pa) = wav). By Theo- 
rem 5.2 the degrees of wv) and v(v) must be less than the degree of piv). Hence 
[u(x)] and [v(x)] are nonzero elements in F[x]/(p(x)). But 


[uQx)] [v9] = [pd] = [0] 
in F[x}/(p(x)), and so Theorem 4.2 shows that Flv]/(pQ)) is not a field. 


Throughout this chapter we will be concerned with enlarging a given field F. If 
K is a field that contains F as a subfield, we will call K an extension field of F. 
For example, ‘RK is an extension field of Q and C is an extension field of ‘R. 

It K is an extension field of F, then F[x] is a subring of A |x]. Hence there may 
be irreducible polynomials in FIx] that can be factored in A[xv]. This happens, for 
instance, with the polynomial x + 1, which is irreducible in ‘R[x] but factors as 
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(x + i)(x — i) in Cx]. In particular, the irreducible polynomial x? + 1 in ‘R[x] has 
roots in an extension field of ‘R. 

Combining the results of Theorems 6.4 and 6.5, we see that if p(x) is an irre- 
ducible polynomial over the field F, then F[x]/(p(x)) is an extension field of F. In 
fact, F[.x]/(p(x)) is an extension field of F which contains a root of p(x). 


M COROLLARY Let p(x) be an irreducible polynomial over a field F. Then F{x]/(p(x)) is an 
extension field of F, and t = [x] is a root of p(x) in F[x]/(p(o)). 


Proof Let p(x) = a,x" + a,—\x" | + +++ + a,x + ao be an irreducible polynomial 
over F. It follows from Theorems 6.4 and 6.5 that F[x]/(p(x)) is an extension field 
of F. Moreover, in F[x]/(p(x)) we have 


p(t) = a,t" + a,-\t” | + +++ + ayt + ay 
= [a,x" + a,x" | + +++ + ax tal 


= [p@)] 
= [OF]. 
Hence ¢ is a root of p(x) in F[x]/(p(x)). Wf 


Note that the Corollary to Theorem 6.5 requires p(x) to be a polynomial over a 
field. There can be polynomials over a ring R for which we are unable to find a root 
in any ring containing R. For example, the polynomial 3x° + | over =, has no roots 
in any ring containing an isomorphic copy of =,. For if r were such a root, then 
3r° + 1 = 0. Hence 

0 = 2-0 = 2(3r + 1) = 2, 
which is impossible in a ring that contains an isomorphic copy of 24. 

In the context of Example 3, the Corollary to Theorem 6.5 shows that 7 1s a root 
of pay = e Lit ‘REx|/(ptx)). Thus ¢ corresponds to the complex number 7, which 
is a root of x + 1 in C. Furthermore, we have seen that the elements of ‘R[.a]/(pi)) 
have the form ar + b, where a, b © ‘Kh and that addition and multiplication satisfy 
the rules 


Gest oy ere ad) = (a + eh tb + d) 

and 
(ape ica td)= had + be)t + (bd —sac}. 

These rules correspond exactly to the rules for addition and multiplication inc: 
(Gia+ Db) (cl tid) = (a HP) + (6 + dd) 


and 
(ai + b)(ci + d) = (ad + be)i + (bd — ac). 


These facts suggest that there ts a relationship between “Ki y]/(pO)) and ¢. In- 
deed, if for the element at + b in ‘R[x]/(p(x)) we define h(at + b) = ai + b, we 
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obtain a function h: ‘R[x]/(p(x)) > C. This function is easily seen to be a one-to- 
one correspondence. But also 


h((at + b) + (ct + d)) = A((a + c)t + (b + d)) 
=(a+ cit (b+ 4d) 
= (ai + b) + (ci + d) 
= h(at + b) + h(ct + d) 


and 
h((at + b)(ct + d)) = h((ad + bc)t + (bd — ac)) 
= (ad + bc)i + (bd — ac) 
= (ai + b\(ci + d) 
= h(at + b)h(ct + da). 
Therefore h is an isomorphism! 

Thus the concepts developed in this section provide us another way to construct 
the field of complex numbers from the field of real numbers. This construction is 
more complicated than that in Theorem 4.12 because it requires the introduction of 
an equivalence relation on ‘R[x] rather than the more straightforward definition of C 
as ‘KR X ‘R. Nevertheless, the present method is more natural because the definitions 
of addition and multiplication in ‘K[.x]/(p(x)) are inherited from ‘Riv]. whereas those 


given in Theorem 4.12 are completely unmotivated. In Section 6.5 we will construct 
new finite fields of the form F[x]/(p(x)). 


EXERCISES 6.1 


In Exercises 1 8 determine if {QO 20) (med pad fer the given pelynommnals 1), gov). 
and p(x) in ‘R[x]. 

f(x) = x -— 3x? + 2x — 5, g(x) = Bx — 13, px) =x +x-—2 

~ f(@) = 2x + x? — x + 3, gtx) = 10x + 7, plxy= x - 3x + 4 

-f@) = x’ — x? + 2x - 3, g(x) = 2x* -— 4x? -— 7x + 1, p(x) =x -—5 

-f@) = x + 2x4 — x) + 5x? - 4x — 2, px) = —x* — Ax’ + Ox — 8. p(x) =x + 3 
of) =x — 2 + x +4 + 1, ge -— 2 +O 4 x — 5. PX) =xr-x+3 
~ f(x) = x + 3x4 + Ae + 3x + 4, a(x) = x° + 2x? — OG + Ar + 5, pax) = x° + 3x - 1 


-f@) = 3x° + ” + 5x° — 2x7 + Sx + 4, g(x) = 2 4x! — x3 Hor + x + 7. 
pay =r ae | 


nh WS N= 


4 


a a) 


8. f(x) = 2° — 2x? + 4x — 6, g(x) = x° + Bx — 4x7 + Bx — 2, p(w) =H + BV - 2x — 4 


Which of the rings in Exercises 9-16 are fields? Justify your answer. 


9. Sah + ee 10. 22[x]/Q* + x + 1) 
11. Sax” + 2x7 + 1) 12. 2alxl/(2 + 22 + 2) 
13. Ss[x]/Q° + x + 1) 14. 2x] /(x? + 3) 


15. Zc{x]/(? + 4x + 3) 16. =,[x]/(? + 2x + 6) 


In Exercises 17-20 show that there is no ring containing an isomorphic copy of R in which 
u(x) has a root. 


17, ux) = 2x +3,R=% 18. u(x) = 4x + 1,R = 2, 
19. u(x) = 2° +5, R= Ze 20. u(x) = 2x° + 7, R = Zo 
List all the distinct elements of F{x)/(p(x)) in Exercises 21-24. 

21. 23[x}/G2 + 2) : 22. Z[x]/(x? + x + 1) 

23. Gael/(x* + x’) 24. Z[x)/(x? + x7 + x + 2) 
In Exercises 25-28, find the inverse of the given element in Z[x]/( + x + 1). 
25.1 26. ¢+ 1 

27.0 +1 er tet 


In Exercises 29-32, find the inverse of the given element in Z,[x]/(x° + x? + x + 2). 


29. 1+ 2 30. 7 
ei. 2° 32. 77 +2¢+ 1 


Prepare addition and multiplication tables for the rings in Exercises 33-36. 


33. =[x]/Ce + 1) 34. Zhx)/i? + x) 
35. D[x]/Ve + 1) 36. Z[x]/( + x’) 


37. How many elements are there in the ring <,,{x]/(p(x)) if p(x) is a polynomial of degree 
ming als)? 

38. Prove that the function h: ‘R[x]/(x° + 1) > C defined by h(at + b) = ai + b is a one- 
to-one correspondence. 

39. Let p(x) be a nonzero polynomial over a field F. Prove that the relation congruence 
modulo p(x) is reflexive and symmetric on F[x]. 

40. Let F be a field and p(x), f(x), f'(x), g(x), 2'(x) © F[x] such that p(x) # 0. Prove that 
if f(x) = f'(x) (mod p(x)) and g(x) = g’(x) (mod p(x)), then f(x) + g(x) = f'(x) + 9'(xX) 
(mod p(x)). 

Let F be a field and u(x), v(x) € F[x]. Prove that if u(x) divides v(x), then f(x) = g(x) 
(mod v(x)) implies f(x) = g(x) (mod u(x)). 

42. Let F be a field and u(x), v(x) € F[x]. Prove that f(x) = g(x) (mod p(x)) if and only if 
f(x) and g(x) have the same remainder when divided by p(x). 

43. In Example 4 show that Q[x]/(p(x)) is isomorphic to R = {a + bV7: a, b E Qh. 

44. Show that Q[x]/(x? — 2) is isomorphic to R = {a + bV2: a, b E Qh. 

45. Describe the elements of the ring ‘AJ a}/(0), and give the rules tor adding and multiplying 
two elements. 

46. Let a be an element of a field F. Prove that F[x]/(x — a) is isomorphic to F. 

47. Let p(x) be a polynomial of positive degree over a field / Prove that p(y) is irreducible 
in F[x] if and only if F[x]/(p(x)) ts an integral domain. 

48. Let p(x) be a polynomial of positive degree over a field F, and f(x) be a polynomial 
over F such that the greatest common divisor of pov and / (4) is 1. Prove that there exists 


g(x) © F[x] such that f(x)g(x) = | (mod p(x)), 
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49. Let F be a field and p(x) any polynomial of positive degree in F[x]. Prove that there is 
an extension field of F that contains a root of p(x). Hint: Apply the Corollary to Theorem 
6.5 to an irreducible factor of p(x). 

50. Complete the proof of Theorem 6.4 by proving that F[x]/(p(x)) is a commutative ring 
with identity. 


6.2 IDEALS 


In Section 6.1 we defined two elements of F{x] to be equivalent if their difference 
is a multiple of some fixed polynomial p(x). This amounts to saying that the dif- 
ference of the elements belongs to S = {f(x)p(x): f(x) € F{x]}. It is easily checked 
that S is a subring of F[x]. Moreover. S possesses the additional property that if 
g(x) © F[x] and h(x) € S, then g(x)h(x) € S. In this section we will investigate sub- 
rings of this type. 

An ideal of a ring R is a subring S of R that satisfies the following two additional 
conditions. 


(i) For each r € R and eachs € S, rs € S. 
(ii) For each 7 © K andiench § © 3) sr © 3: 


Note that conditions (i) and (ii) are a strengthening of the condition that S be closed 
under multiplication, which requires only that the product of any two elements of S 
be an element of S$. Because of Theorem 3.6. when proving that a subset S$ of a ring 
R is an ideal, it suffices to prove that Og € S. that § is closed under subtraction. and 
that the conditions (1) and (ii) above both hold. Of course. if R is a commutative 
ring, then rs = sr for every r,s © R. Hence in a commutative ring either of con- 
ditions (i) and (ii) implies the other. 
Our first example determines all the ideals of =. 


M@ EXAMPLE 1° For any fixed integer m, the set S — {Am: k © =} of all multiples of m is a 
subring of 2 by Example | of Section 3.4. We will show that § is also an ideal of 
=. Since 2 ts a commutative ring, it suffices to show that if - © 2 ands € S. then 
cy € S. Now it s € S, then s = km tor some integer &. Henee cx = cckm) = (2kym 
is an element of S because zk € =. Thus S is an ideal of =. 

In fact, every ideal of = consists of all multiples of some nonnegative integer 
n. For suppose that / is an ideal of 2. Tf / = {0}. then 7 consists of all multiples of 
0. Otherwise / contains a nonzero integer v. Since 1 € / implies that =x = (= 1) € 7, 
we see that / contains a positive integer. Let 7 be the smallest positive integer in /. 
Ifs € 7, then the division algorithm shows thats = ng + r tor seme integer r such 
that 0 = r <n. Now ng € J because n € J and / is an ideal. Thus r = s — ng € J. 
Since nis the smallest positive integer in /, we must have r = 0. Therefore » = ng 
is a multiple of n, and clearly every multiple of nm belongs to/. 1! 


M EXAMPLE 2 In =); the sect S — {0, 6} is easily seen to be a subring. But since 
r°0=0, r°6 = 6if ris odd, and r-6 = Oif ris even. 


it is also an ideal of <,,. @ 
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@ EXAMPLE 3 The ring of rational numbers Q is a subring of the ring of real numbers :R. 
However, Q is not an ideal of ‘R because 


V2ERand1EQ but V2-1¢Q. 


@ EXAMPLE 4 If F is a field, the set S of polynomials having zero constant term is easily seen 
to be a subring of F[.x]. Moreover, the product of any element of F[x] with an ele- 
ment of S has a zero constant term; so S is an ideal of F[x]. 


@ EXAMPLE 5 Let F be a field and S the set of polynomials for which the coefficient of x is 
zero. Again S is a subring of F[x]. However for x € F[x] and 1 € S we have 
x-l=xé€s5. 
Thus S is not an ideal of F[x]. @ 


@ EXAMPLE 6 The set of polynomials having even constant terms is an ideal in [x]. & 


@ EXAMPLE 7 Let R be the ring in Example | of Section 3.2 and S = {f € R: f(3) = O}. 
Clearly 0, € S. If f, g © S, then 


age) = 68) = 0 -0= 0 
and 
fae) = f(3)~ 23) nO Oi 0; 
so S is a subring of R by Theorem 3.6. Furthermore, if g © R and f € S, then 
(gee a(S) =,23)°0'= 0: 


Hence g-f € S, and so S is an ideal in R. A similar result would be true if 3 were 
replaced by any other real number. M@ 


M@ EXAMPLE 8 Let R be as in Example 7 and S = {f € R: f(3) = O or f(4) = O}. If g © R and 
f€S, then g-f © S as in Example 7. However, S is not closed under addition, and 
so is not a subring of R. Therefore S$ is not an ideal of R. 


In any ring R, the subrings {0} and R are always ideals. Sometimes these are 
the only ideals of R. An important case in which this occurs ts discussed in the 
following theorem. 


@ THEOREM 6.6 4 field F has no ideals other than {O} and F. 
Proof Let / be an ideal of F other than {0}. Then / contains a nonzero element a. 
For each element r € F. we have ra ' € F. Since / is an ideal of F and a € /, we 
must have r = (ra')a € 1. Thus F CJ, andsoF =/. @ 
Ideals arise naturally in the study of homomorphisms of rings. If A R > Sis a 


homomorphism between rings R and 5S, then the set tr © R: hr) & 0} as called the 
kernel of h. The following theorem shows that it is an ideal of R. 
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@ THEOREM 6.7 /fh: R > S is a homomorphism between rings R and S, then the kernel of h 
is an ideal of R. Moreover, h is one-to-one if and only if its kernel is {O}. 


Proof Let 4: R — S be a homomorphism between rings R and S, and let K denote 
the kernel of h. Since h(Og) = O; by Theorem 3.13(a), we have Og € K. If x. vy © K. 
then A(x) = 0, and h(y) = 0;. Hence by Exercise 22 in Section 3.6 we have 


h(x — y) = h(@) — h(y) = 0; — 0; = O5 
and 
h(xy) = h(x)h(y) = 05-0; = Os. 


Thus K is a subring of R by Theorem 3.6. 
Now suppose that x € R and a € K. Then 


h(xa) = h(x)h(a) = h(x)- 0, = 0; 
and : 
h(ax) = h(a)h(x) = 0,- h(x) = Os. 


Therefore xa, ax € K, proving that K is an ideal of R. We will leave the proof of 
the second sentence of the theorem as an exercise. 


In Section 6.3 we will use Theorem 6.7 to help us describe all the homemerphic 
images of a given ring. 

If R is a commutative ring with identity, then for any fixed element a € R the 
set {ra: r © R} is easily seen to be an ideal of R as in Example | above. This ideal 
is called the principal ideal generated by a and is denoted (a). In this book most 
of the ideals that we will encounter are principal ideals. In facet, of the ideals in 
Examples 1-7, only the one in Example 6 is not a principal ideal. Moreover. in 
many common rings such as 2 and Flv]. where F is a field. every ideal is a principal 
ideal. 

We are interested in ideals because they enable us to define an equivalence re- 
lation in an arbitrary ring that is analogous to congruence modulo pia) in Fix]. In 
the remainder of this section we will detine this relation and investigate its basic 
properties. Note carefully the similarities between this material and the discussions 
of congruence of integers (in Sections 2.4 and 3.1) and congruence modulo pia) (in 
Section 6.1). The latter two relations are actually special cases of the more general 
situation that we now describe. 

Let / be an ideal of a ring RK. Given x. y © R, we say that + is congruent to 
modulo / and write 4 = y (mod /) ifa - v € 7. The following result follows easily 
from the properties of a subring. It generalizes both Theorems 2.13 and 6.1. 


@ THEOREM 6.8 Ler J be an ideal of a ring R. The relation “congruence modulo I” is an 
equivalence relation on R. 


Our final result generalizes Theorems 2.15 and 6.3. It shows that congruence 
modulo / respects the operations of addition and multiplication in the original ring. 
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@ THEOREM 6.9 Let J be an ideal of a ring R. If x and y are elements of R such that x = x' 
(mod J) and y = y’ (mod J), then 


x + yx’ + y’ (mod/) and xy = x'y’ (mod /). 


Proof Let x and y be elements of R such that x = x’ (mod J) and y = y’ (mod J). 
We will prove only that xy = x’y’ (mod /). Since x = x' (mod J) and y = y’ (mod J), 
the elements r = x — x’ and s = y — y’ belong to /. Thus 


xy =G@' + r)(y' + s) = x'y' + ry’ + x's + 3s 
yo xy — ry + xs + 75. 


Now ry’, x's, rs € I because r, s € J and / is an ideal. Hence ye Res rset. 
and so xy — x'y’ E J. Thus xy = x’'y’ (mod J). 


In Section 6.3 we will use the results of Theorems 6.8 and 6.9 to construct a 


generalization of the rings Z,, and F[x]/{p(x)). 


EXERCISES 6.2 


1. 
2. 
Sp 


Ue 


Prove that in any ring R, {0} and R are ideals. 
Prove that Z is not an ideal of Q. 
Let R denote the subset of f,,..(2) consisting of all matrices of the form 


be 


and let 7 denote the set of all matrices in R of the form 


[ro] 


Prove that R is a ring and / is an ideal of R. 


. Let R denote the subset of ™,..(‘R) consisting of all matrices of the form 


a O 
barat 


and let J denote the set of all matrices in R of the form 


0 O 
fal (OV\|F 


Prove that R is a ring and / is an ideal of R. 


. Let R be the ring in Example | of Section 3.2, and let X C ‘kK. Prove that the set 


1 = {f © R: f(x) = 0 for all x € X} is an ideal of R. 


. Let R be the ring in Example | of Section 3.2 and S$ the subring consisting of the con- 


tinuous functions in R. Is S an ideal of R? Justify your answer. 


Determine all the ideals in 2. 
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8. 
a 
10. 


Determine all the ideals in 2). 
Let J and J be ideals of a ring R. Prove that J M J is an ideal of R. 
Let J be an ideal and S be a subring of a ring R. Prove that J S is an ideal of S. 


(a) Let J and J be ideals of a ring R. Prove that J + J = {x + y: x © J and y € J} is an 


12. 


RE 


14. 


15. 
16. 
17. 


18. 


19: 


20. 


ideal of R that contains both J and J. 


Complete the proof of Theorem 6.9. Where are properties (i) and (ii) in the definition 
of an ideal used in the proof of Theorem 6.9? 


Prove that if R and S are rings, then 
R ={7 OVERS: 7 Gk and S' = {Q, 5s) EROS: s ES} 


are ideals in R @ S. 


(a) Prove that if R and S are rings with ideals / and J. respectively. then / > J is an 
ideal in R @ S. 

(b) If K is an ideal of R ® S, must K have the form / = J for some ideals J C R and 
J C S? Justify your answer. 


Determine all the ideals in 2 @ Z. 
Determine all the ideals in <,, for an arbitrary integer m > 2. 


Let R be a ring with identity. Prove that if / is an ideal of R that contains an element 
having a multiplicative inverse in R, then J = R. 


Let R be a commutative ring with identity. Prove that if the only ideals of R are {0} and 
R, then R is a field. 


Prove that if R is a commutative ring with identity and a € R. then the principal ideal 
generated by a is an ideal of R that contains a. 


Find a commutative ring R and an element a € R such thata ¢€ {ra: r € R}. 


In Exercises 21-24 show that the ideal in the indicated example is a principal ideal. 


21. 
23. 


25. 


26. 
27. 


28. 


29. 


30. 


31. 
32. 


S in Example 2 22. S in Example 4 
= Pinethe ring 24. S$ in Example 7 
Give an example of a ring R and an clement a € R such that {ra: r © R} is nor an ideal 


of R. 
Determine (mm) M (n) for m,n € Z. 


Let h: R > S be a homomorphism between rings R and S. Prove that A is one-to-one if 
and only if its kernel is {0}. 

Let R be a ring with identity having characteristic c, and let h: & — R be the function 
defined by h(n) = nlp. Show that h is a homomorphism with kemel (c). 

Explain how congruence of integers in Sections 2.4 and 3.1 is a special case of congru- 
ence modulo /. 

Explain how congruence of polynomials in Section 6.1 is a special case of congruence 
modulo /. 


Prove Theorem 6.8. 

(a) Let J = {a,x" + a,x" | + +++ + ayx + ay © R[x]: ay = a, = a; = O}. Prove that 
I is a subring of ‘R[x] but not an ideal of ‘R[x). 

(b) Prove that J is an ideal of J = (x’) and J is an ideal of ‘R[x]. 


35. 


42. 


43. 


45. 
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(c) Let R be a ring. J be an ideal of R, and / be an ideal of J. Prove that if 7 has an 
identity element, then / is an ideal of R. 


- Let / be an ideal of a ring R. If x and y are elements of R such that x = x’ (mod /) and 


y = y’ (mod J), prove that x + y = x’ + y' (mod J). 


- Prove that the ideal in Example 6 is not a principal ideal. Hint: The ideal contains both 


u(x) = 2 and v(x) = x. 


Prove that if F is a field, then every ideal in the ring F|x] is a principal ideal. Hint: If 
/ is an ideal of F[x] other than {0}, show that / contains a nonzero element p(x) of smallest 
degree and prove that J = (p(x)). 

Let F be a field and J = {a,x" + --+ + ayx + ay E Fl[x]: a, + +++ + ay + ay = O}. Show 
that J is an ideal of F[x], and find p(x) € F[x] such that J = (p(x)). 


Prove that if / is an ideal of a ring R, then /[x] is an ideal of R[x]. 


. Let R be a ring. Prove that the intersection of any collection of ideals of R is an ideal 


of R. 


. Prove that if S is a subset of a ring R, then there is a unique smallest ideal of R that 


contains S. 


. Let R be a commutative ring, J an ideal of R, and a an element of R. Prove that the set 


{ra + s: r © R, s © J} is an ideal of R containing /. 


. Let x, y € D, an integral domain. Prove that (x) = (y) if and only if x = dy for some 


element d € D having a multiplicative inverse. 


Let R be a commutative ring, and let N denote the set of elements r © R for which there 
exists a positive integer n such that r” = 0. Show that N is an ideal of R. (It is called 
the radical of R.) 


Let S be a subset of a commutative ring R and / = {r € R: rs = 0 for all s € S}. Show 
that / is an ideal of R. (It is called the annihilator of S.) 


. Prove that .f...C¢R) has no ideals other than {O} and V5. 508). Hint: Show that if J + {0} 


5 - . w x A 
is an ideal of .™,..(‘R), then J must contain a matrix —s with w # 0. Then 


& 


, a 
E Ale alli l= fey Show by a similar argument that 


0 0 ay Olli oO}. foo 
E | & 4, and ene is =) 0 a dev 


(The Chinese remainder theorem for rings) Let I and J be ideals of a ring R such that 

1+J=R. (See Exercise !1 for the definition of / + J.) 

(a) Prove that for any a, b € R there exists x € R such that x = a (mod /) and x = b 
(mod J). Hint: There exist r€ /ands € J suchthatr + s = b-a.Takex =a+tr. 

(b) Prove that if y © R and y = a (mod /) and y = b (mod J), then x = y (mod / 1 J), 
where x is as in part (a). 


6.3 QUOTIENT RINGS 


Theorem 6.8 states that if R is a ring and / is an ideal of KR, then congruence modulo 
/ is an equivalence relation on R. In this section we will use this equivalence relation 
to define a new ring in which the elements are the equivalence classes of R under 
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the relation of congruence modulo /. The technique that will be used is the same as 
that used in Section 3.1 to construct the ring <,, from 2 and that used in Section 
6.1 to construct F[x]/(p(x)) from F[x]. 

If R is a ring and / is an ideal of R, we let R/I denote the set of all the equiv- 
alence classes of R determined by the equivalence relation of congruence modulo /. 
In order to make R// a ring, we must define addition and multiplication, which we 
do in the natural manner: for [x], [y] © R// we define 


[x] toby [eats] and [xu y] = [xy]. 


Note that these definitions are the same as those used in Sections 3.1 and 6.1 for 
the rings <,, and F[x]/{p(x)). As always when we operate on equivalence classes. 
we must be sure that these operations are well-defined. This fact follows immediately 
from Theorem 6.9, and we leave the details as an exercise. 

We can now show that R/J/ is a ring with these operations. As before. the proofs 
of ring axioms R, through R; follow easily from the definitions of addition and mul- 
tiplication in R// and the corresponding axioms for R. We will illustrate these proofs 
by showing that addition and multiplication are associative. If x. vy. 2 © R. then in 
R/I we have: 


ie (Ly] + (2]) = bis Ly + 2p Stee & ai 
=[@ + y) +z) = b+ 9) > [27] =e dS el 
and 
[x)(yliz) = xILyz] = bxCyz)] = [@y)z] = belle] = (xy ){2)- 


It is easy to see that [Og] is the zero element in R// and that it / = R and R has an 
identity element I, then [1] is an identity element for R//. These results are sum- 
marized in the following theorem. 


@ THEOREM 6.10 Let R be a ring and 1 an ideal of R. With the definitions of addition and 
multiplication given above, R/I is a ring. Moreover 


(a) if R is a commutative ring, then R/I is a commutative ring: 
(b) if R has an identity element and 1 # R. then R/I has an identity element. 


If 7 is an ideal of ring R, then congruence modulo / is an equivalence relation 
on R, and so for.x, y © R we have y € [a] if and only if y @ a (med /). (See Section 
1.4.) Therefore y € [x] if and only if y — x € /, that is, 


ex) if and only if y = x + sforsomes € /. 


Hence [x] 1s the subset of R consisting of all elements of the form x + s for some 
s € I. Consequently the elements of R// are usually denoted by x + / rather than 
[x]. We will use this notation hencetorth. With this notation the definitions of ad- 
dition and multiplication in R// take the form 


aq@+D+Qy+D=@+y) 417 and &K+tDGY+D=xn +1. 


The elements of R// are called cosets of / in R, and the ring R// is called the quo- 
tient ring (or factor ring) of R by J. 
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@ EXAMPLE 1 Fix a positive integer m = 2 and define / = (m) = {km: k € Z}. The quotient 
ring of 2 by / is just =,, because the construction of <// described above is exactly 
the process used to construct <,, in Section 3.1. Thus another notation for <,, is 
2/(m), and in Z,, another notation for [x] is x + (m). I 


@ EXAMPLE 2 Let F be a field and p(x) a polynomial over F. If / denotes the principal ideal 
generated by p(x), then F[x]// is the ring F[x]/(p(x)) constructed in Section 6.1. 
Note that since / = (p(x)), the notation for the quotient ring is consistent with that 
used in Section 6.1. @&@ 


There is a natural mapping y: R — R/I defined by n(x) = x + J. It follows 
immediately from the definitions of addition and multiplication in R// that y is a 
homomorphism, which is called the natural homomorphism from R to R//. The 
kernel of 7 is the set of all elements x € R such that n(x) = 0 + J, that is, the 
elements x such that x + / = 0 + J. But the cosets x + J and 0 + / are equal only 
if x = x — 0 € I. Hence the kernel of 7 is just the ideal /. 

The preceding discussion shows that every ideal of R is the kernel of some 
homomorphism. Recall that Theorem 6.7 proved that the kernel of every homo- 
morphism h: R — S is an ideal of R. The relationship among R, S, and the kernel 
of h is described in the following important result. 


@ THEOREM 6.11 (The First lsomorphism Theorem for Rings) Lert R and S be rings and 
h: R — S a homomorphism from R to S having kernel K and image T. Then the 
mapping f: R/K — T defined by f(x + K) = h(x) is an isomorphism of R/K onto 
F. 


Proof Recall] that 7 is a subring of S. First, we will show that f is well-defined. 
If x + K, x’ + K € R/K and x + K =x' + K, then x’ = x + s for some s € K. 
Hence 


h(x') = h(x + s) = A(x) + A(s) = ACW) + :*O = AC). 


Therefore f(x’ + K) = A(x’) = h(x) = f(x + K). Thus f is well-defined. 
Next we will show that fis a homomorphism. Let. + K, vy + K © R/K. Since 
h is a homomorphism, we have 


f(Ce+ K+ (y °K) = S(O + y) + Ky ho + y) 
= hie) + hy) = f(% + K) FfOrt K) 
and 
Fx +uoty +°K)) = fay th) = h(xy) = h(x)h(y) = f(x + K)f(y + K). 


Thus f is a homomorphism. 
Suppose now that f(x + K) = f(y + K). Then h(x) = h(y), and so 
h(x — y) = h(x) — A(y) = 0. 


It follows that x — y € K, the kernel of h. But then x + K = y + K. Theretore f 
is one-to-one. Finally, let s © 7. Since T is the image of /r, there exists r © R such 
that A(r) = s. Thus r + K © R/K and f(r + K) = hir) = s. Hence fis onto. a 
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Figure 6.1 


Figure 6.1 illustrates the relationships among the rings R, S. and R/K in the 
first isomorphism theorem. Observe that Aq.) = f(x) tor ally EG R. where n. R -* R/K 
is the natural homomorphism. 

At the end of Section 6.1 we showed that for p(x) = x° + 1, the function 
he ‘Ri x|/(pQ)) > © defined by tar + by ai + hb. where rt © [x]. is an isomorph- 
ism. This fact follows immediately trom the first isomorphism theorem by consid- 
ering the function H: ‘R[v] — © defined by ff) wt). This function is just the 
evaluation mapping 9: Cla] — © detined tn Section 3.3 restricted to the subring ‘Kia] 
of CLx], and so H ts a homomorphism of “Kl v] into ©. Note that #7 is onto © because 
H(bx + a) = a + bi forany a. b € °K. Moreover. vv) lies in the kernel of Hf if and 
only if vi) > 0, that is. if and only if V+ 1 divides v(v). (See Exercise 10.) Thus 
the kernel of H is the principal ideal generated by pur) = V+ 1. and so the first 
isomorphism theorem shows that ‘R[.x]/(p(x)) is isomorphic to C. 

In the following cxample the first tsomorphism theorem is used in a similar 
fashion to identify a different quotient ring. 


M@ EXAMPLE 3 We will show that the ring Qpxl/a" = 7) in Example 4+ of Section 6.1 is iso- 


morphic to F — {a + bV 7: a,b € Qh. Note that F is a subring of ‘Rk by Exercise 
19 in Section 4.1. Define &: Qla] = F by Aqua) = wCW7) owe an tite proot of 
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Theorem 5.6, h is a homomorphism, and A(a + bx) = a + bvV/7, so that h is onto. 
Thus if K denotes the kernel of A, the first isomorphism theorem shows that F is 
isomorphic to Q[{x]/K. 

It suffices therefore to show that K = (x — 7). Let u(x) € Q|x]. Apply the 
division algorithm in Q[x] to write u(x) = (x? — 7)q(x) + rx), where: r@) © Qf] 
and either r(x) = O or the degree of r(x) is less than 2. By Theorem 5.6 we have 


u(V7) = h(u(x)) = hO? — 7)-h(gQd) + AOD) = 0+ g(V7) + V7) = r(V7). 


If u(x) © (x — 7), then r(x) = 0. Hence h(u(x)) = u(V7) = r(\V/7) = 0, and so 
u(x) © K. Conversely, if u(x) © K, then r(V7) = u(V7) = h(u(x)) = 0. Thus r(x) 
has an irrational root, and so the degree of r(x) cannot be less than 2. Thus r(x) = 0, 
and u(x) © (x — 7). Hence (x — 7) = K, completing the proof that Q[x]/(’ — 7) 
is isomorphic to F. 


mM EXAMPLE 4 Consider the ring R in Example | of Section 3.2 and J = {f € R: f(3) = O}. 
Recall from Example 7 in Section 6.2 that / is an ideal in R. Define a function 
h: R > ‘RK by h(f) = f(3). It is easily seen that h is a homomorphism with kernel / 
and image ‘R. Hence the quotient ring R// is isomorphic to'‘R. 


A homomorphism h: R — S from ring R onto ring S may transmit some of the 
structure of R to S. For example, if R is commutative, then S must be commutative 
also. A ring S is said to be a homomorphic image of a ring R if there is a homo- 
morphism from R onto S. If we regard isomorphic rings as identical, then the first 
isomorphism theorem states that the only homomorphic images of ring RK are its 
quotient rings R//, where / is an ideal of R. Thus if we can find all the ideals of a 
ring, then we can determine all its homomorphic images. 


M EXAMPLE 5 Recall from Theorem 6.6 that the only ideals of a field F are F and {0}. Clearly 
the quotient ring F/F is isomorphic to {O}, and Theorem 6.7 shows that a homo- 
morphism on F that is onto and has kernel {O} is an isomorphism. Hence the only 
homomorphic images of F are rings isomorphic to F and {0}. & 


mM EXAMPLE 6 We will determine all the homomorphic images of =. If fis a homomorphism 
of = onto S, then the kernel of A is an ideal of = and so must consist of all multiples 
of some nonnegative integer n. If n © O, then A is an isomorphism. If 2 = 1, then 
(n) = Z, and so Z/(n) is isomorphic to {O}. Otherwise, if a> 2, then 2/(71) = <,. 
Hence (up to isomorphism) the only homomorphic images of = are =, {O}, and the 


rings Z,forn=2. 


@ EXAMPLE 7 We will determine all the homomorphisms A: 'K — °K. It follows trom Example 
5 that A is either an isomorphism onto its image or the zero homomorphism. But 
Exercise 32 in Section 4.3 shows that the only isomorphism from ‘K onto a subring 
of ‘R is the identity function. Hence either A(v) = x for all a © ‘RK or A(x) = O tor 
ane RR. A 
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The first isomorphism theorem is a powerful tool for studying the structure of 


quotient rings. In Section 6.4 we will use it to study the structure of certain types 
of extension fields. 


EXERCISES 6.3 
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© ern Am & Ww WN 


10. 


11. 
12. 
I. 


14. 


15. 


16. 
fe 
18. 
19. 


20. 


21. 


Let R be a ring and / an ideal of R. Prove that the operations of addition and multiplication 
in R/I are well-defined. 


. Prove that addition in R// is commutative. 


Prove that Op + J is the zero element in R//. 


. Prove that each element in R// has an additive inverse. 
. Prove that the distributive properties hold in R/T. 


Prove that the function / in Example 4 is a homomorphism with kernel /. 


. Prove Theorem 6.10(a). 
. Prove Theorem 6.10(b). 
. Let J be an ideal of a ring R. Prove that R// is commutative if and only if xy 


iH 


yx 
(mod J) for all x, y E R. 

Prove that if H: ‘R[x] — C is defined by H(u(x)) = ui). then (x) lies in the kernel of H 
if and only if x? + 1 divides v(x). Hint: Use Corollary 1 of Theorem 5.15. 


Use the first isomorphism theorem to show that 2,,/([3]) is isomorphic to 2. 
Use the first isomorphism theorem to show that 2|,/([4]) is isomorphic to =. 


Prove that if p(x) = x*° — 2 € Qfx], then Q[x]/(p(o) is isomorphic to the ring 
{a + bV2: a, b € Qh. 

Prove that if p(x) =x -— 3 € Q[x], then Q[x]/(pQd)) is isomorphic to the ring 
{a + bV3: a, b E Qh. 

Prove that if R is a commutative ring with identity and p(a) = x € Ra]. then Rix] /(—a)) 
is isomorphic to R. 


Prove that for any ring R, R/(0) is isomorphic to R. 
Describe the ring R// for R and / as in Exercise 3 of Section 6.2. 
Describe the ring R// for R and / as in Exercise 4 of Section 6.2. 


Let m and n be integers greater than [| such that gedgm. nn) = 1. Prove that (n)/(mn) is 
isomorphic to <,,. 


Let p be a fixed prime integer. Let R denote the subset of Q consisting of all quotients 
of integers m/n, where n is not divisible by p and m and n have no common factors 
greater than 1. Let / be the subset of R consisting of those quotients that satisfy the 
additional condition that m is divisible by p. 

(a) Prove that R is a subring of Q. 

(b) Prove that / is an ideal of R. 

(c) Prove that R// is isomorphic to <,. 


Let m be an integer greater than 1. 


(a) If J is an ideal of Z,,, prove that J = ([{d]) for some positive divisor d of m. 
(b) If d > 1 is a positive divisor of m, prove that Z,,/<{d]) is isomorphic to 2). 


30. 


SIE 


32. 


33. 
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- Let R be a commutative ring and J # R an ideal of R. Prove that R// has an identity 


element if and only if there exists e € R such that er — r € J for every 7 SR: 


- Show that every homomorphic image of 2) is isomorphic to 23, 2, 24, 2%, Z12, or {O}. 


- Determine all the homomorphic images of &,, for m = 2. Hint: If h is a homomorphism 


of Z,, onto S, consider hn, where n: Z— Z,, is the natural homomorphism. 


Let / and J be ideals of a ring R. Define a function h: R > R/I ® R/J by h(r) = 
(r + I, r + J). Prove that h is a homomorphism. 


. Determine the kernel of the homomorphism A in Exercise 25. Justify your answer. 


Use Exercises 25 and 26 to prove that 2, is isomorphic to Z,; ® 2. 

State and prove a generalization of the result in Exercise 27. 

Let J and J be ideals of ring R such that7 CJ CR. 

(a) Show that J/J = {x + I: x € J} is an ideal of R/T. 

(b) Show that the function that associates to J the ideal J/IJ C R/I is a one-to-one cor- 
respondence between the set of ideals of R that contain J and the set of ideals of 
R/T. 

Let / and J be ideals of a ring R such that / + J = R. Prove that R/(J M J) is isomorphic 

to R/I ® R/J. Hint: Use Exercises 25 and 26 above and Exercise 44 in Section 6.2. 

(The second isomorphism theorem for rings) Let I and J be ideals of a ring R. Recall 

from Exercises 9 and 11 of Section 6.2 that 7M J and J + J are ideals of R. Prove that 

I/U A J) is isomorphic to 7 + J)/J. 

(The third isomorphism theorem for rings) Let I and J be ideals of a ring R such that 

1C J. By Exercise 29, J// is an ideal of R/I. Prove that (R/I)/(J/D is isomorphic to 

R/J. Hint: Show that the mapping h: R/I — R/J defined by h(r + J) = r + J is a homo- 

morphism onto R/J with kernel J//. 

Let R and S be rings, h: R — S be a one-to-one homomorphism, and / an ideal of R. 

Let 


J = {s € S:s = h(r) for some r € R}. 


(a) Prove that J is an ideal of S. 
(b) Prove that the function H: R/I — S/J defined by H(r + J = h(s) + J is an iso- 
morphism. 


An ideal M of a ring R is called a maximal ideal if M # R and the only ideals of R that 
contain M are M and R. 


34. 
35% 
36. 
37. 
38. 


oo. 
40. 


41. 


Show that (x) is a maximal ideal in Q[x]. 
Show that (x) is nof a maximal ideal in [x]. 
Give an example of a ring in which (QO) is a maximal ideal. 


Show that the ideal § in Example 7 of Section 6.2 is a maximal ideal of R. 


Let n be a positive integer. Show that (m) is a maximal ideal in = if and only if 7 is a 
prime. 
Determine all the maximal ideals in 2). 


Let / be an ideal of a commutative ring with identity R. Prove that / is a maximal ideal 
if and only if R// is a field. 
Show that one of the implications in the preceding exercise is true for every ring R. Then 


276 


Chapter 6 Extension Fields 


42. 


43. 


give an example to show that the converse implication may fail if R is not a commutative 

ring with identity. 

Let F be a field and p(x) a polynomial over F. Show that (p(x)) is a maximal ideal in 

F[x] if and only if p(x) is irreducible. 

Let R = {a + bi: a, b € Z}. Recall from Exercise 23 in Section 4.1 that R is a subring 

of C. Ring R is called the ring of Gaussian integers. 

(a) Let J = {a + bi € R: both a and b are divisible by 5}. Prove that J C (2 + 7). and 
hence J is not a maximal ideal of R. 

(b) Let M = {a + bi € R: both a and b are divisible by 3}. Prove that M is a maximal 
ideal of R. 

(c) Prove that R/M is isomorphic to the ring =, X =, with addition and multiplication 
defined by (r, s) + (u, v) = (r + u, s + v) and (r, s)(u, v) = (ru — sv, rv + sia). 

(d) Show that R/M is a field containing exactly 9 elements. 


A sequence {a,} of rational numbers is called a Cauchy sequence if. for every positive 
rational number €, there exists a positive integer m, such that 


laj-a|<e whenever i,j>n. 


Let R denote the set of all Cauchy sequences of rational numbers. For {a,}. {6,} © R 
define {a,} = {b,} if and only if a, = b, for every positive integer k, and define addition 
and multiplication by 


{a,} + {b,} = {a, + b,} and —{a,} - {b,} = {a,b,}- 


(a) Prove that R is a commutative ring with identity under the operations defined above. 
Hint: Show that if {a,} © R. then there exists a positive rational number AK such that 
la,| <= K for every n. 

(b) Let J = {{a,} € R: {a,} converges to 0}. Prove that J is a maximal ideal of R. 

(c) Prove that R// is an ordered ring. 

(d) Prove that R// is a complete ordered ring. (Hence by Theorem 4.9 R// is isomorphic 
to‘RK. Thus this exercise provides a method for constructing °K from Q that is different 
from the one used in Section 4.6.) 


6.4 SIMPLE EXTENSIONS 


In Theorem 6.5 and its Corollary we saw that if F is a field and p(x) € F[x] is 
irreducible, then FI.x]/(p(v)) is an extension field of F that contains a root of p(x). 
It is natural to ask if there is a smallest extension field that contains a given element. 
More precisely, given an extension field K of a field F and an element a € K, is 
there a smallest subfield of A containing F and a? As a consequence of the following 
result, we will see that this question has an affirmative answer. f 


@ THEOREM 6.12 /f K is a field, then the intersection of two or more subfields of K is a subfield 
of K. ; : ; 


Proof Let E denote the intersection of some collection C of subfields of K. Since 
every subfield of K must contain the same zero element and the same identity element 
as K (see Exercise 27 of Section 4.1). we have 0, 1 © E. Let b. c € E. Then b and 
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c he in each subfield in C. Because a field is closed under subtraction and multi- 
plication, b — ¢ and be also lie in each subfield in C. Hence b — c and bce lie in E, 
and so E is a subring of K by Theorem 3.6. To show that E is a field, we need only 
show that each nonzero element d in E has a multiplicative inverse. Since d lies in 
each subfield in C, d ' also lies in each subfield in C. Thus d'' € E, proving that 
Eisa field. @ 


Let K be an extension field of F and a,, a), ..., a, € K. It follows from Theorem 
6.12 that the intersection of all the subfields of K that contain F and every a, is a 
subfield of K. Clearly this intersection contains F and every a,, and it is contained 
in each subfield of K containing F and every a,. Thus this intersection must be the 
smallest subfield of K containing F and every a,. We call it the subfield obtained 
by adjoining a,, a), ..., a, to F and denote it by F(a,, a, ..., a,). 

A field obtained by adjoining one element to F is called a simple extension of 
F. Theorem 6.12 guarantees that if K is an extension field of F and a € K, then 
there is a smallest extension field of F that contains a. Nevertheless, Theorem 6.12 
gives us no information about what this field F(a) looks like. In the rest of this 
section we will describe the simple extensions of F in terms of concepts that we 
have considered previously. 

Suppose that K is an extension field of F that contains a. Let n be a nonnegative 
integer and co, C), ---, Cn-1, Cp © F. Then F(a) must contain the element 


Cyl” + Cpa" ' +--+ + e,a + ce 


because F(a) contains a and every element of F and is closed under addition and 
multiplication. Hence the image of every polynomial over F under the evaluation 
map ¢,: K[x] — K is an element of F(a). Therefore we can regard ¢, as a function 
with domain F[x] and codomain F(a), and, as in Theorem 5.6, ¢, is a homomor- 
phism from F[x] to F(a). 

When will ¢, be one-to-one? Theorem 6.7 shows that 9», is one-to-one if and 
only if its kernel is {O}. But this happens precisely when a is not the root of any 
polynomial in F[x]. This analysis suggests that we should distinguish between two 
types of elements in K. 

Let F and K be fields such that F C K. An clement a € K is called algebraic 
over F if a is the root of some nonzero polynomial over F. An element of A that ts 
not algebraic over F is called transcendental over /’. Clearly each element of F is 
algebraic over F, because if a € F, then a is the root of x — a € F[x]. 


w EXAMPLE 1. The element V7 © ‘Kk is algebraic over Q because it is the root of = 7 in 
Qlx]. @ 


m@ EXAMPLE 2. The element i € ( is algebraic over ‘RK because it is the rootof vo TERIA]. 


L+ 5 a 2 
™@ EXAMPLE 3 The element —->—— € ‘Ris algebraic over Q because it is the root of wx = | 


a 


in Q{x]. i 
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@ EXAMPLE 4 The clement \/2 + V3 E'R is algebraic over Q because it is the root of 
[x — V3" — 2N@ + V3 - 2] = x* -— 10° + 1€E Qh). HF 


‘EXAMPLE 5 The element 2 cos 20° € 'R is algebraic over Q because it is the root of x° — 3x — 1 
in Q[x]. (See Section 5.6 for details.) 


@ EXAMPLE 6 The real number e (the base of natural logarithms) is transcendental over Q. 
(This fact was first proved in 1873 by Charles Hermite.) Likewise. the element 7 € ‘RK 
is transcendental over Q. (This fact was first proved in 1882 by Ferdinand Linde- 
mann.) Proof of these statements is beyond the scope of this book. @ 


Because of the importance of the fields of rational and real numbers. it is often 
necessary to determine if a particular real number is algebraic or transcendental over 
Q. Such problems can be quite difficult. In particular, it is almost always extremely 
difficult to prove that a particular real number is transcendental over Q. Nevertheless. 
in some sense, most real numbers are transcendental over Q. (See Exercise 40.) 

Returning to our analysis of F(a), we see that there are two possibilities to con- 
sider, according to whether a is algebraic or transcendental over F. The latter case 
is easier to handle, and so we will consider it first. If a is transcendental over F. 
then a is not the root of any polynomial over F. and so ¢,: Fix) — Fla) is a one- 
to-one homomorphism. Let S be the image of ¢, in F(a). Then ¢, is an isomorphism 
from F[x] to S. Theorem 5.1 and the Corollary to Theorem 5.2 imply that S is an 
integral domain containing a and F. But Theorem 4.5 shows that the smallest field 
containing S is just the field of quotients of S. Since F(a) is also the smallest field 
containing a and F, we see that F(a) is the field of quotients of S. Therefore F(a) 
is isomorphic to the field of quotients of F[x) if a is transeendental over F. So in 
this case the elements of F(a) can be regarded as quotients of polynomials wiv) and 
v(x) in F[x], where v(x) # 0. We have obtained the following result. 


@ THEOREM 6.13 Let F and K be fields such that F © K. If a € K is transcendental ever F. 
then F(a) ts isomorphic to the field of quotients of the integral domain F\x}. 


We now turn to the analysis of F(a) when a is algebraic over F. If a is algebraic 
over F, there will be many polynomials in F |x] having a as a root. However, all 
such polynomials are multiples of some monic polynomial of smallest degree. 


@ THEOREM 6.14 Let F and K be fields such that F C K. If a © K is algebraic over F. then 
there is a unique monic irreducible polynomial p(x) © Flx] having a as a root. 
Moreover, if u(x) © F[x] has a as a root, then p(x) divides u(x). 


Proof Consider the set S of all the nonzero polynomials in Fix] that have a as a 
root. Since a is algebraic over F, S # ©. Because .\ is well-ordered, there is a 
polynomial w(x) € S of smallest degree. If ¢ is the leading coefficient of wi), then 
p(x) = c'w(x) is a monic polynomial of smallest degree in S. 

If p(x) is not irreducible in Flv], there exist polynomials u(x), v(x) € f\<| of 
positive degree such that p(x) = u(x)(x). Since 0 = pla) = u(a)v(a), necessarily 
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ua) = 0 or v(a) = 0. This implies that u(x) € S or v(x) € S. But then u(x) or v(x) 
is an element of S with degree less than p(x), a contradiction. Hence p(x) must be 
irreducible. 

We will show next that p(x) divides every element in S. Let u(x) € S. The 
division algorithm shows that 


u(x) = p(x)q(x) + r(x), 
where r(x) = O or the degree of r(x) is less than the degree of p(x). Now 
r(a) = u(a) — p(a)q(a) = 0 — 0- g(a) = 0. 


Thus a is a root of r(x). If r(x) is not the zero polynomial, then r(x) € S. But r(x) 
has degree less than p(x), and p(x) is a polynomial of smallest degree in S. It follows 
that r(x) is the zero polynomial, and so p(x) divides u(x). 

Now we will prove that p(x) is unique. If p’(x) is a monic irreducible polynomial 
in F[x] having a as a root, then the preceding paragraph shows that p(x) divides 
p'(x). Hence there exists g(x) © F[x] such that p’(x) = p(x)q(x). Because p'(x) is 
irreducible and p(x) has positive degree, g(x) must be a constant polynomial. But 
p'(x) and p(x) are both monic, so that g(x) must have a leading coefficient of 1. 
Thus g(x) = 1, and so p’(x) = p(x)q(x) = p@). 


If a is algebraic over F, the unique monic irreducible polynomial p(x) € F[x] 
having a as a root is called the minimal polynomial of a over F. 


M@ EXAMPLE 7 The minimal polynomial of V7 over Q is x° — 7 because x° — 7 is a monic 
irreducible polynomial in Q[x] having V7 as a root. Mf 


@ EXAMPLE 8 The minimal polynomial of i over ‘R is x + 1. | 


M@ EXAMPLE 9 The minimal polynomial of V2 + V3 over Q is x* — 10° + 1. (See Example 
4.) We leave the proof that x* ~ 10x° + 1 is irreducible in Q[x] as an exercise. 
| 


When a is an algebraic element over F, its minimal polynomial determines F(a). 


@ THEOREM 6.15 Ler F and K be fields such that F C K. Ifa © K ts algebraic over F with 
minimal polynomial p(x), then F(a) is isomorphic to F({x]/(p(x)). 


Proof Consider the homomorphism ,: /|x| — F(a). The kernel of ¢, consists of 
all polynomials in F |x] that have a as a root, and so the kernel of ¢,, ts (p(x)) by 
Theorem 6.14. Hence the first isomorphism theorem shows that Fal/(p(v)) is iso- 
morphic to the image S of g,. To complete the proof, we will show that S ~ F(a). 
Theorem 6.5 shows that Ffx]/(p(x)) is a field, and so S is a field. Furthermore, S 
contains F because 9,(r) = r for each r © F, and S contains a because 9,(v) = a. 
Since F(a) is the smallest field containing F and a, we must have S = F(a). @ 
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We saw in Section 6.1 that if u(x) © F(x), then in F(x)/(p(x)) we have 
{u(x)] = [r(x)], where r(x) is the remainder in the division of u(x) by p(x). If 


p(x) = x" SF Cie Be EG =P Cx ta Co> 
it follows that every element of F[x]/(p(x)) can be written in the form 
(ae + +9 « +i peteepal 


far SOMme: PD, 1, 46:5 Ovo f. 

In the proof of Theorem 6.15, the isomorphism from F[x]/(p(+)) to F(a) is given 
by the first isomorphism theorem. In this context. this isomorphism is the mapping — 
that sends u(x) + (p(x)) in F[x]/(p(x)) to ¢,(u(x)) = u(a) in F(a). Thus every ele- 
ment in F(a) can be uniquely represented in the form 


bea. Sou oF b,a af bo 


for some b,_,, ..., b;, by) € F, where n is the degree of the minimal polynomial of 
a over F. Two such representations are added and multiplied in the usual manner. 
If a product results in terms of the form a‘ with k = n. the resulting expression is 
simplified by using the fact that p(a) = 0, that is, 


a" +c,-,a" | + -*> + cja + c = 0, 


so that 


n 


a" = —(c,_,a" | + +++ + c,a + ©). 


The comments in the preceding paragraph justify the rules for calculating sums 
and products of complex numbers presented in Section 1.3. For in Example 8 we 
saw that the minimal polynomial of i over ‘Ris x + 1. Thus Theorem 6.15 shows 
that ‘R(7) is isomorphic to ‘REv|/av + 1). which we saw in Section 6.1 is isomorphic 
to C. Hence we can think of complex numbers as polynomials in 7 of the form ui + ¥, 
where us, ‘RK. When the multiplication of two such representations produces a 
term containing 7”, we replace * by ~1 because / is aroot of vo + 1. so that? = —1. 


@ EXAMPLE 10 In Example 7 we saw that the minimal polynomial of \ 7 over Q is 2° - 7. 
Thus by Theorem 6.15 the field QU\ 7) is isomorphic to Qla]/(a’ 7). which we 
saw in Example 3 of Section 6.4 is isomorphic to {a + b\ 7: a,b € Q}. 


We will close this section with one additional observation that follows from the 
preceding theorem. Let F be a field, piv) an irreducible monic polynomial in Fx). 
and a and a’ roots of p(x) in some extension fields A and A’ of F. Theorem 6.15 
shows that both F(a) and F(a‘) are tsomerphic to Flx]/Qoia)). aad hence F(a) is 
isomorphic to F(a’). Thus any two extensions of F by different roots of p(x) are 
isomorphic. 

As an illustration of this remark, take F = Q, a = V7, anda’ = —V7. Then 
Q(V7) and Q(— V7) are isomorphic because both a and a’ are roots of the irreducible 
polynomial p(x) = 2° — 7 in Qha]. For a much less obvious example, see Exercise 
30) 
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EXERCISES 6.4 


In Exercises 1-14, find the minimal polynomial of a over the field F. 


1G 
Bs 
5. 
Te 


9. 


ike 


13}, 


15. 
16. 
1% 
18. 
19. 
20. 
Zhe 


30. 


31, 


a=V5,F=R 2. G25, F =Q 
a= °V5,F=0 4. a= ‘V5, F = Q(V5) 
a=3~i,F=Q 6 a=1+°V2,F=Q 
a=V2-i,F=8 8 a=V2-i,F=Q 
D 
a = ?V/n, F = Q(n) a= U+a,F=Q 
V2 
ae V5 — V3, F =0 12, a = — (1 +), F = V2) 


a=V5-V10,F=Q 14. a= V3 -2i,F =Q 


Prove that V3 + *V/2 is algebraic over Q. 

Prove that V2 + °V/6 is algebraic over Q. 

Describe the elements in Q(t). 

Describe the elements in QC-V/2). 

Determine p(x) © Q[x] such that Q[x]/(p(x)) is isomorphic to Q(V 1 + V3). 
Prove that the only subfields of Q(V/7) are Q and Q(V7). 


Give an example of a real number that is transcendental over Q, algebraic over an ex- 
tension field F of Q, and not an element of F. 


. Prove that if a is algebraic over Q, then a’ is also algebraic over Q. 
. Prove that every element of C is algebraic over ‘R. 
. Let a and b be nonzero elements of Q. Prove that Q0Va) = QCVb) if and only if there 


exists c € Q such that a = bc’. 


. Show that the evaluation mapping y,: Fx] — F(a) is one-to-one if and only if @ is not 


the root of any nonzero polynomial in F[x]. 


. Show that x* ~ 10x° + I is irreducible in Q[x]. Hint: Use the technique of Example 4 


in Section 5.4. 


. Given a positive integer n, find an element of ‘RK for which the minimal polynomial over 


Q has degree n. 


. Let F be a field such that every irreducible polynomial in F [x] has degree one. Prove 


that if @ is an algebraic element over F, then F(a) = F. 


. Let a be a root of x° + x + | in some extension field of 3. 


(a) List all the elements of 2,(a). 

(b) Prepare addition and multiplication tables for 2,(a). 

Prove that a = 2 cos 20° and a’ = V3 sin 20° — cos 20° are roots of x° — 3x — 1. 
Deduce that Q(a) and Q(a’) are isomorphic. 


Let a be an algebraic element over F for which the minimal polynomial is 
x" + cx" | + +++ + ox + Co. Show that if b € F, then ab is algebraic over F and 


exhibit the minimal polynomial of ab over F. 
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32. 


33; 


) 


37. 


38. 


Let a # O be an algebraic element over F for which the minimal polynomial is 
x" +c," ! + +++ + ex + Co. Show that a ' is algebraic over F and exhibit its min- 
imal polynomial. Hint: Use Exercise 36 in Section 5.4. 

Prove that Q(V/2, V3) = a2 + V3). Hint: Consider (\/2 + Vay. 

Find an algebraic number over Q that is not a constructible number. 

Let E, F, and K be fields such that E C F C K. Prove that if a € K is algebraic over 
E, then a is algebraic over F, and in F(x] the minimal polynomial of a over F divides 
the minimal polynomial of a over E. 

Let K be an extension field of F, r © K, and a, b € F with a # 0. Prove that 
F(ar + b) = F(r). 

Prove that cos 1° is algebraic over Q. Hint: Use De Moivre’s theorem and a familiar 
trigonometric identity. 

Prove that a constructible number is algebraic over Q. Use the fact that 7 is transcendental 
to deduce that the classical problem of squaring the circle cannot be solved using a 
straightedge and compass. Hint: If r is a constructible number and Fy CF, C ... CF, 
is a sequence of fields such that Fy) = Q. r € F,,, and each F, is a quadratic extension 
of F;-,, prove by induction on m that r is a root of a monic polynomial of degree 2” 
with coefficients in F,,_,,. 


39.‘ Let g: F > F' be an isomorphism from field F onto field F’. There is an isomorphism 


40. 


from F[x] onto F’[x] induced by @ that sends the polynomial 


Ca" + Cy | Hes + Ox + 9 E Fix] 


to the polynomial 


P(Cn)x” + P(Cp-1)x" | + +++ + O(C\)x + E(Co) E F' [x]. 


(See Exercise 40 in Section 5.1.) We will denote this isomorphism from Fx] onto F'[x] 

also by 9. 

(a) Show that p(x) is a monic irreducible polynomial in Fa] if and only if gyra)) is a 
monic irreducible polynomial in F'[x]. 

(b) Let p(x) be a monic irreducible polynomial in Fx] and @ be a root of pia) in some 
extension field of F. Show that if a’ is a root of g(pia)) in some extension field of 
F', then there is an isomorphism ®: F(a) = F'(a') such that Ma) = a’ and Mr) = gir) 
for every r € F. 


(a) Prove that there is a one-to-one correspondence between 2° and A. the set of real 
numbers that are algebraic over Q. (Thus A is a countable set.) Hint: Show that 
there is a one-to-one correspondence between 2* and Q. 

(b) Prove that there is no onto function f: 2° — J, where ] = {r © R: OS r < 1}. 
(Thus 7, and hence ‘K, is not a countable set.) Hinz: Regard each element in / as an 
infinite decimal expansion not ending in repeated 9’s. Given a function f: 2* > J, 
consider an element a © / with the property that for every positive integer 7, the 
nth digit in the decimal expansion of a differs from the nth digit in the decimal 
expansion of f(n). 


"Exercise 39 is cited in Section 6.5. 
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Fields that contain a finite number of elements have several important applications, 
including the accurate transmission of data, experimental design, and the construc- 
tion of computers. They were first studied by Galois in 1830, who used them to 
show that there are polynomials of degree five or more for which the roots cannot 
be obtained by performing only arithmetic operations and extractions of nth roots on 
the coefficients. In this section we will determine (up to isomorphism) all fields that 
contain a finite number of elements. 

First, however, we will need to generalize a result from Section 6.1. In Theorem 
6.5 and its Corollary we saw that if F is a field and p(x) € F[x] is irreducible, then 
F[x]/(p(x)) is an extension field of F that contains a root of p(x). By repeating this 
process we can obtain n roots of a polynomial of degree n. 


@ THEOREM 6.16 Ler F be a field and u(x) a polynomial over F having degree n = 1. There 
exists an extension field K of F such that u(x) can be factored in K[x] in the form 


Bee it AX — a) 2... (X >see) 


Proof The proof is by induction on n. If n = 1, then u(x) = cx + d for some 
c, d € F with c # 0. Taking a, = —c 'd, we have u(x) = c(x + c'd) = c(x — a). 
Hence we may take K = F in this case. This proves the result when n = 1. 

Assume that the result is true for all polynomials over F of degree k = 1, and 
let u(x) have degree k + 1. The Corollary to Theorem 6.5 shows that there is an 
extension field E of F containing a root a, of u(x). The factor theorem shows that 
u(x) = (x — a,)v(x) in E[x]. Since v(x) must have degree k, we can apply the in- 
duction hypothesis to obtain an extension field K of E such that v(x) can be factored 
in K{x] as v(x) = c(x — a>)... (x — ay4,). Hence in K[x] we have 


Uc) xe aver) — Ge — ap& — are. (X — Gea): 


It follows from the principle of mathematical induction that the theorem is true for 
all positive integers n. @ 


Let F be a field and u(x) a polynomial of positive degree over F. It K is an 
extension field of F such that u(x) can be factored in the form 


ue — "G(X — ah )(x — as)... (x = a,), 


then we say that u(x) splits in A[x} (or that aC.) splits over A). Thus to say that av) 
splits in K[x] means that the irreducible polynomials in the factorization of u(x) given 
by Theorem 5.10 must all be polynomials of degree one. With this terminology, 
Theorem 6.16 states that any polynomial of positive degree over a field # sphits in 
some extension of field F. 


m@ EXAMPLE 1 Since x — 2 = (x + V2)(x v2), the polynomial w  - 2 in Q{x] splits in 
C[x]. It also splits in ‘R[x] and in Q(V2). @ 
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It follows from Theorem 6.12 that if K is a field, then the intersection of all the 
subfields of K is a subfield of K. We call this the prime subfield of K. If K has 
characteristic zero, then the prime subfield of K is isomorphic to Q. On the other 
hand, if K has characteristic p, then Theorem 4.3 shows that p must be prime. In 
this case the prime subfield of K is the subring 


{Ox, Ix, 2° lx, ac Ix, CHILES) (p —_ Lye Ix}, 


which is isomorphic to Z,. (See Exercise 39.) 

We have already seen that there are finite fields. for the ring —, is a field if p 
is a prime (Theorem 4.1). It turns out that the number of elements in a finite field 
is always a power of its characteristic. 


@ THEOREM 6.17 A finite field with characteristic p must contain p" elements for some positive 


integer n. 


Proof Let F be the prime subfield of a finite field K with characteristic p. If F = K. 
then K contains p' elements. Suppose then that there is an element x, of K not in 
F. Since K is closed under addition and multiplication, it must contain al] elements 
of the form rp + r,x, for ro. r, © F. If there are elements of AK not of this form. 
choose such an element x,. Since K is finite, this process must eventually end with 
a set of elements x,, 1, .... x, such that each element of A can be written as 


ro + rx, tows + lta... <€ F 


and for 0. = i <.k& no x,~~hasthe form fot rx +o e+ eee 
We will show that no element of A can have two different representations of 
this form. For suppose that there are r,, 72, ..., 7%, S;, 82, ..-. 5, © F such that 


Fo + 7, %, tate tee + rpty = Soot Sep + em t+ + FT See (6.1) 
If r, ~ s,, then we can solve equation (6.1) for x,: 
(ry = Sp)X_ = (So — Fo) + GS, = Tip HG — Ta + + + Ge) — Fe 
X, = (ry — 5) [50 — ro) + (5; — 7)x, + (> - Foie + +--+ ae, — ree: 


« > > » . - i + ! . . ar x : r Vs ; 
Because the elements (7, > 9,) (8, © 7) are each in F, this representation contradicts 
the way in which x, was chosen. Henee we must have r, = »,;. and so (6.1) reduces 
to 


sas io foe ke” 
Repeating the previous argument on (6.2), we find that 7, , = s, ;. Continuing in 
this way, we eventually find that r, = », for every 7. Thus the two representations 


in (6.1) are, in fact, the same. Consequently, the number of elements in K equals 
the number of different representations of the form 


To + rjX; + 2X, + +> + rpgsawhered,. r,...... ree 


Since there are p choices for each r,, the number of such representations is ‘cima 
Thus the number of elements in K is p", where n = k + 1 is a positive integer. 
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Theorem 6.17 limits the possible finite fields, but it does not guarantee their 
existence. Our next theorem shows that every possibility given in Theorem 6.17 
occurs. Its proof requires the following lemma. 


M LEMMA Let R be a commutative ring with characteristic p, a prime. Then for every r, 5 © R 
and every positive integer n, we have (r — s)" = r?" — s””. 


Proof The proof is by induction on n. If nm = 1, the binomial theorem (see Exercise 
43 in Section 3.5) gives 


(r-— sf = (?) + (2) + (Blas fovee tH (?\-sy 


If 1 =i <p, then 
Oa 
i i!(p — i)! 


is divisible by p because the numerator is divisible by p but neither factor in the 
denominator is divisible by p. Since R has characteristic p, it follows that 


(r—s)? = (? re + (?)i-sr = r? + (—s)?. 


To complete the proof for n = 1, we need only show that (—s)’ = —s” for every 
s ER. This fact follows easily from Theorem 3.3 if p is odd. And if p = 2, then 
—x = x for every x € R, and so (~s)? = s’ = —s?”. This establishes the base for 


the induction. ; 
Assume that (r — s)” =r? — 5” for all r, s © R. Then the induction hypoth- 


esis and the case nm = 1 show that 
(r — sf" = [(r — s)\"P = (r? — 5” =r’ — (8”P = rr? — 


This proves the result for & + 1, and so the lemma ts true for all positive integers 
n by the principle of mathematical induction. 


+1 


@ THEOREM 6.18 For every prime p and positive integer n, there is a field containing exactly 
p” elements. 


Proof By Theorem 6.16 there is an extension field A of 5, such that u(y ov! ox 
splits over =,. Now 0 is one root of u(x), and so the factored form of ay) in A(x] 


iS 
VAs) = Sd? = (HiC8 S&S eens (6s Se 


Note that k = p” — 1 since u(x) has degree p". 
We will show that F = {0, a,, a>, ..., a,}, the set of roots of u(x) in K, is a 
subfield of K. Given r, s © F, we have 


ur—-s)=(r-—s)’ -(r-—s)= (r?” — s”") —(r—-s) 


=(r? —r) - (s” — s)= u(r) — us) = 0 -—-O0=0 
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by the lemma. Thus F is closed under subtraction. Furthermore, since r and s are 
roots of u(x), 

(rs = r?’s?” = rs. 
Hence u(rs) = (rsY” — rs = 0, and F is closed under multiplication. Thus by Theo- 
rem 3.6, F is a subring of K. Moreover, F is commutative because K is, and 1 € F 
because u(1) = 0. Thus F is a commutative ring with identity. Finally, if r is a 
nonzero element of F, then 


(=a Ge) er 


Therefore u(r') = (r 'Y — r-'' = 0, andr ' € F. Since every nonzero element of 
F has a multiplicative inverse in F, F is a field. 

It remains to prove that F contains exactly p” elements. This amounts to showing 
that the elements 0, a,, ad, ..., a, of F are all distinct, that is, that the multiplicity 
of every root of u(x) is one. This is clear for 0, because 


1 


u(x) = xP” — x = x(x? — 1) = xe - 1) 


and 0 is not a root of v(x) = x“ — 1. Consider a nonzero element r in F. Then r is 
a root of v(x), and so r* = 1. The factor theorem shows that there exists q(x) in Fix) 
such that v(x) = (x — nq(x). Dividing v(x) = x* — r* by x — r, we see that 


g(x) = x + oe? tt ett ee te he tr" 
Since this representation of g(x) contains k terms, we have 
g(r) = ke = (p® — yr’ = (p" — DOr = © ir = —r ee. 


Thus r is not a root of q(x), and so r is a root of u(x) of multiplicity one. 


M@ EXAMPLE 2 The proof of Theorem 6.18 shows that the roots of u(x) = x° — x over 2, form 


a field containing exactly four elements. Note that in 2.[x] we have 
xi — x = x — 1) = x(x — 1)? + x + 2D), 
where x° + x + I is irreducible. In the notation of Section 6.1, the elements of the 
field Z,[x]/(x’ + x + 1) are 0, 1, t, and t+ 1, where ? + ¢ + 1 = O, that is. 
a a — a 


It is not hard to see that u(x) splits in 2,[x]/(w + x + 1) and that every element is 
a root of u(x). Thus 23[4]/Q" + + + 1) is a field containing exactly four elements. 
The addition and multiplication tables for 2,[4]/(° + x + 1) are shown below. 


0 0 O 0 0 
1 0 1 fete) 
t Ot ee 
£74 Ort 1 t @ 
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In Example 2 note that every nonzero element of 2,[x]/(? + x + 1) can be 
expressed in the form ¢ for k = 0, 1, or 2. More generally, in a finite field with p" 
elements there is an element a such that every nonzero element can be expressed in 
the form a‘ for some integer k. For the present we will assume the existence of such 
an element in every finite field; a proof of this fact will be given in the Corollary 
to Theorem 7.12. 

The proof of Theorem 6.18 shows that the roots of x” — x over Z, form a field 
containing exactly p” elements. But as in Example 2, we can also use Theorem 6.5 
to construct finite fields, for if u(x) is any irreducible polynomial of degree n over 
<,, then <,[x]/(u(x)) is a field containing exactly p” elements. Forexample,x* + x° + 1 
and x* + x’ + x° + x + 1 are irreducible over Z,, and so both Z,[x]/(x* + x3 + 1) 
and 2,[x]/(x* + x° + x? + x + 1) are fields containing 2* elements. They turn out 
to be isomorphic. In fact, it follows from the theorem below that there is (up to 
isomorphism) exactly one field containing p” elements. 


@ THEOREM 6.19 Let K be a finite field containing exactly p" elements, and let F be the prime 
subfield of K. 


(a) Every element of K is a root of u(x) = x” — x © F[x]. 

(b) Let a be an element of K such that every nonzero element of K has the form 
a‘ for some integer k. Then K = F(a). 

(c) The minimal polynomial of a over F is a polynomial of degree n in F [x] that 
divides u(x). 


Proof (a) Clearly 0 is a root of x” — x. Let a), a), ..., a, denote all the nonzero 
elements of K, where k = p” — 1. If a,a, = a,;a, for some i, r, and s, then a, = a, 
by the cancellation law of multiplication. Therefore aja,, aa), ..., aa, are distinct 
elements of K. Furthermore, all of these products are nonzero because K contains 
no zero divisors. So the elements a,a,, aa), ..., aa, are just a rearrangement of a,, 
G2, ..-., @. Hence 


(@a,)(aja>) ... (AaQ,) = Ajay... a. 


It follows that 


a}(a,a, neue a,) = a\ay ocer ay, 
so that a‘ = 1. But then a; is a root of x — | and hence also a root of 
xf — 1) = A x= x? — x = U(x). 


(b) Since a € K, F(a) C K. But F(a) contains 0 and all the elements a’ for 
k € Z. Hence K = F(a). 

(c) It follows from (a) that a is a root of u(x); hence a is algebraic over F. Let 
v(x) be the minimal polynomial of a over F. Then F(a) ts tsomorphic to Fix]/(vao) 
by Theorem 6.15. Since F[x]/(v(x)) contains p" elements, v(x) must have degree 7. 
Moreover, u(a) = 0, and so v(x) divides u(x) in F [x] by Theorem 6.14. =] 


We are now able to establish the uniqueness of finite fields. 
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@ COROLLARY 1 For a given prime p and positive integer n, there is (up to isomorphism) 
exactly one field containing p" elements. 


Proof The existence of a field containing p” elements was proved in Theorem 6.18. 
Thus we need only show that two fields K and K’ containing p” elements are iso- 
morphic. 

Let F and F’ be the prime subfields of K and K’, respectively. Since both F and 
F' are isomorphic to 2,, they are isomorphic to each other. Let ¢: F[x] — F'*ja@ be 
the isomorphism given by Exercise 40 in Section 5.1, u(x) = x” “— x € F[x], and 
u'(x) = p(u(x)). Then u'(x) has degree p”, and since every element of K’ is a root 
of u’(x) by Theorem 6.19(a), u(x) splits over K’. Choose an element a € K such 
that every nonzero element of K has the form a‘ for some integer k. Then K = Fla) 
by Theorem 6.19(b). Let v(x) be the minimal polynomial of a over F. By Theorem 
6.19(c) there exists g(x) © F[x] such that u(x) = v(x)q(x). Let v(x) = ¢(v(4)) and 
q'(x) = 9(q(x)). Then 


u'(x) = e(u(x)) = e(v@xX)gQx)) = e(V)e(gQ)) = v'(x)q'(x) 


because @ is an isomorphism. Since wu'(x) splits over K’. v(x) has a reot a’ in A’. 
By Exercise 39 in Section 6.4 F(a) is isomorphic to F'(a’). But — K. and so 
F'(a’) contains p” elements. Since F’(a’) C K’ and K’ contains p” elements, it fol- 
lows that F'(a') = K’. Thus K = F(a) is isomorphic to K' = F(a’). @ 


We saw in Section 5.4 that there are irreducible polynomials in Q{x] of every 
positive degree. A similar result can now be established for =,[.x). 


M@ COROLLARY 2 For any prime p and any positive integer n there is an irreducible monic 
polynomial of degree n in |x). 


Proof The field F constructed in the proot of Theorem 6.18 contains exactly p” 
elements and has &, as its prime subfield. Choose an element a © F such that every 
nonzero element of F has the torm a‘ for some integer A. Then the minimal poly- 
nomial of a over 5, is an irreducible monic polynomial in 2,[.v]. and it has degree 
n by Theorem 6.19(c). I 


The unique ficld containing p" elements is called the Galois field of order p” in 
honor of Galois, whose work in the carly nineteenth century first mentioned such 
fields. 

We will conclude this section by constructing addition and multiplication tables 
for the Galois field of order 2°. By Corollary 2 of Theorem 6.19 there is an irte- 
ducible monic polynomial v(x) © =,[x] of degree 3. In this case there are two such 
polynomials, x° + x + 1 and x° + x’ + 1, and we will take v(x) = °° + x + 1. It 
follows from Theorem 6.5 and Corollary 1 of Theorem 6.19 that any — of order 
2° is isomorphic to 2,[x]/(v@d). 


Using the notation of Section 6.1, we sec that the eight elements of this field 
are 


0, i a t+, rr. P+, r +t, and rP+tt+ 1, 
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where f° + 14+ 1 = 0, that is, * = 14+ 1. Creating an addition table for this field 
is quite easy; it is shown below. 


ert 


Ptrttl 


0 e fae rP+e P+tti 

1 1 0 t+] t P+ r P+ttl P+t 

t t t+1 0 1 rP+e P+tt is P+ 
t+1 t+1 t 1 0 Pt+rt) e+e P+) r 

P r r+ P +e P+rtl 0 1 : t t+1 
P+ r+ (e P+et+i P+t 1 0 t+) t 
P+e rP+t P+erti ie P+ t t+] ft) 1 
P+retl P+eti Pt+e ie tol fe t+] t 1 0 


The calculations required to create the multiplication table are more tedious. Less 
effort is required if we note that every nonzero element of 2,[x]/(v(x)) can be ex- 
pressed in the form ¢ for some integer k. In fact, we have: 


=for=f, pepe! f£=rtt P= Frit l, £ =f +t, £ =e 


Then to multiply two nonzero elements of the field, we regard them as powers of 
t. For example, 


G++ are DH eer et = pet = 1 -tee 


In this way we obtain the following multiplication table. 


r+ 0 re ] ii t fe fae | cal| rer 
Pte 0 rte Peet 1 r+ t+] t ff 
P+rt) 0 r++ P+) t 1 rP+t P t+1 


For a particular finite field F it may not be easy to find an element a © F such 
that every nonzero clement of F can be expressed as a’ for some integer k. But the 
effort required to find one is usually rewarded by simplifying the computations needed 
for a multiplication table. In Chapter 7 we will learn some facts about groups that 
will make it easier to determine such an element. 


EXERCISES 6.5 


In Exercises 1-8 find an element a © F such that every nonzero element of F has the form 
a‘ for some integer k. 

1 F=, 2. F = 2; 3.FH2 4.F=2, 

§. F= 2 6. F =2,3 7.F = 8. F =&, 
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25. 
26. 


Use Example 2 to find a € 2[x] /(? + x + 1) such that every nonzero element of 
Z[x]/x2 + x + 1) has the form a‘ for some integer k. 

Find a € 2;[x]/(2 + x + 2) such that every nonzero element of <;[x]/(x + x + 2) has 
the form a‘ for some integer k. 

Show that every nonzero element of Z,[x]/(x* + x + 1]) has the form r* for some integer 
k. 


. Show that every nonzero element of 23[x]/ (x? + 2x + 1) has the form r* for some integer 


ke 


. Show that not every nonzero element of 23[x]/(e + 1) has the form r* for some integer 


k. 


. Show that not every nonzero element of 23[x]/(x*° + 2x + 2) has the form r* for some 


integer k. 


Find a € 2,[x]/(x” + 1) such that every nonzero element of 2,[x]/(x° + 1) has the form 
a‘ for some integer k. 


Find a € 2,[x]/(x° + 2x + 2) such that every nonzero element of Zalx]/Q? + 2x + 2) 
has the form a‘ for some integer k. 


Show that x° + x + 1 splits in Z[x]/(c + x + 1). 
Show that x* — x splits in Z,[x]/(? + x + 1). 
Show that x® — x splits in Z,[x]/(x° + x + 1). 
Show that x” — x splits in Z,[x]/(? + x + 2). 


. Show that x* + x° + 1 is irreducible in 2,{x]. 


Show that x* + x° + x? + x + 1 is irreducible in Z.[x). 


Prepare addition and multiplication tables for 2,[4]/( + x + 2). 


. Prepare addition and multiplication tables for 2,[x]/(x? + 2x + 2). 


Prepare addition and multiplication tables for =[x]/(° + x? + 1). 


Prepare addition and multiplication tables for 2,[x]/(x* + x + 1). 


@7) Let F be a field. Prove that the tollowing conditions are equivalent. 


28. 


29. 


30. 


31. 


(i) Every irreducible polynomial in F[x] has degree one. 

(ii) Every polynomial of positive degree in F[x} has a root in F. 

(iii) Every polynomial of positive degree in F[x] splits in Fx). 

Let F be a field and u(x) a polynomial of positive degree over F that splits in some 

extension field K of F. 

(a) Prove that the intersection E of all the fields K’ such that F C K' C K and u(x) splits 
in K’ is an extension field of F in which u(x) splits. 


(b) Prove that E ts the smallest extension field of F contained in K that contains all the 
roots of u(x) in K. 


Let u(x) = ax’ + by + ¢ be an irreducible polynomial of degree two over Q. Prove that 
u(x) splits in Q(V/d), where d = b’ — 4ac. 

Let F be a field and p(x) € F[x] be an irreducible polynomial of degree 2. Show that 
p(x) splits in F[x]/{p(x)). 

Let R be a commutative ring with characteristic p, where p is a prime. The function 


h: R > R defined by hA(r) = r’ is called the Frobenius mapping. Prove that it is a homo- 
morphism. 


SZ: 


3S: 


38. 


38. 


42. 


43. 


45. 
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Let F be a field containing exactly p” elements. Prove that the Frobenius mapping defined 
in Exercise 31 is an isomorphism. 


Let F be a field and a, b € F such that a # 0. Prove that the function ~: F[x] => Fix] 
defined by p(u(x)) = u(ax + b) is an isomorphism of F[x] such that g(r) = r for every 
meri. 


- Let F be a field and g: F[x] > F[x] an isomorphism such that g(r) = r for every r@ F. 


Prove that there exist a, b © F with a ¥ 0 such that g(u(x)) = u(ax + b) for every 
u(x) © Fix]. Hint: Consider ¢(x). 


. Exhibit a specific isomorphism between the finite fields 2,[x]/( + x + 1) and 


Za[x]/ (x? ta ia ote 1). 


. Exhibit a specific isomorphism between 2,[x]/(x? + x + 2) and 2a[x]/(x? + 2x + 2). 
. Let F be a field and ¢: F[{x] — F[x] an isomorphism such that g(r) = r for every r € F. 


Prove that for every u(x) © F[x], u(x) and g(u(x)) have the same degree. 
Let F be a field and ¢: F[x] — F[x] an isomorphism such that g(r) = r for every r € F. 
Prove that p(x) is irreducible in F[x] if and only if @(p(x)) is irreducible in F[x]. 


Let K be a field of characteristic p. 
(a) Prove that 


F = {0x, lg, 2: 1x, 3° 1x, ....(B — 1)° Ix} 


is a subring of K isomorphic to Z,. 
(b) Prove that every subfield of K contains F. 
(c) Prove that if S is a subring of K that is isomorphic to Z,, then S = F. 


. Prove that the pnme subfield of a field of characteristic zero 1s isomorphic to Q. 


. Let K be a finite field. Prove that there is a polynomial of positive degree in K[x] that 


has no roots in K. 

Let K be a field containing exactly p” elements. Prove that if m is a positive divisor of 
n, then K contains a unique subfield containing p” elements. 

Prove that if a field with p” elements has a subfield F with & elements, then & = p” for 
some positive m that divides n. Hint: Imitate the proof of Theorem 6.17. 


(a) Prove that for any prime p and integer a, a? = a (mod p). This result is called 


Fermat's little theorem. 
(b) If in (a) the integer a is not divisible by p, prove that a’~' = 1 (mod p). 
Prove Wilson's theorem: If p is a prime, then (p — 1)! = —1 (mod p). Hint: Match the 
nonzero elements in Z, so that the product of each pair is [1]. 


SUPPLEMENTARY EXERCISES FOR CHAPTER 6 


1. Is x2 — 2 irreducible in R[x] if R = Q(V3)? Justify your answer. 


2. 


Is x* — 10x” + 1 irreducible in R{x] if R = Q¢ \/3)? Justify your answer. 


3. Find c € C such that x° — | splits in Q(c). 
4. Find p(x) © Q[x] such that Q( V1 + V2) is isomorphic to Q[x]/(p(x)). 


5. Determine the minimal polynomial of V2 + V5 over Q 
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. Let a, b € &. Exercise 11 of Section 6.2 shows that (a) + (b) is an ideal of =. Find 


c © Z such that (a) + (b) = (c). 


. Let / and J be ideals of a ring R. Prove that if 7 M J = {0}, then xy = O for every x € / 


and y € J. 


. Let J), 12, . . . be ideals of a ring R such that 7, CJ, C. .. . Prove that U;-, | is an 


ideal of R. 


. Is there a ring S and a homomorphism h: ‘Kk — S having kernel =? Justify your answer. 
. Determine all the fields F such that there is a homomorphism from — onto F. 


. Give an example of rings R and S and distinct homomorphisms h,: R > S and hy: RS 


such that h, and h, have the same kernel. 


. Let R and S be rings, J an ideal of S, and h: R — S a homomorphism. Prove that 


I = {r E R: h(r) € J} is an ideal of R. 


~-+ 


. Let R be a ring and / = {r € R: there exists n © =” such that mr = Op}. Prove that / is 


an ideal of R. (It is called the torsion ideal of R.) 


14. Let R be a ring and / the torsion ideal of R (as defined in Exercise 13). Prove that if 
I # R, then R/I is a ring with characteristic zero. 
15. Prove that if F is a field and h: F — F is an isomorphism. then A(x) = x for every x in 


18. 


19. 


20. 


the prime subfield of F. 


. Let R be an integral domain with characteristic p = O. If / is an ideal of R and / = R. 


prove that R/I has characteristic p. 

Let F be the Galois field of order p”, and S = {a € F: a = x* for some x € 2}. 

(a) Show that S contains at least (p” + 1)/2 elements. 

(b) If z € F, prove that z = x* + y’ for some x, y © F. Hint: Show that the set 
S 1 {z — a: a € S} is nonempty. 

Let F be a subfield of K and a an element of A that is transeendental over F. Prove that 

if c € F(a), then either c € F or c is transcendental over F. 

Let p(x) be a polynomial over a field F. Prove that the greatest common divisor of pi) 

and p'(x) is 1 in F[x) if and only if pia) has no reets of multipheity greater than one in 

any extension field of F. Here p'(v) denotes the derivative of pov), which is defined on 

page 252. 

Let F be a field of characteristic O and p(v) an irreducible polynomial over F. Prove that 

p(x) has no roots of multiplicity greater than one in any extension field of F. 


—— SS 


Pp 
(e) 
SS 
E 
= 


Joseph-Louis Lagrange 


Although usually thought of as a French mathematician, Lagrange 
was born (in 1736) and educated in the Italian city of Turin. He 
began studying physics at the university there, but became fas- 
cinated by the new Newtonian calculus. His success in mathe- 
matics caused him to be appointed a professor at the Royal Ar- 
tillery School in Turin at the age of 18. 

When Euler left the Berlin Academy in 1766, Lagrange be- 
came his successor. One of those recommending his appoint- 
ment was Euler himself. Lagrange stayed in Berlin until the death 
of Frederick the Great, twenty years later. At that time he ac- 
cepted the invitation of Louis XVI to come to Paris, where he 
took French citizenship and became friends with Louis’s wife, 
Marie Antoinette. 

Marie was guillotined in the French revolution, and La- 
grange’s status was at first in doubt, but the revolutionaries 
eventually decided that the mathematician, who was essentially 
apolitical, was more useful alive. He was put on a committee to 
reform the system of weights and measures. This required a spe- 
cial decree, since a law banned foreigners from taking part. There 
was sentiment for a system based on the number 12 (because 
of its many factors), but Lagrange fought for the number 10, and 
won. The result was the metric system. 

The revolutionary government abolished the old universities 
and set up two new institutions in their place, the Ecole Normale 
and the Ecole Polytechnique. Lagrange and other academics of 
prerevolutionary times were hired as professors. Although La- 
grange had little actual previous teaching experience, his lectures 
were celebrated for their clarity. His lecture notes became a clas- 
sic analysis text, Théorie des Fonctions Analytiques (1797). In his 
lectures and writings Lagrange tried to put the calculus on a more 
rigorous footing, but his success in this regard was not complete. 

Lagrange worked in many areas, including the calculus of 
variations, differential equations, and number theory. In the latter 
area he was the first to prove that every positive integer can be 
expressed as the sum of the squares of 4 integers. He also proved 
that if p is prime and f(x) € =,[x] is a monic polynomial of degree 
n, then the congruence 


f(x) = O (mod p) 


has at most n solutions in ,. Since is a field by Theorem 4.1, 
this is a consequence of Theorem 5.8 


293 


294 


Lagrange worked on the problem of finding a formula for the 
roots of polynomials of degree 5 or more. Formulas for polyno- 
mials of degrees 2, 3, and 4 already were known. Lagrange, how- 
ever, analyzed the work for polynomials of degree less than 5 
and found a common pattem for the various cases. Given a monic 
polynomial of degree n 


f(x) = x7 + a,x |) +... + ax t+ a 


with roots X;, Xz, ..., Xn, a certain expression r(x,, X2, .... Xp) in- 
volving its roots is found. By permuting the roots n! expressions 
are obtained that lead to a polynomial of degree n! called the 
resolvent of the original polynomial. Solving the resolvent leads 
to a solution of the original polynomial. 

Of course for n> 2 we have n! > 7, so that the resolvent 
has higher degree than the original polynomial. But if r is chosen 
so that certain permutations of the roots x, produce the same 
value, then the resolvent polynomial can be solved by solving a 
polynomial of lower degree. For example, when n= 3, solving 
the resolvent can be reduced to solving a quadratic polynomial. 
Likewise the resolvent of a polynomial of degree 4 has degree 
24, but can be reduced to a polynomial of degree 3. Unfortu- 
nately Lagrange could not reduce the resolvent of a polynomial 
of degree 5 to any degree less than 6; and so he was pessimistic 
that polynomials of degrees 5 or higher would ever be solved by 
this method. 

Lagrange proved that the degree to which the resolvent could 
be reduced was always a divisor of n!, the total number of per- 
mutations of the roots of the original polynomial of degree n. This 
amounts to saying that any subgroup of the permutation group 
S, has order dividing the order of S,. Thus Lagrange is given credit 
for the theorem saying that the order of any subgroup of a finite 
group divides the order of the group. 

Lagrange was made a count by Napoleon before his death 
in 1813. 


CHAPTER 7 


Groups 


In this chapter we will introduce an algebraic structure, called a group, in which 
there is only one binary operation. Systems with such a structure arise in many 
contexts, both inside and outside mathematics. We will investigate the common 
properties of groups so as to assemble a set of facts and computational rules that 
apply whenever we encounter this structure. 


7.1 DEFINITIONS AND EXAMPLES 


Consider the square § shown in Figure 7.1(a). If we think of § as being made out 
of cardboard, there are various ways that we could pick it up and replace it in its 
original space. Some of these, created by various counterclockwise rotations, are 
shown in Figure 7.1(b). We have denoted these rotations by Q (quarter turn), 7 (half 
turn), 7 (three-quarter turn), and N (no turn). 


~ d S ‘ B 
rf] V Ms dD ( 
é Q H T N 
(a) (b) 
Figure 7.1 
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Notice that the effect of two of these rotations, applied in succession, is another 
rotation. For example, two rotations Q through 90° amount to the half tum H. We 
could indicate this symbolically by 


Q*xQ=H, 


where the * simply indicates we apply one rotation after the other. Likewise. a half 
turn H followed by a three-quarter turn T has the effect of Q, or 


H*T=Q. 


Clearly * is a binary operation on the set R. = {Q. H. T. N}. We could sum- 
marize this operation in the following table. 


This table is of course similar to those we often constructed when studying rings. 
The difference is that now we have only one operation, which we are denoting by 
*, whereas in a ring there are always two operations, addition and multiplication. 
An examination of our table shows that the operation * satisfies some of the prop- 
erties of interest in the case of rings. For example. the symmetry of the table indicates 
that 


R, * Ry = Ry * R, 


for any elements R, and R, of R,. Thus the operation * is commutative. Since the 
table is small it may likewise be checked directly that * is also associative. For 
example 


O*K(H*T) =O*Q=H=T*T = (Q* A) *T. 


We also note that the element N ot R plays the same role that in a ring is played by 
O for addition and Gf the ring has a multiplicative identity) by 1 for multiplication; 
that is, 


N*R=R*N=R 


for all elements R of R,. 
Another property we might notice is that for each element R in R, there is another 
element R’ that “undoes” R, in the sense that 


R'*R=N. 


Systems with certain of these properties arise so often that they are given a name. 
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Definition of a Group 


By a group we mean a set G together with an operation * defined on pairs of 
elements of G satisfying the following four axioms. 


G,: For allx, yE G,x* yEG. (G is closed under the operation *.) 
G:: For all x, y, z © G, (The operation * is associative.) 

X Si 2) =x * y)* Z: 
G,: There exists an element e € G such (G contains an identity element.) 


that 
wre — ¢*x — x forevery x € G. 
: For each x € G there exists x’ € G (Each element has an inverse.) 
such that 
x*x' =x’ *x=€e. 


If in addition 
i i os 


for all elements x and y of G, then we say that the group G is Abelian. For example 
the set R, of rotations of a square is an Abelian group. 

The element e in axiom G, is called the identity of G, and the element x’ of 
axiom G, 1s called the inverse of x. In a general group we usually call the group 
operation multiplication, indicate it simply by juxtaposition (replacing x * y with xy), 
and denote the identity by the letter e¢ and the inverse of x by x ', but in particular 
groups other notations may be more traditional, as the following examples show. 


@ EXAMPLE 1° Consider the set of real numbers ‘K with the operation of addition. Then instead 
of x * y we write x + y. Likewise the identity is O, and the inverse of .. is denoted 
by —x. We easily check that ‘KR is an Abelian group. 


M™ EXAMPLE 2 Another Abelian group is the set of positive real numbers ‘RK’ with the operation 
multiplication. Axiom G;, Is satisfied because the product of two positive real num- 
bers is another positive real number. Here the identity element is 1 and the inverse 
of xisx”'=1/x. Of 


@ EXAMPLE 3 We will enlarge the set of rotations of the square to the set 


t 


T=AN, OOH, T,X, ¥, D\, D5}, 


where the new elements X, Y. D,, and D, represent reflections in the a-axis, the 
y-axis, and the two diagonals, as indicated in Figure 7.2. 
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Y 


Figure 7.2 


As before, we “multiply” two of these operations by applying one after the 
other. For example, we compute the effect of X followed by Q. 


Notice that the result is the same as applying D,. Thus we write 
X*Q=D,. 


Curiously, in the larger set ‘D order now matters. For example. applying Q first and 
then X produces the following sequence. 


We see that ‘D is not an Abelian group, since X * OQ # Q * X. 

Actually, we have not proved that') is a group at all. Checking that‘) is closed 
under the operation * is not difficult, and we leave this for the exercises. Clearly N 
is still an identity clement, and it is easy to see that each of the new elements X, Y, 
D,, and D, is its own inverse. The associative law, G,, presents a problem, however. 
Since ‘D has 8 elements, there are 8° = 512 possible triples x, y. 2 for which we 
need to check that vy * (vy * 2) = (v * vy) * 2. We would like to find a way to avoid 
these computations. 

The key is to notice that each clement of ‘D is determined by what happens to 
the four vertices A, B, C, and D of the square S. For example, Q has the effect of 
sending A into D, B into A, C into B, and D into C. (See Figure 7.3.) 
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Figure 7.3 


Since our cardboard square is not being folded or torn, each element of ‘D cor- 
responds to a one-to-one function from its set V = {A, B, C, D} of vertices onto 
itself. Multiplying elements of ‘D amounts to composition of these functions.’ But 
by Theorem 1.2, the composition of functions is always associative. This finishes 
the proof that ‘D is a group. @ 


In Example 3 we proved that a set was a group by interpreting its operation as 
the composition of functions. This idea can be generalized, and the work has already 
been done in Chapter 1. Let S be any nonempty set. Recall] that :F*(S) denotes the 
set of one-to-one correspondences from S onto itself. Then the set ‘F*(S) is a group 
with the operation of function composition. For Theorem 1.4 says that composition 
is an associative binary operation on ‘}*(S), which confirms G, and G,. Theorem 
1.4 also says that the identity function /; on S satisfies /;f = fl; for each f in ‘F*(S). 
Thus /; is the element e of G,. Finally, Theorem 1.4 says that if f € ‘F*(S), then 
there exists f ' in ‘F*(S) satisfying ff ' =f 'f = Js, and this is Gy. Thus we have 
the following theorem. 


@ THEOREM 7.1 Let S be any nonempty set. Then the set‘1*(S) of all one-to-one correspon- 
dences from § onto itself forms a group under function composition. @ 


@ EXAMPLE 4 Let us consider the group ‘/*(V), where V = {A, B, C, D}. Uf F and G are in 
‘F*(V), by F * G we mean the element of '/*(V) corresponding to applying F and 
then G. For example, if H = F * G, where 


F(A) = A, F(B) = B, F(C) = D, F(D) = C, 
and 

G(A) = B, G@)= Cc, G(C) =A, G(D) = D, 
then (see Figure 7.4) 


‘It should be noted that if the elements F and G of ‘P correspond to the functions fi and g trom V onto 
V, then F * G corresponds to the function gf, because of the convention of writing functions on the left. 
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A ———————~ A A 
B MM ——————_~> 8 B 
(e (é C 
D ———————— oe 
F G 
Figure 7.4 


H(A) = B, A(B) = C, A(C) = D, H(D) = A. 


Note that neither F nor G is in the group‘) of Example 3. but H = 7. the three- 
quarter turn. Of course ‘F*(V) D ‘D. Actually -F*(V) has 24 elements. sinee in spec- 
ifying a one-to-one correspondence there are 4 choices for the image ef A. then 3 
choices for the image of B, 2 choices for the image of C. and only one choice for 
the image of D. & 


We will study the groups ‘F*(S), where S is a finite set. in more detail in Section 
8.1. 


@ EXAMPLE 5 Let R be any ring, and consider the operation of addition on R. Then R is an 


Abelian group under this operation. Properties G,. G:, Gi, and G, follow from ming 
properties R,, R,, Ry, and R,, respectively: and the group is Abelian because of ring 
property R,. Ordinarily, when the group operation is written as +. then the element 
e of G, is denoted by 0. and the element x’ of G, is denoted by —a. Example | 
above is a special case. MH 


mM EXAMPLE 6 Consider the set .W..(2) of 2 x 3 matrices with integer entries. This is an 


Abelian group with the operation of matrix addition. Note that the product of two 
clements of Vf). (2) is not defined, so that there is only one natural binary operation 
on this set. @ 


mM EXAMPLE 7 Consider the set ‘/(R) of all functions f: ‘KR — °K with the operation of function 


composition. It is proved in Section 1.5 that function composition is an associative 
binary operation on ‘/(‘R) and that the identity function /, satisfies f7, = 1, f = f for 
all fin ICR). Thus G,, G;, and G, are satistied. The set: 1(-R) is nota group. however, 
since it can be shown that functions that are not one-to-one correspondences have 
no inverses. For example, if f(x) = 0 for all x in ‘R, then the equation 


fF) =a 1 


is impossible. & 
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@ EXAMPLE 8 Consider the set .¥f of all 2 X 2 matrices 


ea] 


with real entries such that ad — bc # 0. Our operation is matrix multiplication. It 


can be proved that if 
amore J || we ix 
c d\||g h 5 ae 


then wr — xy = (ad — bce)(eh — fg). Thus Vf satisfies G,. Since, as was noted in 
Section 3.1, the set of all 2 x 2 matrices with real entries is a ring with identity, 
G, and G, also hold, with e being the 2 x 2 identity matrix. Finally, it can be 


checked that 
—) | 
a b as aD —b/D 
cd =cy a/D |’ 


where D = ad — bc. Thus .¥f is a (non-Abelian) group under matrix multiplication. 
It turns out that Af is not a group under matrix addition. 


@ EXAMPLE 9 Let F be any field, and let F* be the set of all nonzero elements of F. Then 
F* is a group under the multiplication operation of F. Since a field has no zero 
divisors, G, is satisfied. Likewise, G, holds since F is a ring, and G, and G, follow 
from the fact that F has an identity and that nonzero elements of F have nonzero 
inverses in F. & 


™@ EXAMPLE 10 Let 7 be a fixed positive integer, and let R,, be the set of all nth roots of unity, 
so that 


ES Ge 3 


Our operation will be ordinary multiplication. Note that if y" = | and 8" = 1, then 
(y5)" = y"6" = 1 - | = 1, and so G, holds. Rule G, follows from the associative 
law of multiplication in (©, and 1 © R, since I" = 1. Finally, G, follows from Ex- 
ercise 28 of Section 4.5. Thus 2, is a group under multiplication, Note that R,, is 
not a group under addition, since 1 + 1 = 2 € R,, and so G, fails. @ 


@ EXAMPLE 11 Let =,,,* be the set of nonzero elements of =,,, with the usual multiplication 
in =, as the operation. Then =,,* fails to be a group on two counts. Rule G, fails, 
since [2] and [5] are both in =,,*, but [2)[5] = [O] @ <w*. Rule G, also tails. For 
example, there is no element [x] in 2,)* such that [x][2] = [1]. @ 


m EXAMPLE 12 Consider the set (/,, = {[1]. [3]. [7]. (9]}. where the elements are equivalence 
classes of 2,,. As in the previous example, our operation will be the usual multi- 
plication in =o. It can be checked directly that this set is closed under multiplication, 
and that [1]"' = [1]. {3] | = {7}. (7] ' = [3]. and [9] | = {9]. Since multiplication 
is associative in =,,, and since [1] € lU/,,, it follows that U/,, is a group. a 
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In Exercises 1-20 tell whether the set G is a group with the operation *. If not, tell which 
of G,, G2, G3, and G, fail. 

1. G=OQ,7*s=frs 

2. G = E (the even integers), r*s=rts 

3.G=2,r*s=Ts 

4G={a+bi€CaER, DER}, x*#y=xty 

§ G={atbE€CcaER,bER}, xt y =xy 

6 G='R,x*y=xytxty 

1G = Rox y= ty Sx Say 

8. G = {[x] € Z,: [x] ¥ (0]}, kb) * b) = BI + DI 

9..G = {[x] € Z;: ix) + (0) ee) * bb) =a) 

10. G = {n € 2:n= 1 (mod 3)},n*m 
11. G = {n € Z: n= 1 (mod 3)},n*m 
12. G = {1,-1}, r*s=rs 
13.G={fy¥Eec y" = 2", m,n& 2}, y * 5 = ¥5 


n+m 


Wl 


nm 


u.o={[2 Vf eenbenarvohaee=asa 


15. a= {le Pf eenbenarxol,aen= an 


16. G = {[x) © Z%: x = 1, 2, 4, 5, 7, or 8}, [x] * (y] = E)b) 

17. G= {fy EC: |y| = 1h, y #8 = ¥ 

18. G = {a + 6b EC:aE 'R, DER, ab=0}, y*t#8= y+ 8 

19. G={a+ bE C:a ER, b ER, ab=0,a+ b #0}, y*d = ¥5 
20.G={a+biECaER, DER, a= +d}, y*e8=7 +8 


21. Construct the operation table tor the group ‘PD of Example 3. This will show that ‘D 
satisfies G,. 


22. Show that the subset {H, N, X, Y} of ‘D in Example 3 is a group. 


23. Let f: S — S, where S$ is a nonempty set. Show that if f is not onto S, then there is no 
function ¢g: S — S§ such that fe = Js. 


24. Let f: S > S, where S is a nonempty set. Show that if f is not one-to-one. then there is 
no function g: S —> § such that gf = Js. 


25. Let S = {1, 2, 3, 4, 5}. How many elements does ‘F*(S) have? 
26. Show that the set .f of Example 8 is not a group under matrix addition. 


27. Let F be a field that is an ordered ring. Prove or disprove: the positive elements of F 
form a group under the multiplication of F. 


28. Show that there is no element [x] in 29 such that [x][2] = 1. 


29. Write the multiplication table for the group of Example 12. 
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30. Let R be a ring with identity such that x | exists for every nonzero element of R. Show 
that the nonzero elements of R form a group under the multiplication of R. 


@1) Let n be a positive integer, and let U,, = {[x] © =,: ged(x, n) = 1}. Show that the set U, 
is well-defined, and is a group under the multiplication of Z,,. 


32. Under what circumstances does the set of elements of a ring form a group under the 
multiplication of the ring? 


33. List all subsets of R, (the rotations of a square) that are groups in their own right. 
34. List all subsets of D in Example 3 that are groups in their own right. 


35. Let G be a group with the operation *. Define a binary operation ** on G by x ** y = y * x. 
Show that G is also a group under the operation **. Under what conditions does 
x * y = x ** y for all x and y in G? 


36. Let R be a ring with identity, and let U(R) = {x © R: x | exists}. Show that Li(R) is a 
group under the multiplication of R. 


37. Prove that in Example 8 if 


feral ea: 


then wz — xy = (ad — bc)(eh — fg). 


38. Let G = {(x, y): x © 'R, y © ‘R, x # O}. Show that G is a non-Abelian group under the 
operation (x, y)(u, v) = (xu, yu + v). 


39. Let Q’ be a field isomorphic to Q under an isomorphism sending r in Q into r’ in Q’, 
and suppose that Q M Q’ = ©. Define an operation * on G = Q U Q’ by 


rts=rts, r'*s5' = 2(s — r), 
r'*s =(r+ 5/2)’, res’ =(s — 1/2)’. 


Show that G is a group under this operation. 


7.2 ELEMENTARY PROPERTIES OF GROUPS 


In this section we will investigate a few algebraic properties shared by all groups. 
The proofs of the statements of the following theorem are similar to those of Theo- 
rems 3.8 and 3.9, and so are left for the exercises. 


@ THEOREM 7.2 /fG is a group, then there is a unique element e¢ in G satisfying G,. Also, 
given x in G, there is a unique element x' in G satisfying Gy. 


As we noted in Section 7.1, when talking about groups in general we will usually 
indicate the binary operation by juxtaposition, so that (x, vy) > xy, and denote the 
1 
element guaranteed by G, by x 


@ THEOREM 7.3 (Cancellation in Groups) /f xy = x2 or vx = zu ina group, then y = 2. 


Proof If, say, xv = xz, then x ‘ooxn) = & ‘(we). Usings Gs. Gy, and G, yields 
y —s ae | 
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Notice that Theorem 7.3 implies that if an element of a group acts like e or ii 


on one side of a product, then it is e or x ' For example, suppose fx = x for some 
elements f and x in a group. Then fx = x = ex, and so by cancellation f = e. Like- 
wise if xy = e, then since xy = e = xx', cancellation gives y = x"'. 

When a group has a finite number of elements. this number is called the order 
of the group. For example, the order of the group R, of rotations of a square is 4. 
the order of the group ‘D of Example 3 of Section 7.1 is 8. and the order of the 
additive group <, is n. All products of a finite group may be displayed in a mul- 
tiplication table, where the product xy appears in the row labeled x and column 
labeled y. Figure 7.5(a) shows the table we constructed in Section 7.1 for the group 


Ry. 

in OFT 
vis @ eT 
olowwT-s 
HL Ff 
Ti? *@ FH 

(a) (bo 
Figure 7.5 


It is usual to list the identity element (V in the group R.) first ameng the row 
and column labels, as in Figure 7.5(b). 

Theorem 7.3 implies that no element can appear more than once mn any row or 
column of such a table. Thus each row and column ot a mulupheation table for G 
must contain all the elements of G in some order. 

When wx and y are group elements such that vy © vi. we say that. and y com- 
mute. Particular pairs of elements may commute, even in a non-Abelian group. For 
example, G, implies that the identity commutes with every element. and G, umplies 
that every element commutes with its inverse. 

As ina ring, the associative law G, means that there is no ambiguity in writing 
the product of an arbitrary finite number of group elements without parentheses. For 
example, in a group we have 


((wx)y)z = (wixy))z = w((xy)z) = wx(vz)) = Ovx)(vz), 


and so the expression wxyz can be interpreted as any one of these. 

We can define powers of group elements analogously to multiples of ring ele- 
ments. [fv is an clement of a group G and nm ts a positive integer, we define c 
recursively as follows: 

(a) If m = 1, then x” = x. 

(b) If kK is a positive integer for which v’ is defined. then we define x"! by 


k+1 k 
x =e 
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We call x" a power of x. (Note that if the operation of G is written additively, then 
instead of x” we write mx, and call nx a multiple of x.) We can extend the definition 
of x" to all integers as follows. We define x” to be e, the identity element of G, and 
if mn is a negative integer, then we define 


tee (x ).", 


The reader should note how parts (a), (b), (c) and (d) of the following theorem 
correspond to the same parts of Theorem 3.5. 


M@ THEOREM 7.4 (Properties of Powers) Ler x and y be elements of a group, and let m and 
n be any integers (positive, negative, or zero). Then: 


(a) QO") =x ™= (x ')”, 
Oo) xx =a". 

ce) @&y = x™ 

(d) If x and y commute, then (xy)" = x"y”™. 


1 


(e) Gy)! = y'x'. 


Proof We will prove only part (e). Note that 


I 1 


Gaity xa ayy x eixvex = ax | =. 


Thus by the remark following Theorem 7.3 we have (xy) '=y ‘x '. Ut 


The group R, is an Abelian group of order 4; is there a non-Abelian group with 
4 elements? Suppose a and b are elements of a group G with 4 elements, with 
ab # ba. From G, and G, neither a nor b is the identity e of G, nor are a and b 
inverses of each other. Then ab cannot equal a, b, or e; and so if c is the fourth 
element of G we must have ab = c. But the same reasoning shows that ba = c, 
contradicting our assumption that ab # ba. Thus every group of order 4 is Abelian. 

Knowing that any group of order 4 is Abelian limits the possibilities for the 
multiplication table for such a group. Suppose the distinct elements of a group of 
order 4 are e, a, b, and c, where e is the identity. One possibility is that every 


> 


element is its own inverse, so that a” = b° = c = e. Then we can fill in a multi- 
plication table for the group as in Figure 7.6(a). 


(2 to tay Yes eG (al lay (e 
¢ eRe Se c a in De 
a Zone, a ame) Camb 
fo) | fe) e ley || Jey fe M2 fe 
ra G ¢ ( c Gb m4 


The group H, 
(a) (b) 


Figure 7.6 
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Now the element b must appear somewhere in the second row (corresponding 
to a) of the table. Since there is already a b in the third column, the b must appear 
in the fourth column, that is ac = b. Then the element in row 2 and column 3 can 
only be c. Continuing in this way, we easily find that our table must be that of 
Figure 7.6(b). It turns out that this is indeed the multiplication table of a group (the 
associative law must be checked); we will call this group H;. 

The table for H,; was constructed under the assumption that every element was 
its own inverse. Now let us suppose that some element, say a, is not. (Note that 
e' = e always.) We cannot have a | = e, soa ' = borc. Assume a | = b. Then 
ab = ba = e, and so our multiplication table looks like Figure 7 Ae: 


The group H, 


(a) (b) 


Figure 7.7 


The element c must appear in the second row. Since there is already a ¢ in 
column 4, it must appear in column 2; that is, a” = c. Then the element in row 2 
and column 4 must be b. Continuing in this way produces the multiplication table 
of Figure 7.7(b). This too turns out to be a group; we will call it H,. Note that H, 
and H, are essentially different, since every element of H, is its own inverse, but 
this is not true in Hy). We will explore what it means for groups to be “essentially 
different” in the next section. 


m@ EXAMPLE 1 Suppose a group of order 5 has the distinct elements u,v, w, x, and y, and 
satisfies the relations wv = wy, ww = u, and uy = v. Let us find the multiplication 
table for this group. 

Since ww = u, the element w must be the identity. Using this and the other 
relations given leads to Figure 7.8(a). Now there must be an x in the second row of 
this table, and it cannot fall in the column headed by x, so it must be in the second 
column. This leads to Figure 7.8(b). 

Since uv = w, the identity, the elements uv and v are inverses, and so vu = w 
also. From this the second column of the table can be filled in as the second row 
was. Then the rest of the table is easily completed as in Figure 7.8(c). Notice that 
we have not proved that this is the multiplication table of a group, but only that if 
a group exists satisfying the given relations, then this is its table. In fact, this is the 
multiplication table of a group. 
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(a) (b) (c) 


Figure 7.8 


Subgroups 


In Chapters 3 and 4 we studied subrings of rings and subfields of fields. We will 
now consider the analogous idea for groups. 

If H is a subset of a group G that is itself a group under the same operation as 
in G, then we say that H is a subgroup of G. We saw a number of instances of 
subgroups among the examples of Section 7.1. For example, the group R, of rota- 
tions of a square is a subgroup of the group ‘D in Example 3 of that section, and ‘D 
is itself a subgroup of the group ‘F*(V) of one-to-one correspondences of the set of 
vertices V = {A, B, C, D}. Likewise the multiplicative group ‘R” of positive reals 
of Example 2 is a subgroup of the multiplicative group of all nonzero real numbers. 
And the additive group .¥f,.,(2) of 2 x 3 matrices with integer entries (see Example 
6 in Section 7.1) is a subgroup of .¥f,,,(:R), the additive group of 2 < 3 matrices 
with real entries. 

Suppose that H is a subgroup of the group G. We might wonder if the identity 
of H could be different from the identity of G. Such a situation is possible in rings. 
Example 4 of Section 3.4 gives a subring of =, that has an identity element different 
from the unique identity element of =,. Groups are better behaved, however. Let e 
be the identity of G, and let f be the identity of H. Then ff = f since f is the identity 
of H, while fe = f since e 1s the identity of G. Cancellation gives f = e. A similar 
proof shows that the inverse of an element in H must be the same as its inverse 
in G. 

The following theorem gives a condition for a subset of a group to be a subgroup. 
It is analogous to Theorem 3.6 for rings. 


W THEOREM 7.5 Let H be a subset of a group G, and let e¢ be the identity element of G. Then 
H is a subgroup of G if and only if e © H and whenever x and y are in H, then 
xy 'EH. 


Proof First let H be a subgroup of G. Then e © H by the argument given above. 

Suppose x and y are in H. Then y' EH by Gy, and so xy"' E H by G,. 
Conversely, suppose that H is a subset of G containing e such that xy "EH 

whenever x © H and vy EH. Clearly G, is satistied. Now if x © H, then 
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ex ' = x! E H, again by the hypothesis, and so G, holds. Then if x and y are in 
H, so is y_', and thus x(y"')”' = xy € H. This proves G,, and of course G, for H 
follows from the same law in G. Thus H is a subgroup of G. Mf 


@ EXAMPLE 2 If G is any group with identity e, then {e} can easily seen to be a subgroup of 
G. Also G itself is a subgroup of G. 


@ EXAMPLE 3 Let us find all subgroups of the additive group = of integers. According to 
Example 2, {0} is one subgroup of 2. Let H be any subgroup of = other than {0}. 
Then H must contain a nonzero element m, and since —m € H by G,. H contains 
a positive element. Let d be the smallest positive element of H. Note that since H 
is closed under addition, d + d = 2d, 2d + d = 3d. 4d. ... are all in H. as well 
as —d, —2d, —3d, ... by G,. We will show that H is exactly the set of all multiples 
of d. 

Let n © H. We can write n = qd + r,0 =r < d., by the division algorithm in 
x. Since H is a subgroup, r = n — qd © H by Theorem 7.5. But this contradicts 
the assumption that d is the smallest positive element of H unless r = 0. Thus n = qd, 
and son is a multiple of d. @ 


m@ EXAMPLE 4 Consider the group ‘R” of positive reals under multiplication. We will show that 
H = {2": n € 2} is a subgroup. 
Since 2" > 0 for all n © Z, H is a subset of ‘R*. and 2° = 1 € H. Let x = 2” 
and y = 2” be elements of H. Then xy | = 2%(2")"' = 2°" © H. Thus H is a subgroup 
of R* by Theorem 7.5. 


Example 4 can be generalized. Let G be any group. and let e © G. Then the 
set 


H = {g":n € 3} 


can be proved to be a subgroup of G by the same argument as in the example. Note 
that any subgroup of G containing the element ¢ must contain ¢” for any integer 7. 
Thus if K is any subgroup of G and g © K, then K DH. We call H the subgroup 
generated by g. and denote it by (x). If (g) is finite then the number of elements 
of (g) is called the order of the element g: otherwise we say that ¢ has infinite 
order. 


M@ EXAMPLE 5 $ Consider the group R, of rotations of a square of Section 7.1. The elements of 
R, generate subgroups of R, as follows. 


(Q) =\0, A, T, NPR, 


(H) = {HN} 
(T) = {T, H, Q, N}= R, 
(N) = {N} 


For example 
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a = = ee N, C= 0, OOH H, 25 
while 
C= lO” =O = PH, 0 = 1S) ..... 
We see that N has order 1, H has order 2, and Q and T both have order 4. @ 


@ EXAMPLE 6 Consider the integers = as an additive group. Then (3) = {n(3): n © 2} = 
{..., —9, —6, —3, 0, 3, 6, 9, ...}. Thus 3 is of infinite order in Z. 


We say that a group G is cyclic if it is generated by a single element, that is, 
if G = (g) for some element g. According to Example 5 the group R, is cyclic, since 
R, = (Q). Likewise the additive group of integers is cyclic, since Z = (1). In fact 
Example 3 shows that every subgroup of = is cyclic. Not every group is cyclic, 
however. For example the group ‘D = {Q, H, T, N, X, Y, D,, D,} of Example 3 of 
Section 7.1 is not cyclic. For we saw above that none of Q, H, T, or N generate 
D. Furthermore from X’ = Y’ = D,”? = D,” = N we conclude that 


(X) = {X, N}, (¥) = {Y, N}, (D,) = {D1, N}, and (D2) = {D2, N}. 


@ EXAMPLE 7 If 7 is any positive integer, then the additive group <, is cyclic, since 
eet TE yeet)2 Gr — 1) t]} = {10}, (1), 21.3... 2-1} = 28 


M@ EXAMPLE 8 If » is any positive integer, then the multiplicative group R,, of nth roots of unity 
is cyclic. For we saw in Section 4.5 that the elements of R, are the complex numbers 
360°kK ==. 360° 


+t oFSIN 
n n 


¥, = COS 


where k = 0, 1, ..., 2 — 1. We have R, = (y,), for 
360° 2 ; 360% 360% 
= cos 


te Sin = Fi Sia ee 
n n n n 


(vy) = (cos 


Thus every element of R, is a power of y,. 


M EXAMPLES For each positive integer n we define U, © {[v] © <,: gedQ, 1) I}. According 
to Exercise 32 of Section 7.1 the set Uf, is well-defined (so that if [x] [yy]. then 
ged(x, n) = 1 if and only if ged(y. 2) = 1) and a group under the multiplication oft 

= Whether U1, is cyclic or not depends on n. For example. in 2), we have 


(3]° = [1], (3]' = [3], [3]* = 19}, and [3]}* = [7]. 
and so Uy, = {[1], [3]. {7], [9]} = <(3)). 
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On the other hand, U, = {{1], [5], [7], [11]}, and we calculate that 
(OSs 
(Sly = {Tel 
(7) = {0a 
(y= ay: 
Since none of these is l{,,, this group is not cyclic. 


Note that a cyclic group may have more than one generator. For example. both 
[3] and [7] are generators of Lo. The property that a group is cyclic gives us another 
way to distinguish between the two groups H, and H, of order 4 constructed earlier. 
Note that in H, we have a° = e, a' = a, a = cc, anda = b. and so H; = (a). On 
the other hand every element of H, has order | or 2, and so H, is not cyclic. 


EXERCISES 7.2 


Exercises 1-8 involve various groups mentioned in this or the previous section. Calculate 
the given expression in the named group. 


tcl inks 2. a ' in H, 
32k ined. 4. abc in H, 
5. abc in H, 6. 5[2] in =, 
7. v1 7 in Rs 8. (2)? in Us, 


9. Exhibit elements x and y in ‘D such that (xy)"' # x"'y7!. 


10. Prove that if H is a subgroup of G, x € H,x"' = yin H, andx”' = zinG, then y = z. 


In Exercises 11-18 the distinct elements of a group G and certain relations are given. Con- 
struct the multiplication table for G as in Example 1. Take e to be the identity. 


11. e, a; no relations 12. e, a, b: no relations 

13. a, b, c; ab=c 14, 6, Xen 

15. e, x, y, 7x7 =e, yz=x 16. e, w..x, y, 7; WX = €, wz = x 
I7. €, W, x,y, 30 =a6 =y, y =z 


5 5 
18. e, v, Ww, x,y, 270 =w Hx =e, =2,x =y 


19. Prove that any group of order 3 is Abelian. 


Prove that any group of order S is Abelian. Hint: Show that if not you can assume that 


the group is {e, a, b, c, d}, where ab = c and ba = d. Prove that ca ¥ e. 

21. Let * be a binary operation on a set S containing an element e satisfying G,. Show that 
a * (b * c) = (a * b) * c for all triples a, b, c of S for which at least one of a, b, and 
cise. 

22. Suppose that * is a binary operation on a set S with the property that whenever x * yVExeFe 
ory * x = z * x, then y = z. Show that if |S| = 2, then S is a group. 


23: 
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Give an example of a group that contains an element of order 2 and also elements of 
infinite order. 


In Exercises 24-36 determine whether H is a subgroup of G. 


24. 
25. 
26. 


45. 
46. 


G = reals under addition, H = rationals 

G = integers under addition, H = odd integers 

G = {2"3": m & Z, n © 2} under multiplication, H = {12k € B 
G = {m/3: m € 2} under addition, H = Z 

G = R, (6th roots of unity) under multiplication, H = R; 


. G = C under addition, H = R, 


G = C under addition, H = Q 


- G = & under addition, H = Z, 


G = ® under multiplication, H = ‘R* 


. G = 2) under addition, H = U,, 


G = 2p under addition, H = {[0], [3], [6], [9], [12], [15], [18]} 
G = 2s under addition, H = {[0], [3], (6], [9], [12]} 


. G = U, under multiplication, H = {[1], [2], [4]} 


. Find the order of each element of the additive group 2). 


Find the order of each element of the additive group Z,;. 


. Find the order of each element of the group Lo. 


Find the order of each element of the group Li{,. 
List all the generators of the additive group Zo. 


- List all the generators of the additive group 2,4. 
. List all the generators, if any, of U4. 
. List all the generators, if any, of Uf,s. 


Prove that [k] is a generator of the additive group 2, if and only if gcd(k, n) = 1. 
Which of the groups U, are cyclic for 1 = n = 10? 


In Exercises 47—49 assume that G is a set with a binary operation * satisfying G,, Gs, and 
the following weaker versions of G, and Gy. 


47. 
48. 


49. 


50. 


Si 


G;': There exists an element e © G such that e * x = x for every x E G. 
G,': For each x € G there exists x" © G such that x' * x = e. 


Prove that if x * y = x * z in G, then y = z. 


Prove that if e is the element of G,’, then x * e = x for every x © G. Hint: Show that 
x'exke =X * xX, 
Prove that if x’ is the element corresponding to 1 in G,’, then v * av! e. Conclude that 


G is a group. Hint: Show that x’ * x * x" = x’ *e 


Let G be the group of Exercise 38, Section 7.1. Show that {(x, y) © G: x = 1} and 
{(x, y) € G: y = 0} are subgroups. 

The proof of one of the equations of Theorem 7.4(a) follows immediately from the det- 
initions. Which equation? 
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52. Prove Theorem 7.4(a) for m > 0 by induction on m. 
53. Prove Theorem 7.4(a) for m = 0. 

54. Prove Theorem 7.4(b). 

55. Prove Theorem 7.4(c). 

56. Prove Theorem 7.4(d). 

57. Prove that any cyclic group is Abelian. 


58. Suppose that H is a nonempty subset of the group G. Show that H is a subgroup of G 
if and only if whenever x and y are in H, then xy 'EH. 


59. Prove that the group of Example | is cyclic. 


7.3 ISOMORPHISMS AND CYCLIC GROUPS 


In the preceding two sections we have seen a number of examples of groups of order 
4. Among them were R, (rotations of a square), =, (integers modulo 4+ under ad- 
dition), U4) and U,, (elements of =,, and =,, having inverses under multiplication). 
and R, (fourth roots of unity). On the other hand when calculating the multiplication 
tables for the groups H, and H, we discovered that the possibilities for a group of 
order 4 are quite restricted, and essentially reduce to two cases. Thus some of our 
examples must actually be different versions of the same group. We will make this 
idea explicit in this section. 

Let G and G’ be groups. We call a function f: G — G’' an isomorphism if it 
is a One-to-one correspondence satisfying 


F(xy) = f(x) for all elements x and y in G. (7.1) 


In this case we write G = G’ and say that G is isomorphic to G’. As with ring 
isomorphisms, what this means is that, as groups. G and G' can be regarded as 
essentially the same, except tor the names ot their elements. Consider the groups R, 
and lf), for example. Multiplication tables for these groups are shown in Figure 7.9. 


ie we 2) ao 


(1) {1] [3] {9} [7] 
{3] [3] [9] (7] [1] 


{9] [9] [7] (1] [3] 


Figure 7.9 
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Let us define a function f: Ry > Uy by 


f(N) = (1), 
f@) = (3), 
fH) = (91, 
f(T) = (7). 


Clearly f is a one-to-one correspondence from R, onto Lf; we claim that f satisfies 
(7.1) also. Checking this for all 16 possible pairs (x, y) € R, X Rs would be tedious; 
an example is 
OT Ay — 27) =" 1S (9) =o rap: 

A more efficient way of checking (7.1) is to notice that the second table can be 
formed from the first by replacing x by f(x) for each entry. This is easier to see if 
we superimpose the two tables, as in Figure 7.10. Notice that N and [1] are always 
together, likewise Q and [3], etc. The importance of this is that it doesn’t matter if 
we multiply, say, Q and H to get T, and then apply f to get [7], or apply f to Q and 
H, getting [3] and [9], and then multiply these to get [7]. The answer is still the 


same: [7]. Thus f(QH) = f(Q)f(H), and, in general, f(xy) = f(x)f(y). We see that 
f is an isomorphism from R, to Lio. 


Figure 7.10 


Where did the function f come from? We saw in the previous section that R, 
and U,) are cyclic groups of order 4, with generators Q and [3] respectively. Thus 
it is reasonable that there would be an isomorphism f between them taking Q into 
[3]. Once the assumption 


F(Q)y= [3] 
is made, the function f is determined by (7.1). For this forces 
eo = (OO) = 37 = 19), 
fy = fier QQ 13) = 7), 
FN) = f(O") = FDS) (Q)f(Q) = (3) = U1. 
mw EXAMPLE 1 Let us see if we can find an isomorphism between the additive group =, and 


R,, the multiplicative group of sixth roots of unity. Since both these groups are 
cyclic, with generators [1] and y, = cos 60° + isin 60°, respectively, it seems quite 
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possible that they are isomorphic. Constructing and comparing two 6 X 6 multiplhi- 
cation tables could be tedious, however. Let us look for an isomorphism f sending 
[1] into y,. Notice that if f satisfies (7.1) and n is a positive integer, then we must 
have 


fn} = fall) = fll + ny ae 
= f(D FID .-- fC = Fini -- a= OT 


Thus let us define f: Z, — Re by f({n]) = (y,)" for n © =. This function is well- 
defined, for if [n] = [m], then n = m (mod 6), and son — m = 6k for some integer 
k. But then 


Cy)" = Qu" = (wd YOn” = Cw)”, 


since (y,)° = 1. Also y, generates R,, and so f is onto. Since its domain and co- 
domain both have 6 elements, f must be one-to-one also. Finally, 


fim} + [n]) = f(lm + ny) = CW" = GW"" = fim) f(r). 


We see that fis an isomorphism. 


@ THEOREM 7.6 Let f: G, — G, be an isomorphism of groups G, and Gs. 


(a) f ': G, > G, is an isomorphism. 

(b) If g: G, — G; is an isomorphism of groups G: and G,. then gf: G, > G: 
is an isomorphism. 

(c) Isomorphism is an equivalence relation on any set of groups. 


Proof (a) Since f is a one-to-one correspondence. f | exists and is a one-to-one 
correspondence by Theorem 1.3. Let u and v be elements of G.. Since f is onto there 
exist elements x and y in G, such that f(x)=u and f(y) =v. Then 
f(xy) = fOOf(y) = uv. Thus f 'a) = wv = f 'adf ‘>. and sof | satisfies (7.1). 

(b) By Theorem 1.4, gf is a one-to-one function trom G, onto G,. It only re- 
mains to show that gf satisfies (7.1), which we leave as an exercise. 

(OalG is a group, the identity function /,; can be shown to be an isomorphism 
from G onto itself. Thus the relation of isomorphism is reflexive. It is symmetric 
by (a) and transitive by (b). 


The cyclic group generated by an element has a definite structure. as is shown 
in the next theorem. 


M@ THEOREM 7.7 Let G be a group, and let g € G. 


(a) The order of g is finite if and only if g' = e for some t © =. 
(b) If g has finite order n, then nis the smallest positive integer t such that 
g' = e. Furthermore, the distinct elements of (g) are exactly e, g, g°, 2°, 
_ and g""', and g’ = g* if and only if j = k (mod n). 


Proof First note that 


if g’=e*, then gi! = gigi)! = piipty'! = e. G2 
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(a) If (g) is finite, then the elements g', g’, g°, ... cannot all be distinct, and 
so (7.2) implies that there exists a positive integer ¢ such that g' = e. 

Conversely, suppose that g' = e for t € =*. Let m be the the smallest positive 
integer such that g” = e. If x € (g), thenx = g° for some integer s. Use the division 
algorithm to write s = qm + r, where 0 = r < m. Then 


Se eee = ge yig” = ely = gt 
Since every element of (g) has the form g’, with 0 < r < m, we see that (g) has at 
most m elements. This proves (a). 

(b) The previous paragraph actually shows that if m is the least positive integer 
such that g” = e, and if is the order of g, then n = m. We will show that n = m 
by proving that the elements e = g”, g', g’, ..., g” ' are all distinct. For if g/ = g* 
for 0 = j <k < m, then we have g‘” = e for 0 < k — j < m from (7.2), which 
contradicts the definition of m. Thus m = n, and the elements e, g, Ge Pee ge are 
the distinct elements of (g). We leave the proof that g/ = g‘ if and only if j = k 
(mod 7) for the exercises. Wf 


Knowledge of the groups <, is important because they can be taken as models 
of all finite cyclic groups. The proof in Example | can be generalized to prove the 
following theorem. 


@ THEOREM 7.8 (a) /f G its a finite cyclic group of order n, then G = &,,. 
(b) If G is an infinite cyclic group, then G = 2. 


Proof (a) Let G be a finite cyclic group of order n. We will show that =, = G, 
which implies that G = 2, by Theorem 7.6. Let g be a generator of G. Define f: 
mm > G by f([k]) = gt. Note that if [j] = [Kk], then k = j (mod n), and so g’ = g' 
by Theorem 7.7. Thus f is well-defined. Since g is a generator of G, every element 
of G is of the form eg“, and so f is onto G. But =, and G both have n elements, so 
f must be one-to-one also. Finally, 


FCA) + (k)) = FF + KI) = 97% = g’s* = FLD SCAN, 


and so f is an isomorphism. 

(b) Now assume that G is an infinite cyclic group with generator g. Define 
fi: => G by f(n) = g". Since g is a generator for G. fis an onto function, We will 
prove that f is one-to-one also. Suppose /(/) f{(k) with j~ k. This means that 
g’ = g*, and so by (7.2) we have g ' © e,withhk~ 7 * 0. But then Theorem 7a) 
implies that g has finite order, and so cannot generate the infinite group G. This 
contradiction shows that f is one-to-one. 

It only remains to prove (7.1). Let j and k be integers. Then 


fij+ hee eh = (sh. @ 


In Section 7.2 we saw that any group of order 4 seemed to reduce to one of 
two groups, H, and H,. Now we can make this idea explicit. We claim that any 
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group of order 4 is isomorphic to either H, or H,. We will be repeating some ar- 
guments made more informally in Section 7.2. Let G be a group of order 4. 


Case 1 Some element of G is not its own inverse. 

Let us denote the identity of G by E, and the element that is not its own inverse 
by A. Note that A~' cannot be E. Denote A™' by B, and let C denote the fourth 
element of G. Since BA = E also, the multiplication table of G looks like Figure 
7.11(a). As before, there must be a C in the second row, and it can only go in the 
second column. Thus B must appear in row 2 and column 4. Continuing in this way. 
we are forced by the assumption that G is a group to the multiplication table of 
Figure 7.11(b). But comparing this with the table for H, in Figure 7.11(c). we see 
thatG = #,. 


(a) 


Figure 7.11 


Case 2 Every element of G is its own inverse. 
We omit the similar argument leading to G = H,. 


The next theorem enables us to determine the subgroups of a eyelic group. 


@ THEOREM 7.9 Any subgroup H of a cyclic group G is itself evelic. If G is finite, then the 
order of H divides the order of G. 


Proof Let H be a subgroup of the cyclic group G with generator g. If H = {e} = (e), 
then H is cyclic and has order 1, so assume that H contains an element v¥ other than 
the identity. Then .v = ¢* for some nonzero integer ko and. | = ¢ * © H also. Thus 
some positive power of g is in H: let m be the least positive integer such that ¢” © H. 
Set h = g”; we will prove that H = (h). Clearly (hk) C H. 

Suppose that v © H. Since g is a generator of G. y = @' for some integer 1. Use 
the division algorithm to write t = gm + r, with O <= r < m. Then , 


r 


go = gh = gig") 4 = yh’. 


Thus g’ € H since H is a subgroup. This contradicts the definition of m unless r = 0. 
Then y = g™ = h’ € (h). We see that H = (h). 


——— 


7.3 lsomorphisms and Cyclic Groups 317 


To prove the second sentence of the theorem, assume G has order n. Taking 
y = e = g" in the last paragraph, we see that n = t = gm. By Theorem 7.7 the 
elements e, g”. (g")". (g"). ..., (g")"”! are all distinct, since m(q — 1) < mq = n. 
On the other hand, (g”)/ = g’”"" = g" = e. Thus q is the smallest positive integer to 
which g” can be raised to get e. Applying Theorem 7.7 to the cyclic group 
H = (h) = (g”) tells us that the order of H is q, which divides n. Ml 


Recall that every cyclic group is isomorphic to 5 or Z,. All subgroups of Z were 
already found in Example 3 of Section 7.2. In the case of a subgroup H of ,, the 
proof of Theorem 7.9 shows that H = (m), where m is the smallest positive integer 
such that m[1] = [m] € H. 


M EXAMPLE 2 Let us calculate all the subgroups of =. By Theorem 7.9 these are all cyclic, 
and so we need only find the subgroups generated by each element of =, as follows. 


({0]) = {[0}} 

i) i; (2), 13], 14); 151 10]} = <, 
({2]) = {[2], [4], [0}} 

(By) =A], [0h 

({4]) = {[4], [2], [0]} 

Mellie i121), (0l} =z 


Thus there are just 4 subgroups of =,: {{O]}, {[0]. [3]}. {{0]. [2]. [4]}, and =, itself. 
Note that these four subgroups have orders 1, 2, 3, and 6, and that each of these 
integers is a divisor of 6. 


In the next section we will prove more generally that if G is any finite group, 
cyclic or not, and if H is a subgroup, then the order of H divides the order of G. 


EXERCISES 7.3 


1. Suppose that f: Ug — U, is an isomorphism such that f({2]) = [3]. Determine f(x) for 
each x in its domain. 

2. Suppose that f: Ul; —» =, is an isomorphism such that f([3]) = [5]. Determine f(x) for 
each x in its domain. 

3. Suppose that f: l{;. — Ug is an isomorphism such that f({5]) = [5] and f([7]) = [3]. 

Determine f(x) for each x in its domain. 

. Exhibit an isomorphism from < onto 'E, the set of even integers, 

. How many isomorphisms are there from = onto itself? 

. How many isomorphisms are there from R, onto itself? 

. How many isomorphisms are there from =; onto itself? 

What is the order of [10] in 2,” 

What is the order of [15] in =,,? 


cer AMA 
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10. 
11. 
12. 
133 
14. 
15. 


16. 


17: 
18. 
19. 


20. 


21. 
22. 


23. 
24. 
20: 


26. 


Zire 


How many generators does LU; have? 

How many generators does 2,9 have? 

How many generators does U>, have, given that it is cyclic? 

How many generators does Li; have, given that it is cyclic? 

How many generators does R3, have? 

Prove that if a group G has order n > 1, then G has a subgroup of order p. where p is 
prime. 

Show that the subset {V, H, X, Y} is a subgroup of the group ‘D of symmetries of a 
square. 

Show that the subgroup of the previous exercise is isomorphic to L,. 

Show that if G, = G, and G, is Abelian, then so is G). 


Show that if f: G, —> G, is an isomorphism, then f(e,) = e>. where e, and e, are the 
identities of G, and G2, respectively. Show also that if wu € G,. then fiu |) = fl) |. 


Show that if f: G, — G, is an isormophism such that f(x) = y, and if m is any integer. 
then f(x") = y’. 
Show that if G, = G, and G, is cyclic, then so is Gp. 


Show that if f G, — G, is an isomorphism and fix) = y. then x and y either both have 
the same finite order, or else both have infinite order. 


Prove Theorem 7.6(b). 
Prove that any group of order 3 is cyclic. 


Let C* = {x © C: x # O}. with multiplication as the operation. Show that (* contains 
elements of every possible finite order, as well as elements of infinite order. 


Let G be an Abelian group. Show that if 1 and y are in G. then the order of xv does not 
excéed the least common multiple of the order of x and the order of y. 


Show that if « is a group element of order d, then x" = e¢ if and only if d divides nm. 


Exercises 28-29 finish the proof of Theorem 7.7. 


28. 
29. 


30. 


31. 


Show that if the order of g is n, and if j = k (mod n), then g/ = ¢*. 
Show that if the order of g is n, and if g/ = g*, then j = k (mod n). 


Prove that if G is a group of order 4 such that each element is its own inverse, then 
GET. 


Show that if d and 7 are positive integers and d divides n, then =, has a subgroup of 
order d. 


Show that the subgroup of the previous exercise is unique. 


- Show that l/,, has three subgroups of order 2. 


. Prove that the order of [x] in 2, is n/gced(x, n). 


Prove that if p is prime, then the order of LU, is p — 1. 


. Prove that the order of LU. is 2""' fork © 2%. 
. Prove that if k is odd, then Li, and U., have the same order. 


. Prove that if k is odd and LU; is cyclic, then U, is cyclic. 
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39. Prove that the additive group {a + bi € C: a, b € =} is isomorphic to the multiplicative 
group {2'7: i, j € 2}. 

40. Prove that the multiplicative group ‘R* is isomorphic to the additive group ‘R. 

41. Prove that the multiplicative group ‘R* = {x € ‘R: x ¥ O} is not isomorphic to the additive 
group ‘R. 

Show that if G is a finite group and H is a nonempty subset of G, then H is a subgroup 
of G if and only if H is closed under the group operation. 


7.4 COSETS 


We saw in the previous section that for finite cyclic groups, the order of any subgroup 
divides the order of the group. Looking at how the subgroups ({3]) = {[0], [3]} and 
({2]) = {{0]. [2], [4]} fit into =, gives some insight into why this is true. (See Figure 
TA) 


Figure 7.12 


For example , can be seen to be made up of ([3]) and two other sets, formed 
by adding either [1] or [2] to each element of ({3]). Each of these sets has the same 
number of elements as ({3]), and since there are three sets in all, we have 


(order of 2) = 3 X (order of ({3])). 


Thus the order of <, is a multiple of the order of its subgroup ([3]). A similar ar- 
gument can be made for the subgroup ((2]). | a 

A reasonable notation for the two sets other than ([3]) shown in Figure 7. 1 2(a) 
is ((3]) + [1] and ([3]) + [2]. The fact that we write general groups multiplicatively 
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accounts for the change in notation in the definition that follows. Suppose that G is 
a group and H is a subgroup of G. By a coset of H we mean any set of the form 


Hg = {x © G: x = hg for some h € H}. 


Notice that H = He is itself one of these cosets. 


@ EXAMPLE 1. Consider the subgroup H = {[1], [7]} of the group 
G = Ue = {[1], [3], [5], (7), (91, [11], 113], [15]}- 
The cosets of H are as follows. 
A) = {eee eres 
AB) 11, PRB ey} 
(5) = {1 es) {bP ey ee 
ATT) = 4011, PA) = qe — ae 
HAYS) = {[1), (79) = A063} = {01S} 
; AU 11) = {= {a ee ee 
A(13} = {(0, (7S) 4013) ea) = {0 
AU15)=4{(1), (71015) = 1115], [esi — 11,04} 
A glance at the last column indicates that there are four different cosets. namely 
{{1], (7]}, {[3], (S]}. {£9]. [15]}. and {{11]. [13]}. Furthermore. each coset has the 


same number of elements as H (2 in this example). and every element of G is in 
exactly one coset. 


@ THEOREM 7.10 Let H be a subgroup of the group G. 


(a) The cosets of H form a partition of G. 
(b) There is a one-to-one correspondence from H onto any coset of H. 


Proof (a) We start by defining a relation = on G by x ~ y incase w | © H. We 
claim that ~ is an equivalence relation on G. Note that. ~ a saws thatay ' = e € H. 
which is true because His a subgroup. Thus ~ is reflexive. Ifa = vo then av | € A, 
and so (xy _')”' = yx”! € H, or y ~ x. Thus ~ is symmetric. Finally if x ~ y and 
y ~ z, then xy"' € H and yz ' € H, and so (xy ')(yz™') = xz7' € H. This proves 
transitivity. 

Since ~ is an equivalence relation on G, the equivalence classes of ~ form a 
partition of G by Theorem 1.5. We will finish the proof of (a) by showing that these 
equivalence classes are precisely the cosets of H. In particular, we will show that 
[x] = Hx. 

Let y € [x]. Then y ~ x, and so yx ' € H. Say that yx"' = h E H. Then y = hx, 
and so y © Hx. This proves that [v] GC Hw. Now lety © Hy. Theny = hy forh € H. 
Multiplying on the right by x! gives vx | = h © H, and so vy ~ewv. Tittseye@ (i). 
We see that Hx C [x]. 
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(b) Let Hx be any coset of H. We define f: H — Hx by f(h) = hx. It is clear 
that f is onto Hx. Also, f is one-to-one, since if h\x = hyx, then h, = h, by the 
cancellation law. MH 


M COROLLARY (Lagrange’s Theorem) The order of any subgroup of a finite group divides 
the order of the group. 


Proof Let the group G have order n and let H be a subgroup of order m. Since G 
is finite, H has only finitely many distinct cosets, say k of them. Each of these has 
the same number of elements as H by part (b) of Theorem 7.10. Then by part (a) 


n = km, 


and so m divides n. 


If the subgroup H of the group G has only a finite number of cosets in G, then 
this number is called the index of H in G. The proof of Lagrange’s theorem shows 
that if G is a finite group, then the index of H in G (denoted by & in the proof) also 
divides the order of G. 

Lagrange’s theorem considerably cuts down the possibilities when looking for 
subgroups of groups. It also implies that the order of any element divides the order 
of the group, since the order of an element is the order of the cyclic subgroup it 
generates. 


@ EXAMPLE 2 Let us find the order of the element [5] in U/,,. By Theorem 7.7 the order of 
[5] is the smallest positive integer m such that [5]” = [1], but computing [5], ee 
. until we get [1] is not the best way to proceed. 
Recall that l{,, consists of all elements [k] of =,, with gced(k, 23) = 1. Since 23 
is prime, 
Us, 411), [2], (3),--- <a, 
and the order of U,, is 22. Thus by Lagrange’s theorem the order of an element of 
lly, can only be a divisor of 22: 1, 2, 11, or 22. Of course only [1] has order |. We 
compute 


[Sir & (25@ (23-1 & 2) #2), 
and so the order of [5] is not 2. By squaring we find 
[5]}* = [2]* = {4}, 
[S]* = [4]* = [16]. 


THuSH(S) = (S/1ST1S]' 3 116 © 2-5] * (160) = (23-- 6 + 22] © [22]. Sineerthe 
order of [5] is not 11 either, [5S] must have order 22, and is, in fact, a generator of 
Us. | 


m EXAMPLE 3 Let G be any group of order p, where p is prime, and let v be any element of 
G other than the identity. Then since the order of 4 1s a divisor of p greater than I, 
it must be p. Thus x generates G. We see that any group of prime order must be 


cyclic. # 
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EXAMPLE 4 Let us calculate the cosets of the subgroup .K = {N, X} of the group ‘D introduced 
in Section 7.1. The multiplication table of ‘D is shown in Figure 7.13. 


D, D, Y D, X T H 
Dl DX oD, Yaaro N 
Figure 7.13 


From the table we find the four cosets 
KNGeek, = ANNEX}, 
KQ = KD, = {Q, Dj}, 
KH = KY = {H, Y}, 
AT = XD, ={T,D,}. @ 


Recall that we defined the coset Hg of H by 
Hg = {x © G: x = hg for some h € H}. 


Such a set is sometimes called a right coset, and we could qust as well have intro- 
duced left cosets of the form 


gH = {x € G: x = gh for some h € H}. 


If G is Abelian, then Hg = gH tor every g © G, but for non-Abelian groups Hg 
and gH may not be equal. In particular, in the non-Abelian group ‘1) of Example 4 
we have the left cosets 


N.K = XK = {N, X}, 
Q.K = DK = {Q, D,}, 
H-K = Y.K = {H, Y}, 
TK = D,XK = {T, D,}. 


Thus, for example, the left coset Q.A does not equal the right coset -AQ. or, in fact, 
any right coset. 
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Subgroups of Cyclic Groups 


If we wish to study cyclic groups of order n, then by Theorem 7.8 we may as well 
simply look at 
eer), (2),52.., [2 — LI 
We claim that [k] generates =, if and only gcd(k, n) = 1. For if gcd(k, n) = 1, then 
by Theorem 2.4 there exist integers x and y such that kx + ny = 1. Then 
ale sale [1 — ny) = [1]. 


Thus [1] € ([4]). and since [1] generates =,, this means that ({k]) = Z,. 
Conversely, suppose that ged(k, n) = d > 1. Let k = dx and n = dy, where x 
and y are integers such that 0 < y < n. Note that dxn = dyk. Then 


yk] = [yk] = [xn] = [0). 


Since by Theorem 7.7 the order of [k] is the smallest positive integer m such that 
m{(k] = [0], we see that the order of [k] is less than n. We have proved the first 
sentence of the following. 


M@ THEOREM 7.11 The element [k] is a generator of =, if and only if gcd(k, n) = 1. If d is a 


positive divisor of n, then =, has exactly one subgroup of order d, namely ({n/d)). 


Proof Since =, = {{0], [1], [2]. ..., [nm — 1]}, the smallest positive integer m such 
that m[n/d] is [0] is d. Thus ({n/d]) is a subgroup of order d. 

On the other hand, assume that H is a subgroup of <, of order d. By Theorem 
7.9, H = ([k]) for some integer k. Let gced(k, n) = j. By Theorem 2.4 there exist 
integers x and y such that kx + ny = j. Then [j] = [ke + ny] = x[k], so 
(7) © ({(k]) = A. Thus ([7]) C H. On the other hand, k is a multiple of 7, so [A] is 
in ({j]). Thus H = ({k]) C ({j]). We see that H = ([j]). Now since j divides n, the 
least positive integer m such that m[j] = (O] is n/j. Thus n/j = d, and j = n/d. 
We have proved that H = ([n/d]). @& 


The number of integers A with 0 <= k < n such that ged(k, n) = 1 is denoted by 
p(n). The function » is called the Euler phi-function, and is important in number 
theory. For example if m = 10, then of the integers 0, I, 2, 3, 4, 5, 6, 7, 8, 9, 
exactly k = 1, 3, 7, and 9 satisfy ged(A, 10) = t. Thus g(10) = 4. The following 
table gives g(n) for 1 = n = 20. 


a> woe 7 eee 10 «11 «612 «613: «64 615: «6216:«17~«O«18 S190 


lORaeet?”” 6 6G UNSC CSRS 6. Bas 


bo 
No 
BN 
No 
AN 
> 
ON 
& 


The function » has another connection with groups. Recall that U,, 1s the mul- 
tiplicative group of elements [k] of —, such that ged(k, 2) = 1. Thus the number of 
elements of Li, is also o(n). 

Theorem 7.10 indicates how a group can be partitioned into cosets. Another way 
to partition a group is according to the order of its elements. For example IN > 


there are 
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4 elements of order 12, since ({1]) = ({5]) = ((7]) = ((11)) = 21, 

2 elements of order 6, since ({2]) = ({10]) = {[O], [2]. [4], [6]. [8], [10]}. 
2 elements of order 4, since ([3]) = ({9]) = {{0], [3], [6], [9]}. 

2 elements of order 3, since ({4]) = ({8]) = {{0], [4], [8]}. 

1 element of order 2, since ([6]) = {[0], [6]}, 

1 element of order 1, since ({0]) = {[O]}. 


Note that we have accounted for all the elements of <2, since 
A tee. + 2 + Pee atZ. 

In general if d is a positive divisor of n, then =, has exactly one subgroup H,; 
of order d by the second part of Theorem 7.11. This subgroup is cyclic by Theorem 
7.9, is therefore isomorphic to 2, by Theorem 7.8, and so has ¢(d) generators (which 
are of order d) by the first part of Theorem 7.11. Since if [x] has order d we must 


have ([x]) = H,, this accounts for every element of =,. Thus if d,. d>. .... d, are 
the positive divisors of n, then 
o(d,) + o(d,) + ... + o(d) = xn. (7.3) 


This was illustrated in our last example. since the positive divisors of 12 are 1, 2. 
3, 4, 6, and 12, and 


o(1) + p(2) + 9(3) + (4) +p(6) + 2) = 1 +1+2+2+2Fe = ae 
We can use (7.3) to show that only cyclic groups contain at most one subgroup of 


each possible order. 


@ THEOREM 7.12 Let G be a group of order n such that if d is any positive divisor of n, then 
G has at most one subgroup of order d. Then G is cyclic. 


Proof Let d,, dy, .... d, be the positive divisors of 1. Then by (7.3) we have 
o(d,) ods) +> ... Stern 

Note that if G contains an element of order d, then that element generates a cyclic 
subgroup H, of order d, which is unique by hypothesis, and so G contains exactly 
p(d) clements of order d. Since every element of G has some order. we have 

IG] = n= gd, + pds) + ... eee). 
where the inequality is strict unless there is a cyclic subgroup H,, for each positive 
divisor d of a. But the sum on the right equals 2, and so there must be such a 
subgroup for every d. Taking d = n, we see that G must be cyclic. 


M COROLLARY 7he multiplicative group of nonzero elements of a finite field is cvclic. 


Proof Let F be a finite field, and let F* = F \ {0}. with the multiplication of F as 
the operation. We will show that the hypothesis of Theorem 7.12 applies to F*. 
Suppose H is a subgroup of F* of order d. If h © H,. then the order of h divides d. 
and so A” = 1. Thus all d elements of H are roots of the polynomial x“ — 1 € Fix}. 


7.4 Cosets 


325 


If F* has another subgroup H’ of order d, then this polynomial has more than d 
roots in F. But this contradicts Theorem 5.8, which says that a polynomial of degree 
n over a field cannot have more than n roots. Mf 


M EXAMPLE 5 A consequence of the corollary above is that the group U, is cyclic when p is 


tad 


prime. For U,, consists of the nonzero elements of <,, which is a field by Theorem 


4.1. 


EXERCISES 7.4 


In Exercises I-12 a group G and a subgroup H are given. List the distinct cosets of H. 


inG = 25, 4 = <{5)) 2. G = 2,2, H = ([4]) 
3. G=R,;, H = {N, H} 4. G=R, Ha 1} 
5. G = Ro, H = (cos 240° + i sin 240°) 6. G=R,;, H = R, 
7.G=D,H = {N, ¥} 8. G=D,H=R, 

9. G = U,, H = ([4)) 10. G = U,;, H = ({11)) 
11. G = 2, H = (3) 12°G = CoH TR 


Exercises 13—14 refer to the group G with the multiplication table shown. 


13. 
14. 
15. 
16. 
lie 
18. 
19. 
20. 
ae 
22. 
23. 
24. 
25: 


Compute all the right and left cosets of H = {e, c}. 
Compute all the right and left cosets of H = {e, d}. 

Find the order of [2] in U3. 

Find the order of [2] in L{,9. 

Find the order of [17] in 2yo,. 

Find the order of [3] in 24. 

Compute ¢(n) for 21 = n = 30. 

Compute ¢(n) for 31 Sn = 40. 

What are the elements of the subgroup of <,; of order 5? 
What are the elements of the subgroup of <,. of order 6? 
How many elements of ,, have order 8? 

How many elements of 259 have order 10? 


How many elements of l/;, have order 5? 
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26. 
Zi. 
28. 
29. 
30. 
31. 
32. 


33: 


34. 
5: 


36. 


37. 


38. 


How many elements of L{,; have order 8? 

How many generators does Lj) have? 

How many generators does L{,, have? 

Illustrate formula (7.3) with n = 28. 

Illustrate formula (7.3) with n = 30. 

Given n, how many elements of Z, have order 15? 


Show that if the order of a group is p”. where p is prime and n > |. then it contains an 
element of order p. 


In Theorem 7.10 it is proved that x and y are in the same right coset of H if and only 
if xy’ © H. What is the corresponding relation for left cosets? 


Prove Theorem 7.10 for left cosets. 


Let Hx and Hy be two cosets of a subgroup H. Exhibit a one-to-one correspondence from 
Hx onto Hy. , 


Show that if H is a subgroup of G having exactly two right cosets. then H has exactly 
two left cosets, and they are the same as the right cosets. 


Show that if x is an element of order m, y is an element of order m, xy = yx, and 
gcd(m, n) = 1, then the order of xy is mn. 


Prove that if G is a group of order nm and x € G, then x” = e. 


Use Lagrange’s theorem on U,, to show that if p is pnme and 7 is an integer not divisible 


40. 
41. 


42. 


43. 


44. 


45. 


46. 


47. 


by p, then 7’ ' = 1 (mod p). This is known as Fermat’s theorem.) 
Prove that if p is prime and n is any integer, then nm’ = n (mod p). 


Prove that if mm and n are integers with m > 0 and gcd, mn) = 1, then n™” = 1 (mod m). 
(This is known as Euler’s theorem.) 


Let G be an Abelian group, and let k be a positive integer. Show that {x € G: «“ = e} 
is a subgroup of G. 

Show that if .v and y are elements of a finite group. then the order of vv equals the order 
of yx. 

For H a subgroup of a group G, and g € G, let HeH = {hygh,: h,, h. € H}. Show that 
the distinct sets HgH for g € G form a partition of G. 

Show that if H, and H, are distinct subgroups of prime order of a group, then 
Hy, a) H, = {e}. 

Show that if #7 ts a subgroup of the finite group G. then /7 has the same number of right 
cosets in G as left cosets in G. 


Show that for any group G and subgroup /f there exists a one-to-one correspondence 
between the right cosets of H and the left cosets of H. 


7.5 SYMMETRY GROUPS IN THE PLANE 


In Section 7.1 we introduced the group ‘PD of rotations and reflections of a square. 
This is an example of a symmetry group based on a geometric object. We will in- 
vestigate such groups in this section. 
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lsometries 


Rotations and reflections are examples of isometries, that is, one-to-one correspon- 
dences F from the Euclidean plane onto itself that preserve distance. The latter means 
that if P and Q are two points, and if F(P) = P’ and F(Q) = Q’, then the distance 
between P’ and Q’ is the same as that between P and Q. This is illustrated for a 
line reflection in Figure 7.14. 


BoogUS Se So45C S05 Jos o ones ne ree a 


Figure 7.14 


Isometries are sometimes called rigid motions since they correspond to the phys- 
ical act of moving an object, such as a sheet of paper, without stretching, bending, 
or tearing. If F and G are isometries, we will denote by FG the result of applying 
F and then G. Note that this is different from our convention in Chapter 1, where 
we wrote the result of applying f and then g as gf. It is easy to see that if F and G 
are isometries, then so is FG. Likewise it may be checked that the inverse of an 
isometry is an isometry. Of course the identity function on the plane, which we will 
denote by /, 1s an isometry. Thus the set of all isometries forms a group. We will 
be interested in certain subgroups of this group. 

Let 7 be any set of points in the plane. By a symmetry of 7 we mean any 
isometry F that maps 7 onto itself. In other words 


{y: y = F(x), x € T} = T. 


The group '1) we studied earlier is precisely the set of all symmetries of a square. 
We will denote the set of all symmetries of a set 7 by §(7). It can be checked that 
if F € S(T) and G € S(T), then FG © SP) and F ' © S(T). Since the identity map 
is clearly a symmetry of every set, we see that S(T) is a group. 


@ EXAMPLE 1 Let 7, be the set of points in the letter “E”. Tf we denote by Mf reflection in a 
horizontal line through the middle of the letter, then 6(7\) = {/. Af}. See Figure 
7.15(a). @ 
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aseeMeeney 


(b) (c) 
Figure 7.15 


@ EXAMPLE 2 Let 7, be the set of points in the letter “S”. If we denote by R rotation through 
180° about a point in the middle of the letter, then s(7,) = {/. R}. See Figure 
7.15(b). @ 


Note that the symmetry groups in Examples 1 and 2 are both cyclic groups of 
order 2, and so are isomorphic. They are different geometrically, however. since 
one contains a reflection and the other a rotation. 


@ EXAMPLE 3 Let 7; be a rectangle that is not a square. Then (7) = {/. M,. M,. R}. where 
M, and M, are reflections in lines parallel the sides of the rectangle and R is a rotation 
through 180°. See Figure 7.15(c). Since this group is net cyclic, it is isomorphic to 
the group H, of Section 7.2. @ 


mM EXAMPLE 4 Let 7, be an equilateral triangle. Then (7,) = {/. R. R°. M,. Mf. M,}. where 
R is a counterclockwise rotation through 120°, and Af,. Mf.. and M, are reflections 
in lines through the center of the triangle and its vertices. These isometries are in- 
dicated in Figure 7.16, along with the multiplication table for the group. 


M, 


I I, R R M, M, M, 
R | R R I @, We @, 
sual R™ | R oe Me we 


: ” M, 


Figure 7.16 


The effect of the elements of “(7,) can be seen if we label the vertices of the 
triangle, as in Figure 7.17. 
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ENON LN ESL 


Figure 7.17 


Then we can compute 


Ahab 


or RM, = M,, and 


“1a ga Meee 


or M,R = M,. Such computations may seem a tedious way to construct a 6 X 6 
multiplication table, but we can avoid most of them. Clearly M,” = / for each 7, and 

* = J also. Along with the calculations above, this leads to the table of Figure 
7.18(a). 

Now the second row must contain M,, which cannot be in column 6, and so M, 
is in column 6 and M, in column 5. The second column can be completed in the 
same way. Then there is only one way to put M,, M,, and M, in the third row; 
likewise for the third column. This leads to Figure 7.18(b). 


1 R R> M, M, M, 


Ps) 
a 
i 
= 
ES 


7 a R R MM, M, / TR RO Mihi 

R = rR Tf M, R RR? 1 iy M; eM, 

Rape | R Roamieee f) ROOM, M,N: 

M,|™M, M, I M, |M, M, M, 1 

M, | M, / M, | M, M, M, 1 

M, | M, I M, | M, M, M, i] 
(a) (b) 


Figure 7.18 
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The table could be easily completed if we had one more entry, say for M|M). 
The associative law comes to our rescue. We have 


M,M, = M,(M,R’) = (M\M,)R° = IR* = R’. 


Now we can complete the table as in Figure 7.16. 


The multiplication table of Figure 7.16 shows a pattern that calls for an expla- 
nation. Note that the reflections are clustered in the northeast and southwest parts 
of the table, while the rotations and / (which can be thought of as a rotation through 
0°) fall in the northwest and southeast corners. A rotation is an example of a direct 
isometry, that is, one that preserves the orientation of the vertices of any triangle. 
If, for example, the vertices a, b, and c are in counterclockwise order around the 
triangle, then this is still true after a rotation. Reflections are opposite isometries. 
on the other hand. They reverse orientation. Look at Figure 7.17 for examples of 
these statements. It can be proved that every isometry is either direct or opposite. 

Clearly the product of two direct isometries is again direct, as is the inverse of 
a direct isometry. Thus the direct isometries form a subgroup of any group of isom- 
etries. For S(7,) this subgroup is {/. R. R°}. and its multiplication table is the 3 x 3 
submatrix in the upper left hand corner of the multiplication table of Figure 7.16. 
The product of direct and opposite isometries is opposite, while if two opposite isom- 
etries are multiplied, then the orientation of any triangle is reversed twice. and so 
the product is direct. This explains the pattern of the table in Figure 7.16. 


The Dihedral Group 


The group S(7,) of Example 4 and the group ‘PD are the symmetry groups of regular 
polygons of 3 and 4 sides, respectively. Let us denote by P,, a regular polygon with 
n sides, where n > 2. Then (P,,) consists of rotations (including /) and n reflec- 
tions in lines through the center of P,. If 1 is odd these lines go through single 
vertices of P,,, while if 7 is even half go through pairs of opposite vertices and the 
rest go through the midpoints of opposite sides of P,. See Figure 7.19. The group 


M 


Figure 7.19 
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S(P,,) is called the dihedral group of order 2n, and denoted by ‘D,. (So that ‘D,, has 
2n elements.) Let R be the smallest positive (i.e., counterclockwise) rotation in ‘D,, 
and let M,, M2, ..., M,, be reflections in ‘D, in consecutively numbered lines through 
the center of P,. Note that we have R” = J and M? = J for all i. 

The product M,M, of any two reflections in ‘D,, being direct, must be a rotation. 
In general, if M and M’ are reflections in lines m and m' intersecting in a point P, 
then MM’ is a rotation about P through an angle of twice the angle from m to m’. 
(See Figure 7.20.) Since P is on both m and m’, it is unmoved by MM’, and so the 
rotation must be about P. Consider a second point Q on m. It is unmoved by M, 
then sent to the other side of m’ by M’. Since the triangles in the diagram are con- 
gruent, Q is rotated through an angle of measure 26 about P, where 0 is the measure 
of the angle from m to m’. 


Figure 7.20 


Note that the smallest positive rotation R in‘), is through an angle of measure 
360°/n, while the measure of the angle between two adjacent lines of reflection is 
half this. Thus M,M, = R and M,M, = R ' so that ‘D, is never commutative. More 
generally, M\M,., = R*. Multiplying this equation on the left by M, and noting that 
M,° = I produces M,,, = MR‘. Thus every reflection can be expressed as M, times 
a power of R. Let us denote M, by M for simplicity. Then we can write 

—, = I, R, R*?,..., R""', M,MR, MR’, ..., MR". 


Since every element of ‘DP, is of the form M'R’, where i = 0 or 1, any product can 
be written as 

(M'R’)(M“R’) = M'(R’M‘)R’. 
This is of the same form if u = 0, so multiplication would be simple if we could 
transfer the M to the other side of a product of the form R’M. Now R’M is a re- 
flection, and so 
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RiM = (R/M)"' = M""(R’)"' = MR”, (7.4) 


where the second equality uses Theorem 7.4(e). 
For example, taking n = 5, 


Ds = {I, R, R’, R’, R’, M, MR, MR’, MR’, MR’}. 
To compute (MR’)(MR’) we use (7.4) as follows. 


(MR’)(MR°) = M(R°M)R° = M(MR’)R°® = R 


Other Isometries 


So far we have only considered two types of isometries. rotations and reflections. 
This is because we have only computed \(7) for bounded sets 7. and the only pos- 
sible symmetries for a bounded nonempty set are rotations and reflections. There are 
two more kinds of isometries, illustrated in Figure 7.21. 


79 A. 


pee ae R 


P’ P' 


translation glide reflection 


Figure 7.21 


A translation is simply a shift by a fixed positive amount in a certain direction, 
and is a direct isometry. A glide reflection is a translation (the glide). followed by 
a reflection in a line parallel to the direction of the translation. For example. in the 
Cartesian plane the function that sends (x, y) into (xy + 3. -y) is a glide reflection, 
where the line of reflection is the y-axis. Since a glide reflection is the product of 
a translation (direct) and reflection (opposite), it is an Opposite isometry. 

Although we will not do so in this book, it can be proved that every isometry 
of the plane is either a rotation, reflection, translation, or glide reflection. . 


@ EXAMPLE 5 Let us find the group of symmetries of the set U consisting of an infinite line 
of equally-spaced copies of the letter G, as in Figure 7.22. 
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-G@GGGGGG:- 


Figure 7.22 


Let 7 be a translation to the right of the distance between any two successive 
letters. Then T' is a translation the same distance to the left, T* is a translation 
twice as far to the right, and 


| wae? (err...) Hr ae 


This group is isomorphic to Z. W@ 


M EXAMPLE 6 Let V be a similar set using the letter K instead of G, as in Figure 7.23. Now 
we have the additional isometry M of reflection in the line s. Products of the form 
T‘M with k # 0 are glide reflections, since s is parallel to the direction of T. Of 
course M* = /, and it can be checked that TM = MT. This means that S(V) is Abe- 
lian, and in fact 


S(V) = {M'T/:i=OorlandjEeZ. 


Figure 7.23 


@ EXAMPLE 7 Now let us consider a set W in which the letter S is repeated, as in Figure 7.24. 
Note that a 180° rotation around any of the heavy dots shown in the figure is an 
isometry for W. Let R, denote the 180° rotation about the dot marked 7. Let us con- 
sider the product R,A,. Under it a point P is rotated first about dot O and then about 
dot 1. It can be proved that the large triangle in Figure 7.25 is similar to and twice 
as large as the smaller. Thus the motion from P to P’ is parallel to the line of dots 
and twice the distance between adjacent dots. We see that RpR, = 7, and in general 
R,R, = T'. lf the second center of rotation is to the left of the first, the translation 


ih 


...8.8.9-5-$.S-8 _ 


Figure 7.24 
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‘nw @ 


Figure 7.25 


goes to the left also. Thus R,R, = T~', and in general R,Ry = T™’. Since RoR; = 
R,Ro, the group S(W) is not Abelian. 
Since R)R; = T’, we have 


Re= 8, 'T' = het” 


Thus every rotation in §(W) can be expressed as Ry times a power of 7. Let us denote 
Ry by R for simplicity. Then we have 


S(W) = {R'T’: i = Oor 1 and j € 2}. (7.5) 


Although this looks similar to the group (V) of Example 6, «(W) and s(V) are not 
isomorphic, since S(V) was Abelian. 

The fact that 8(W) is not Abelian causes problems when trving to compute a 
product of the form (R'7’)(R“T") when u = |. Recall that RR, = T’ and R,R = T °. 
Thus 


T'R = (RR)R = R(R,R) = RT. 
Then 
(R'T/ RT”) = RMR?’ = RATT’ = RT. OB 


The designs of Examples 5—7 are sometimes called frieze patterns. It can be 
shown that there are seven essentially different patterns, although some of the as- 
sociated groups are isomorphic. Representing the elements of these groups can some- 
times be done in different ways. Thus in Example 7 we had RyR, = 7, and so instead 
of representing every element in terms of R = Ry and T, as in (7.5), we could have 
used R, and R, instead. 


Walipaper Patterns 


There are also sets in the plane that have among their symmetries two nonparallel 
translations and no translations through arbitrarily small positive distances. Two of 
these are shown in Figure 7.26. 
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PoP oP OW WwW Ww 


Figure 7.26 


These patterns are assumed to continue indefinitely in all directions. The group 
of symmetries of the pattern on the left is generated by the two translations shown. 
Since translations are known to commute, the group is of the form 


{7,T/: i € Zand j € 2}. 


Besides the translations just listed, the pattern in Figure 7.26(b) has as sym- 
metries infinitely many reflections M, in vertical lines. It can be shown that M\M, = T,'. 
It is beyond the scope of this book to go into the symmetries of wallpaper designs 
in any detail. It can be shown that there are 17 essentially different such patterns. 
The Moors used all 17 patterns in their decoration of the Alhambra in thirteenth 


century Spain. 


M@ EXAMPLE 8 Since few people paper their walls with repeated letters of the alphabet, we will 
; consider a more traditional wallpaper design, as in Figure 7.27. At first glance the 
group of symmetries of this design seems to be generated by two translations, one 
vertical and one horizontal. It contains isometries other than translations, however. 
Note that some pots have two flowers leaning to the left and one to the right, while 
for other pots this is reversed. It is helpful to divide the design into rectangles con- 

taining congruent patterns, as in Figure 7.28. 

Now we can see that the group of symmetries also contains glide reflections 
with lines of reflection along the vertical edges of the indicated rectangles. Each of 
these takes a rectangle containing two flowers leaning to the right into a rectangle 
with two flowers leaning to the left, and conversely. In fact every element in the 
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Figure 7.27 


Figure 7.28 


symmetry group 4 of the pattern shown can be written as a product of powers of 
just two of these glide reflections. 

Consider, for example glide reflections G, and Gs in the lines marked | and 2 
in Figure 7.29. In particular G, takes the rectangle marked / into the rectangle marked 
G,, while G, takes J into G,. 
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Figure 7.29 


Let 7, and 7, be the shortest vertical and horizontal translations, respectively, 
that are symmetries of our pattern. In Figure 7.29 the images of the rectangle marked 
7 under 7, and T, are marked accordingly. Note that G,” = G, = T,. Also we see 
that G,T, = G,, and so T; = G, 'G,. Since every translation in yY is of the form 
7, Ty for i and j in ~, we see that any translation in Y can be written as a product 
of powers of G; and G). 

For each vertical line in Figure 7.29 the group 4 also contains infinitely many 
glide reflections with that line as the line of reflection. Let G, be the glide reflection 
in with line of reflection ¢ and the shortest upward translation. For example. G, 
takes the rectangle / into the rectangle marked G,. Note that G, = G7, and in 
general G; = G,T,'? = G(G,"'G,)"~’. 

All glide reflections involving reflection in the line marked fare of the form 
G,T|' tor 7 © =. But we saw above that G, and 7, can be written as products of 
powers of G, and G.. Thus the same ts true of all elements of the symmetry group 


G. w 
EXERCISES 7.5 


In Exercises 1—10 list all elements of the group of symmetries of the given set. 


1. The letter H 2. The letter T 


SeubemettcmN 4. The letter R 
5. A triangle that is isosceles but not equilateral. 
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6. 


we 
“fe 
ine 


10. 


In Exercises 11-14 M is a reflection and R is a rotation through 360° /n in D,. Write the 
given expression in the form M'R’, where i = 0 or 1 andO = j <n. 

11. RM in Ds 12. R°MR® in‘D, 

13. MR°MR? in ‘Dg 14. MRMRMRM in ‘D, 


15. Write the multiplication table for ‘Ds. 

16. Write the multiplication table for ‘D,. 

In Exercises 17-20 let T, and T, be subsets of the plane such that T, C T2. 
17. Give an example where 3(7,) € (72) and S(T,) # S(T>). 

18. Give an example where S(7,) € S(7,) and $(T,) # S(T). 

19, Give an example where S(7,) = S(T,) but T, # T). 

20. Give an example where neither S(7,) C S(7) nor S(T,) C S(T,) holds. 
In Exercises 21-24 express the given element of the greup SW) of Example 7 in the form 
R'T!, where i = 0 or 1. 

2h. TPR? : 22. ear 

23. RT "RT? 24. RTRTRT 


25. Show that if F and G are isometries, then FG is an isometry. 


Show that if F is an isometry, then F~' exists and is an isometry. 
27. Let T be a subset of the plane. Show that if F and G are in S(T), then so is FG. 


28. 
29. 


30. 


3k. 


32: 
33. 


Sas 


35. 


36. 


Jan 
38. 


Bs 


40. 
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Let T be a subset of the plane. Show that if F is in S(T), then so is F™'. 


Show that if 7 is a translation and M is a reflection in a line parallel to the direction of 
T, then TM = MT. 


Show that the product of two reflections is a rotation or translation, depending on whether 
the lines corresponding to the reflections intersect or not. 


A half-turn is a rotation through 180°. Show that every translation can be expressed as 
the product of two half-turns. 


Show that every isometry is the product of 1, 2, or 3 half-turns. 

Give an explicit isomorphism between the group of Example 5 and Z. 

Let G = 2, X 2, with the operation (a, b)(c, d) = (a + c, b + d). Show that G is a 
group. 

Show that the group G of the previous exercise is isomorphic to the group S(V) of Ex- 
ample 6. 


Show that the product of translations is either a translation or J, and that any two trans- 
lations commute. 


What is the image of the point (x, v) under reflection in the line with equation ax + by = c? 


Show that the group of symmetries of the pattern shown in Figure 7.26(a) is isomorphic 
to either group in Exercise 39 of Section 7.3. 

Let 7, and 7, be congruent triangles. Show that there is an isometry that takes 7, onto 
T>. 


Let A, B, and C be noncollinear points, and let P, Q, and R be noncollinear points. Show 
that there is at most one isometry F such that F(A) = P, F(B) = Q, and F(C) = R. 


SUPPLEMENTARY EXERCISES FOR CHAPTER 7 


. Let G be the set of elements of the ring 2, @ =, that have multiplicative inverses. Write 


out the multiplication table for the multiplicative group G. 


. Let G = (C X ©)\{(0, 0)}. Prove that G is a non-Abelian group under the operation 


(a, B) * (y, 8) = (ay — Bd, ad — BY). 


. Let G = {x © 8: 0 < x < 1}. Prove that G is an Abelian group under the operation 


xy 


xe y= 


Hint: Show that 1/(x« * y) > 1. 


. Show that if G is a group with identity element ¢ and if x° = e for all x in G, then G 


is Abelian. 


. Show that if G is a group and (xy)’ = x’y’ for all elements x and y in G, then G is 


Abelian. 


. Let G be a group and let H = {x © G: xy = ya forall yin G}. Show that H is an Abelian 


subgroup of G. 
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7. Prove that any two cyclic groups of the same finite order are isomorphic. 


20. 


21. 


22. 


. Let G be a group and suppose a € G. Show that if f(x) = axa~ 


. Prove or disprove: L{,; 


' then f is an isomorph- 


ism of G onto itself. 


| 
R 


Prove or disprove: U\; = 


Prove or disprove: Li, = 


| 
We 


I 


m6: 


. Show that if G = (g) and H = (A) are cyclic groups of the same finite order. then there 


exists an isomorphism f from G onto H such that f(g) = h. 


. Suppose that G = (g) has order n. Show that (g*) = G if and only if ged(k. m) = 1. 
. Prove that there are exactly 20 isomorphisms froin <,, onto itself. 


. Show that if p is prime, k € =*. and n = p’, then =, contains exactly (p — 1)p* ‘ gen- 


erators. 


. Prove that if k = 2, then (2*"' + 1)* = 1 (mod 2°). 


Prove that if n = 2‘, k = 3, then U, is not cyclic. 


. Prove that if p is prime and n is a positive integer. then ¢( pn) = pein) if p divides n. 


while @(pn) = (p — 1)e(n) if p does not divide n. 


. Show that if p,, po. ..., p, are the distinct prime divisors of the positive integer m, then 


1 ' 
y(n) = n(. - *\(1 = =} - (: -+) 
Pi, P2 P: 


Let S be a set with n elements, n > 2. Show that 1), is a subgroup of the group /*(S) 
of Section 1.5. 


Show that the symmetry groups of the two square figures below have the same number 
of elements but are not isomorphic. 


Let S = {a € Cha - cos(d60°*\ 2) + i sin(360°°\ 2), n € =\. Show that the subgroup 
of rotations of the symmetry group of S is isomorphic to 2 


~- 


» Let S be as in the previous exercise. Prove that the group of Symmetries of S is isomorphic 


to the group of symmetries of the set W of Example 7 in Section 7.5. 


reuveveTe ewer rw 


- ce Z _ 
eee 2 10-040 
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Niels Henrik Abel and Evariste Galois 


Abel and Galois have similar stories, short lives of genius and 
frustration. It is ironic that both are mainly known for their work 
on the same problem, namely finding roots of polynomials of de- 
grees greater than 4. 

Abel was born into a large family in the village of Findé, Nor- 
way, in 1802. At 16 he started reading the works of the great 
mathematicians, including Gauss’s Disquisitiones Arithmeticae. 
When Abel was 18 his father died, and much of the responsibility 
for the family fell on him. 

Although Abel did important mathematical work at an early 
age, he was generally unrecognized during his lifetime. At the 
age of 19 he proved that there was no general formula for the 
roots of a polynomial of degree greater than 4 in terms of its 
coefficients, even though such formulas existed for polynomials 
of smaller degree. Although Ruffini claimed this result in 1799, 
his proof was defective. 

Abel was never able to get the university position he needed 
to continue his work and support his family. A paper he sent to 
Cauchy was mislaid. Finally in 1824 he published his result on 
the unsolvability of polynomial equations at his own expense, but 
to save money he condensed it into 6 pages, making the argu- 
ments hard to follow. It too was ignored, but Abel finally started 
publishing in the newly founded Crelle’s Journal. 

In 1829 Abel died of tuberculosis, probably caused by pov- 
erty and overwork. Two days later a letter was written offering 
him a professorship at the University of Berlin. 

Galois was born outside of Paris in a village where his father 
was mayor. Although he had a great talent for mathematics, Gal- 
ois was not a good student. He could not get admitted to the 
Ecole Polytechnique, and so entered the Ecole Normale to pre- 
pare for teaching, but was later expelled for his political activities. 

Although Abel proved that there was no general formula for 
the roots of polynomials of degrees greater than 4, some such 
polynomials were solvable. Galois gave necessary and sufficient 
conditions for solvability. He submitted his paper to the Academy 
of Sciences three times. The first time Cauchy was the referee, 
and lost the paper. It was resubmitted to Joseph Fourier, who 
died before reading it, and the paper disappeared among his ef 
fects. Finally a revised version was rejected by Poisson, who said 
he could not understand it 

In May of 1832, Galois was provoked into a duel. On its eve 
he wrote a seven-page letter to a friend, telling of his discoveries, 
then stayed up all night correcting some of his manuscripts. In 
the morning, Galois was shot, and he died the next day at 20 

Galois and Abel are considered to be the founders of group 
theory, and Galois was the first to use the word “group” in its 
mathematical sense. Galois’s paper was not published until 1846, 
14 years after his death 
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The Structure of Groups 


In this chapter we will continue our study of groups. We will show that every group 
can be thought of as a subgroup of a group of functions under composition, and 
investigate the circumstances in which we can construct quotient groups similar to 
the quotient rings of Section 6.3. 


8.1 PERMUTATION GROUPS 


In Example 3 of Section 7.1 we saw how we could characterize the vanous sym- 
metries of a square by where they sent its vertices. For example. the quarter turn Q 
sends A into D, B into A, C into B, and D into C. while the reflection XY in a 
horizontal line interchanges A with D and B with C. See Figure 8.1. 


A 


Figure 8.1 


We can replace these pictures with a more compact notation. Given a function 
wm from the finite set {x,, 45, ©... x,} into itself that sends x, into vy, fort = 1, 2,... 
n, we write 
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>» er) 
T= P 
Yi dr-+- Mn 


For example since the symmetry Q sends the point A into D, B into A, C into i, 
and D into C, we write 
oe ABCD 
DeeB C)- 


Representations of some other elements in the group ‘D, are 


DyveD\ ~ _ (AmeD\ . _(ABCD\ ay ABCD 
— oan ia y (70?) ana. = Oe. 


With this notation multiplying these symmetries becomes simply a matter of tracing 
their effect on each letter. For example 


me Geol 2 Ge. ali 
DCBA}]\DABC CBAD 
since when X and then Q are applied 
A-D-C, 
BE lo 
C= BA, 
> A 1) 


a ABCDVIABCD\ {ABCD =a 
as DABCINDCBA ADCB 2 


The group ‘PD, is a subgroup of the group of all one-to-one correspondences from 
the set {A, B, C, D} onto itself. With the notation just introduced, the elements of 
this group can be multiplied without any particular interpretation tor the symbols A, 
B, C, and D; and any other convenient set of symbols, such as {1, 2, 3, 4}, would 
do as well. We define the symmetric group on rn elements to be the set of all one- 
to-one correspondences from the set {1, 2, ..., n} onto itself. We denote this group 
by S,, and we denote the identity of S,, by ©. For example 


Likewise 


and 


Sy ee} 


Notice that we are multiplying such functions, as we did symmetries in Section 
7.5, from left to right, so that if m and 7 are elements of $,,, to apply m7 to an integer 
in {1, 2, .... nm} we first apply a, and then 7. Although this seems very natural, i 
is different from our notation for function composition in Section 1.5. where fg 
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results from applying g and then f. Left-to-right composition will only be used for 
functions thought of as elements of a group, and other functions (for example. iso- 
morphisms) will continue to be written on the left of the element to which they are 
applied. 


M@ EXAMPLE 1 Let 


24O'S5 231456 


ae = (22324) 
p= and c= 


in S,. Let us compute po and op. Applying p and then oc. we see that 


ee — 88 274-4, 36 = 
4—>1— 2, ol and G5 
Thus 
1234356 
i Frey a) 
Similarly 


Notice that any element of S, is of the form 


e236: rl 
¥) Vo Ae Veo 


where y,, y2, .--s Y, are distinct elements of the set {1, 2, .... m}. Thus y, can have 
any of 1 values. After y, is chosen, vy, can be any of the n 1 values left. Then 
there are n — 2 possibilities for y,. ete. We see that the number of elements in S, 
is 


nin — 1)(n — 2)... (2)01) = an!. 


M EXAMPLE 2) The dihedral group of order 8. °1,, is a subgroup of the group of all one-to-one 


correspondences from the set {A. B.C, D} into itself. The latter group is isomorphic 
to S,, and so has order 4! 24. Notice that 8 divides 24, providing an instance of 
Lagrange’s theorem. 


Permutation Groups 


In general, any one-to-one correspondence trom a set § onto itself is called a per- 
mutation, and any set of permutations of § which is a group under the operation of 
composition is called a group of permutations. Thus ‘D,. and. in fact. all groups 
of symmetries, are groups of permutations. It is a surprising fact. first proved by 
the English mathematician Arthur Cayley, that in some sense every group Is a group 
of permutations. : 
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M@ THEOREM 8.1 Every group is isomorphic to a group of permutations. 


Proof Let G be any group, and if g € G, let 7, be the function from G into G 
that sends x into xg. Let II = {a,:g © G}. We will prove the theorem by showing 
that: 


(a) Each element of II is a permutation of G. 
(b) The set II is a group under composition. 
(pe = NE 


(a) Clearly 7, is a function from G into G; we will show that it is one-to-one 
and onto. Suppose tm, sends x and y into the same element. Then xg = yg, and so 
x = y by cancellation in G. Thus 7, is one-to-one. 

Now let z € G. Then if we apply 7, to zg ' we get (zg_')g = z. Thus T, is 
onto G. 

(b) Notice that if we apply 7, and then 7, to an element x € G, we get first xg 
and then (xg)h = x(gh). But this is the same as applying 7,, to x. Thus 7,7, = Ty; 
and I] is closed under multiplication. It is easy to see that if e is the identity of G, 
then 7, = /, the identity function on G. Finally, 7,7,-:: = 1,,-: = 7, = /, and sim- 
ilarly 7,-1.7, = I. Thus IT is a group. 

(c) Consider the function o: G — II defined by o(g) = m,. We will show that 
g is an isomorphism from G onto II. By the definition of IT the function o is onto. 
Suppose o(g) = o(h). Then 7, and 7, are the same function, and in particular, ap- 
plying both to e, we have eg = eh, or g = h. Thus o is one-to-one. Finally, in part 
(b) we proved that 7,7, = 7,,. Thus 


&& 


a(gh) = T,, = 7,7, = O(g)a(h). 
This shows that o is an isomorphism. & 


@ EXAMPLE 3 According to Theorem 8.1 every group of order 4 is isomorphic to a subgroup 
of $;. We will use the proof of the theorem to find this isomorphism explicitly for 
the group H, first introduced in Section 7.2. The multiplication table for H, is shown 
in Figure 8.2(a). 

The elements of II will be w,, 7, 7,, and a,. For example, 7, sends e into 
ea = a, a into aa = e, b into ba = c, and c into ca = b. Thus 


 (@a BC 
aech]- 


DEG II a Uy 

b c¢ 7 Ty Uy 0 

ri b 7 ey | Ue 1): 

e a Th, wT, TT. Wy 

a € 7 TT. ap) TW aT 
(b) 


Figure 8.2 
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Similarly we compute 


Bede ae eabc - cages eabc 
LE eabc!}’ * TV eeea)” ' cbae}’ 
Of course the bottom row of each of these permutations is just the corresponding 
column of the multiplication table for H,. The multiplication table for IT is shown 


in Figure 8.2(b). Comparing it with the table for H,, we see that the two groups are 
isomorphic. 


Cycles and Transpositions 
We call an element y of S,, a cycle if it is of the form 
oe Gia ... G; a, 0; 2 Or 
ae, a, mir (s) 


where r > 1. We can represent what is going on graphically as in Figure 8.3. The 
cycle in (8.1) is called an r-cycle, since it moves r elements. We will see that the 
order of an r-cycle is r. 


ZS TG 
—_ We 


se 3 ; LK Lew 
: A b, ie. 26 


Figure 8.3 


An example in 5S; is 


a 2A he 1 aaa | 
4172356)  \743 ae] 


Here 2— 4— 1 —> 7 — 2, while 3, 5, and 6 remain fixed under 8. 
We represent the cycle of (8.1) by the notation (a, as... a@,). For example. 


6 = (2417) = (4172) = (1724) = (7241). 


Returning to the cycle y of (8.1), notice that a, is taken into a) by y. into ay by y°. 

. into a, by y' |. and into itself by y. Similarly y’ takes each element a, moved 
by y into itself. Thus the order of y is r, where r > 0 is the number of elements y 
moves. (This count breaks down in the case of the identity permutation, which has 
order 1 but moves no elements.) 
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A set of cycles in S, is said to be disjoint if no two of them move the same 
element. Thus {(3 5), (4 1 7), (8 6)} is disjoint in S,o, but {(6 1), (4 2), (3 1 5)} is 
not because | is moved by both (6 1) and (3 1 5). It is easy to see that any per- 
mutation other than the identity can be written as a product of disjoint cycles. We 


illustrate this with 
hae 1234 5 678910 Es 
6271104598 3 ae 


Note that under a we have 1 > 6 — 4 — 1, so that one of the cycles involved is 
(1 6 4). Since 2 is not moved by a, it is not involved in a cycle. But 3 ~ 7 > 
5 — 10 — 3, and so another cycle is (3 7 5 10). Everything has been taken care of 
except for 8 and 9, and 8 — 9 — 8. Thus we have 


a = (164)(375 10)(8 9). 


Notice that since the cycles are disjoint, it makes no difference in what order 
we multiply them, so that a = (3 75 10)(1 6 4)(8 9) also. This is not true for cycles 
that are not disjoint. For example, in S; we have (1 2)(1 2 3) = (1 3), while 
(eZ 32) =9@2"3). 


@ THEOREM 8.2 Every permutation other than the identity is either a cycle or can be written 
as the product of disjoint cycles. This product is unique up to the order of the factors. 


@ EXAMPLE 4 Let us write B = (1 3)(1 5 2 6)(3 6 2 4) in S, as a product of disjoint cycles. 
We compute 


123456 
B= ( 


132438) - aos, — 


A transposition is a 2-cycle. For example the transpositions in S, are (1 2), 
(1 3), and (2 3). Any cycle (and therefore any permutation) can be written as the 
product of transpositions. Indeed, it can be checked directly that 


(a; a)... a,) = (a, a,)(az a,)(A3 a,) ... (A,-2 a,)(a,-) 4,). (8.2) 
For as the permutations on the right are successively applied, we note that 
Qi see? (>, 


aya, — a3, 


gel, Por... 


Gated. 


a == qa. 
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@ EXAMPLE 5 Let us write the permutation 


_ (123456789 
Y~ \391248675 


as a product of transpositions. First we break 1 into cycles as 
wm = (1 3)295 4)(68 7). 
Then using (8.2) we have 
(295 4) = (2 4)(9 4)(5 4) and (6 8 7) = (67)(8 7). 
Thus p = (1 3)(2 4)(9 4)(5 4)(6 78 7). 
The representation of a permutation as a product of transpositions is not unique: 


for example (1 2)(3 4) = (1 4)(4 2)(4 3)(3 1). Whether the number of transpositions 
used is even or odd is always the same, however. 


@ THEOREM 8.3 Let a permutation be written as a product of j transpositions and also as a 


product of k transpositions. Then j and k are both even or both odd. 


Proof Given a permutation 7, we can write 7 as a product of disjoint cycles 
YiY2 .-- Y,, and this product is unique up to order. Let the order of y be r, for 7 = 
1, 2, soc, ¢,"and deme 


Neary = 1) es re ae 
We will show that whenever tT is written as a product of transpositions, then the 
number of transpositions in the product will be even or odd according to whether 
N(a) is even or odd. Since N is well-defined, this will prove the theorem. 


Note that for a transposition (a b), we have N((a b)) = 2 — 1 = 1. Let us de- 
termine how N(1) changes when we multiply 7 by the transposition (a). 


Case 1 Neither a nor b is moved by 7. 
Then (a b)t = (a b)y;y2 ... ¥, is still a product of distinct cycles. Thus 


N((@b)n) = (2 - DF H— De — 1) + se , — 1) eae 


Case 2. One of a and b is moved by 7. 
Suppose a but not ) is moved by mw. We can reorder the cyeles y, so that y, 
moves a. Let y, = (a x, x; ... x,), where r = r,. Then 
(a b)y, = (a bax, x... x,) = (€@b x x,...x,). 


Thus 


II 


N((a b)) NG Beas so XN ee 


re P= Lb) Pua) >: +e Dee | 


where u + v =r). Then 


(a b)y, = (a b)a x xy... x, D yr ys... Y,) = (AY Ys. +. YB Xp Xa... X,). 
N((a b)t) = N((@ yo ys... YD x2 X3 «6. Kur WD 
Seem ear (po mee ee eee) 
= Nap — 1. 


Case 4 The elements a and b are moved by different cycles in the factorization of 
Th 
Let us assume 


Vi = (a ey Ky d,) and Y2 = (y2y3.--y,), 
where u = r, and v = r>. Then 
(a b)yi\¥2 = (a b)(a x2 x3 ... X,)(D Y2 V3... Y)) = (AY2 93... V, DQ Xy... X,). 
Thus 
N((a b)tr) = N((@ y2 y3 ..- Vy BX X3 ... Xu)Y3 --- W 
memeibeey Vm) pect (iia) cote sere peeps) 


I 


mea) - 1. 


Now to finish the proof assume that 7 is the product of k transpositions, say 
Tw = 7,T, ... 7, We have proved above that N((a b)k) = N(k) + | for every per- 
mutation k. Thus 


N(1) = N(1;7T, rate) = N(1273 vole UD) | 
. INGE set) Pe = Pe] Sl. |, 


where there are k 1’s and —1’s in all. Suppose there are u 1’s and v —1’s. Then 
u+yv =k, and Mm) = u — v = k — 2v, which is even or odd according to whether 
k is even or odd. @ 


EXERCISES 8.1 


In Exercises 1-8 write the expression as a single permutation. 


2 3\/ 128 5 aes ae 
1. (513/\312 -\or14a3/\3241 
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3, (abed\(abed i bile 
“\dacb)\dcba “\NB@g/\NeBG 
5 31254\(23 P45 6 3142\/4321 
PN P2345) \ 1 23th “\2134/\3421 
ms i g (ial 
NS aS 2 “AS30124 
9. Express the symmetries of the rectangle 

A B 

D & 


as permutations of the set {A, B, C, D}. 
10. Express the symmetries of the equilateral triangle 


s 
/ \ 
; ‘ B (QL 


as permutations of the set {A, B, C}. 
11. Write the multiplication table for S,, writing the elements as cycles. 
In Exercises 12 and 13 let G and 7, be as in Theorem 8.1. 
12. Let G = 2. Write 7,3; as a permutation. 
13. Let G = Ug. Write 73; as a permutation. 
14. How many cycles are in $;? 
15. How many cycles are in S,? 
16. How many transpositions are in S,? 
17. How many transpositions are in S,,? 


18. How many k-cycles are there in S, if 1 << & = n? 
In Exercises 19-24 write the given element of S; in the permutation notation. 


19. (1 3 4) 20. (2 4) 

21. (3 1 2)(5 4) 22. (3 1)(4 2) 

23. (1 3 2)(3 4 5) 24. (1 2)(2 4)(3 5) 

In Exercises 25-30 write the given permutation as a product of disjoint cycles. 
12345 123456 

5 

My e: ee) 
123456 l234567 

27. ( iain a) i ({2eeigs 

Col 232 4 1K) 30. (6 9)(3 1 6)(1 9) 

In Exercises 31 3-4 use equation (8.2) to write the given cycle as a product of transpositions. 

31. ah] Gam om. (1 20483) 


dS. (lS 5 24) 34. (248 9 3) 


35. 
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Let 7 € S,. If x and y are in {1, 2, ..., nm}, write x ~ y in case there exists an integer 
k such that 1 takes x into y. Show that ~ is an equivalence relation on {1, 2, ..., m}. 


Suppose that a product of transpositions is a cycle of order greater than 2. Show that 


2 


38. 
39: 


each transposition in the product must move an element moved by another transposition 
in the product. 

Equation (8.2) shows how to write a cycle of order r as a product of r — 1 transpositions. 
Show that no cycle of order r can be written as a product of fewer than r — | trans- 
positions. 

Show that if m > 2, then S§, is not Abelian. 


Show that Theorem 8.3 is equivalent to the statement that the identity permutation cannot 
be expressed as a product of an odd number of transpositions. 


In Exercises 40-44 A,, denotes all elements of S, that can be written as the product of an 
even number of transpositions, where n > 1. 


40. 
41. 


42. 
43. 
44. 


Show that A, is a subgroup of S,. 


Let 7 € S,\A,. Show that a is in the coset A,7 if and only if « can be written as the 
product of an odd number of transpositions. 


Show that the order of A, is m!/2. 
Show that if a permutation can be written as a product of 3-cycles, then it is in A,. 


Show that if m € A, for n > 2, then m can be written as a product of 3-cycles. 


45. What is the inverse of the cycle (a, a... a,)? 
46. Write (a, a. ... a,)” as the product of disjoint cycles. Take cases according as r is even 
or odd. 


8.2 GROUP HOMOMORPHISMS 


Let G and G’ be groups. We call a function f: G — G’' a homomorphism if it 
satisfies 


f(xy) = f(x) f(y) for all elements x and y inG (8.3) 


Thus the definition of a homomorphism is like that of an isomorphism except that 
the requirement that f be a one-to-one correspondence is dropped. 


m EXAMPLE 1. Consider the function f: 2 — <=, defined by f(m) — [nm]. By the definition of 
. addition in 2, we have 


f(m + n) = [m + n) = [m)] + [n] = f(m) + f(r). 


Thus f is a homomorphism. 


Although f maps = onto =,, itis not. an isomorphism, since itis not one-to-one. 


For example f(5) = [5] = [lt] =/f(). & 


m EXAMPLE 2 


Let R and R’ be rings, and suppose that f: R > R’ ts a ring homomorphism 


(defined in Section 3.6). Now R and R’ can be considered to be groups under the 
operation of addition, and f is a group homomorphism since (8.3) (for the operation 
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of addition) is one of the requirements for f to be a ring homomorphism. Example 
1 above is an instance of this, since the function f there is a ring homomorphism 
according to Example 1 of Section 3.6. & 


@ EXAMPLE 3 Consider the function f: = — = given by f(n) = —n. Since 
fim + 2) = —-(a +n) = mn PONS] 


this is a (group) homomorphism. In fact it is an isomorphism. It is not a ring homo- 
morphism, however, according to Example 5 of Section 3.6. 


mM EXAMPLE 4 Let [x], and [x],, denote elements of =, and —,,. respectively. We claim that 
the function f: U,, — Us defined by f([«],,) = [x], 1s a homomorphism. 
We leave the proof that f is well-defined. that is. that [x], = [¥],, implies 
[xls = Lylg, for the exercises. Note that if [x],, is in U/,,, then x must be odd. and 
so [x], is in Lg. Now by the definitions of multiplication in l/,, and Uy we have 


f(B)ielyle = f(s) = Byles = Delve = fod f(r e)- 
Thus fis a homomorphism. 


M@ EXAMPLE 5 Let ‘R* denote the group of nonzero real numbers under multiplication. and 
define f: R* — 2, by f(x) = [0] if x > 0 and f(x) = [3] if x < 0. Then f is a 
homomorphism, as can be seen by checking that f (wv) = f(a) > f(y) fer all cases 
of x and y positive and negative. This is done in Figure 8.4. Notice that the function 
fis neither one-to-one nor onto =. 


fay) (»y> 0. y=0 fw +f) | y>0 y=0 

x>0O]| [0] [3] vee [O}] + [0] = [0] rrp =m 

x <0 [3] [0] PO [3] + [0] = [3] [3] + [3] = [0] 
Figure 8.4 


The following theorem is analogous to Theorem 3.13 for rings. Since addition 
in a ring Is commutative, however, we cannot assume the same proof will work. 


@ THEOREM 8.4 Let f: G > G' be a homomorphism between groups G and G'. 


(a) [fe and e' are the identity elements of G and G', respectively, then fle) = e’. 
(b) For each x & G, if f(x) = y, then fQx"') = y™"'. 
(c) The image of f is a subgroup of G'. 


Proof In spite of the warning above, parts (a) and (b) can be proved as in Theorem 
3.13. To prove (c) let H be the image of f. By part (a), e € H. Suppose that w and 
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v are in H. There exist elements x and y in G such that f(x) = u and f(y) = v. Then 
xy"' &G, and f(y!) =v"! by part (b), so 


uv! = f(xf(y"') = fay") EH. 


Thus H is a subgroup by Theorem 7.5. & 


It is easily proved that if G and G’ are any two groups, and if e’ is the identity 
element of G’, then the function z: G > G’ defined by z(x) = e' for all x in G is a 
homomorphism. In general if f: G + G’ is a homomorphism between two groups, 
by the kernel of f we mean {x € G: f(x) = e’}, where e’ is the identity element of 
Ga 


M EXAMPLE 6 In Example | we considered the homomorphism f: X — =, defined by f(n) = [n]. 
The kernel of f is the set of all integers n such that [n] = [0] in 2,. Thus the kernel 
of f is just the set of all multiples of 4. @ 


Notice that in Example 6 the kernel of f is a subgroup of the domain of f. The 
following theorem shows that this holds in general. The proof is similar to that of 
Theorem 6.7, and so we leave it for the exercises. 


@ THEOREM 8.5 /f f: G — G' is a homomorphism between groups G and G', then the kernel 
of f is a subgroup of G. Moreover, f is one-to-one if and only if its kernel is {e}, 
where e is the identity element of G. 


m@ EXAMPLE 7 Let us compute the kernels of the homomorphisms in some earlier examples. 
In Example 3, f(n) = —n = O if and only if » = 0, so the kernel is {O}. Thus 
f is one-to-one. 
In Example 4 note that [.x],, is in the kernel of fif and only if f([v}i.) = Lvlx = [O]s. 
or 8 divides x. Thus the kernel of f is {[x],,: 8 divides x} = {[0],., [8]ic}- 
In Example 5 the real number x is in the kernel of f if and only if f(x) = [0], 
or x > 0. Thus the kernel of fis ‘R*. & 


@ EXAMPLE 8 Let f: =, — <, be defined by f({n]) = [3n]. Then 
f({m] + [n]) = f({m + nj) = [30m + n)J 
= [3m + 3n] = [3m] + [3n] = f([m]) + f(le)), 


and so f is a homomorphism. an 
Note that the image of fis {[3m}: 2 © =} © {lO}. [3]}. which is a subgroup of 
Ze Ene kernel of fis 


{{n]: [3n] = [O]} = {ye}: 6 divides 3m} = {[n]: 2 divides n} = {[O]. 12]. 41} @ 
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Direct Sums of Groups 


Let G and H be groups. By the direct sum of G and H we mean 


{(g, h): g € Gandh € H}, 


with the operation (g, h)(g', h') = (gg’, hh’). This set can be proved to be a group, 
which we denote by G @ H. In particular, if e and f are the identity elements of G 
and H, respectively, then (e, f) is the identity element of G © H. Furthermore 
Ga =16"". yy"). 

This definition above is the same as given for the direct sum of rings in Section 
3.4, except that now only one operation is involved. In Example 9 of that section 
the addition and multiplication tables for the ring =, ® =, were computed. Of course 
the addition table is the same as the table for Z, © =, when considered as an additive 
group. Notice that we have 


1({1)}, (1) = (C1), (1), 
2({1], [1]) = ({0], (2)), 
3(1], OD) = (1), (0), 
4((1}, (1) = (0), (1), 
a1], 1) = (1); ep, 
6([1], [1]) = ({0], [0}), 


Thus the element ([1], [1]) has order 6, and so generates =, © <,. This is a special 
case of the following theorem. 


M@ THEOREM 8.6 Let G and H be cyclic groups of orders m and n. If ged(m. n) = 1, then 


G @H is a cyclic group of order mn. 


Proof That G @ H has order mn follows from |G ® H| = |G\|H|. Let G and H 
have generators g and h, and identities e and f. respectively. We will prove that the 
order of (g, h) is mn. 

‘ Pua that (g, hy)’ = (¢*, h*) = (e. f) for some positive integer k. Then 
g =e = xg, and so k = 0 (mod m) by Theorem 7.7. Thus m divides k. Similarly 
n divides k. 

Let k = ma, a € =". Since n divides k and ged(m. n) = 1. n divides a by 
Theorem 2.9. Thus a = nb, b © 2°. Then k = ma = mnb. We see that k => mn. 
Thus the order of (g. /1) is at least mn. Since the order of G @ H is mn. we see that 
G@®H=(g,h)). @ 


@ EXAMPLE 9 Let us compute the multiplication table for 2, ® 2,. Since ged(2. 2) ¥ 1, this 


group need not be cyclic. and in fact it is not. Its addition table is shown in Figure 
8.5. Note that no element has order 4, so that 2, ® =, is not cyclic. Thus it must 
be isomorphic to the group H, of Section 7.2. & 
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= 2, ((0], [0}) (0), f1}) (11, (0) 1], (1) 


((0}, [0 | (0), (0]) 0}, (1) (1), 10) (1), OD 
((0}, 11) | ((0}, 011) (0), (0]) 1), 0) (1), fo 
((1], (0]) | C1}, (0}) 1), 011) 0], (0) 0}, (1) 
(QW), C1) | 1), OD 1), £01) 0}, 11) (0), (01) 


Figure 8.5 


@ EXAMPLE 10 Let G © H be the direct sum of two groups, and consider the function 
f:G@H-— G given by f((g, h)) = g. We claim that f is a homomorphism onto 
G. That f is onto G is clear from the definition of G ® H. Also 


f(g, h)(g', h’)) = f(g’, hh’)) = gg’ = f(g, A)) f(g’, h’)). 


Thus f is a homomorphism. 


Intersections of Subgroups 


The intersection of any two subgroups of a group is again a subgroup. In fact, the 
same holds true for any collection of subgroups. 


@ THEOREM 8.7 Let G be a group, and suppose that H, is a subgroup of G for each i € 1. 
Then the intersection of all the sets H; is a subgroup of G. 


Proof Let H denote the intersection of all the sets //,. If e is the identity element 
of G, then e EH, for each i € J, and so e € H. Suppose that + and y are in H. 
Then for each i € /, x © H, and y € H,, and therefore xy ' © H,. Thus xv ' € H. 
Then H is a subgroup of G by Theorem 7.5. @& 


The last theorem implies that if x,, x2. .... 4, are elements of a group G, then 
there is a unique smallest subgroup of G that contains them all. For let A be the 
intersection of all the subgroups of G that contain {4,, 45, .... 4}. (Notice that G 
itself is one such subgroup). Since {x,, 45, ..., 4,} is a subset of each such subgroup, 
it is a subset of H. 

On the other hand, let H’ be any subgroup of G containing {x,, 1, .... x%}. 
Then H’ is one of the subgroups that are intersected to form #7, and so ff’ DH. 
Thus H is the smallest such subgroup. 

We call this subgroup H the subgroup generated by x,, x;, ..., X,. and write 


PRC i. . 5 Xi): 


This can be thought of as an extension of the notation for cyclic groups, which are 
groups that can be generated by a single element. 
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@ EXAMPLE 11 In Section 7.5 we considered the dihedral group 
Ds = {I, R, R’, R’, R’, M, MR, MR’, MR’, MR’}, 


where R is a rotation through 72° and M is a reflection in a line through the center 
and one vertex of a regular pentagon. Since any subgroup of ‘1D; containing R and ( 
M clearly contains all the elements listed, we have 1D, = (R, M). @ 


In general for the dihedral group ‘D,, we have ‘D,, = (R, M). where R is a rotation 
through 360°/n and M is a reflection. Thus while these groups are not cyclic, they 
come close, being generated by two elements. 


M@ EXAMPLE 12 We have U,, = ({3], [7]). since the elements of [/,, are [1]. [3]. [5]. [7]. 19]. 
[11], [13], and [15], but 


[1] = (37, [S)paaie1, (5). = (ir). [7] = [7]. 
= BY, T= BY, [13h = ioe, IS aera: 
Actually much of the above calculation was unnecessary. Since lJ. has order 8. 
any subgroup must have 1, 2, 4, or 8 elements by Lagrange’s theorem. Now 
(3) ={31, BY BY. BrP 3B (ler 


Since [7] € ([3]), the subgroup ((3]. [7]) has more than 4 elements and thus must 
be all of L,,. @ 


EXERCISES 8.2 


In Exercises Lo 14 tell whether a homomorphism f from G to G ty detined It so. tell whether 
it is an isomorphism. 


1. G =‘R° under multiplication, G’ = ‘R under addition, f(x) = logio x 
2. G=C, G' ='R (both under addition), f(z) = x if : = x + iy, x and y real 
3. G = C\ {0}, G' = ‘R \ {0} (both under multiplication), f(z) = x if z = x + iy, x and y 


- G = C\ {0}, G’ = 'R \ {0} (both under multiplication), f(z) = |z! 
»~G= 22 OG = &, fx) 12) = (x]Jo 


4 
5 
6. G=&, G' = Se (URW = Te 
7 
8 
9 


~G= 2%, G' = Sy, f((x}4) = [Ze], 
~-G= 2%, G = Sy. f(lx),) = [6x], 
9 G=5,G =S,f(n=ar 
10. : Si. S,. f(r) the function that acts on {1}, 2. 3} the same as m and sends 4 inte 
11. G = G’ ='R \ {0} (under multiplication), f(Q) = x7! 
12. G= Ry, G' = R, (roots of unity), f(z) = 2? 
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13: G = 6 = fin) = Int? 
14. G=G' = 2, ® 23, f((xh. Lys) = Uyh, bx) 


In Exercises 15-28 compute the image and kernel of each homomorphism f: G > G'. 
18. G=G' = 2, f(n) = 2n 

16. G = 2, G' = &, f(n) = [n] 

17. G= 2, G' = &, f(n) = [4n] 

18. G= 2, G' = &, f(n) = [5n] 

19. G=G' = &, fi{n)) = [4n] 

20. G=G' = Xo, f([n]) = [6] 

21. G = G' = U, f((n}) = [n"] 

22. G = G' = Ue, f((n}) = [n’] 

23. G=G' = Use, f({n]) = [n’] 

mn C= G ='S;, f(r) = (1 2)r(1 2) 

oe C=C —S, fm) — C1 23)nG 2 1) 

26. G=G' 
27. G=G' 
28. G=G' 


R, (roots of unity), f(z) = 2° 


C\ {0} (under multiplication), f(z) = |2| 
C (under addition), f(z) = x if z = x + iy, x and y real 


In Exercises 29-32 construct a multiplication table for the given group. 


ao. OO 30. 5 @ U, 
ab. U, Ou, 32. R, ® S; 


33. Pad’<((1 2), (1 3)) in 53. 

34. Find ({2], [3]) in 2,2. 

35. Find ({4], [9]) in U7. 

36. Find (({2], [0]), ({0], [3])) in = ® %. 

37. Prove that f is well-defined in Example 4. 

38. Show that if m and n are positive integers and m divides n, then /: =, — <,, defined by 
F({x],) = [x], is well-defined and a homomorphism onto <,,. 


39. Show that if m and 7 are positive integers and m divides n, then f: Ul, — U,, defined by 
S(x),) = [4], is well-defined and a homomorphism. 


40. Show that the function of the previous exercise is onto. 

41. Prove Theorem 8.4(a). 

42. Prove Theorem 8.4(b). 

43. Prove the first sentence of Theorem 8.5. 

44. Prove the second sentence of Theorem 8.5. 

45. Prove that if G and H are groups, then G © H is a group. 

46. Show that if G and H are groups, thenG DH =H @®G. 

47. Show that if G and H are cyclic groups. then there exist elements v and vy in Gh Hf 
such that G ® H = (, y). 
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Show that if G and H are groups of orders m and n, respectively, and gced(m, n) # 1, 
then G @ H is not cyclic. 


49. Show that if G and H are cyclic groups of orders m and n, respectively, then G @ H 
contains an element of order lcm(m, n). 


50. Prove or disprove: 2 ® Z, = Z; ® Ug. 

51. Prove that G ® H is Abelian if and only if G and H are. where G and H are groups. 
52. Give an example in L{, where the union of two subgroups is not a subgroup. 

53. Show that if G and H are groups, then G © H has a subgroup isomorphic to G. 


54. Show that if G is a finite group. then every element of G 2 G has order dividing the 
order of G. 


Suppose that G; is a group for each i © 1, a nonempty set, and let G be the union of all the 
sets G;. We define 


G= YG, 


ees 


to be the set of all functions f: 1 G such that f(i) © G, for all i € 1. If f and ¢ are in G 
we define fg: I > G by (fg)(i) = fei) for alli € 1. We call G the direct sum of the groups 
G;,. Exercises 55-58 refer to G. 

55. Show that G is a group. 

56. Show that if j € 7, then G has subgroup isomorphic to G.. 

57. Let J = {1, 2}. Show that G is isomorphic to G, ® Gy. 


58. Let e, be the identity of G, for each i € 7. and let H be the set of all f E G such that 
f(i) = e; for all but finitely many i € 7. Show that H is a subgroup of G. 


59. Show that given n © =’. there exists a finite group not generated by any set of 7” ele- 
ments. 


60. Show that there exists a group G such that any finite group is iemerphic to seme subgroup 


of G. 


8.3 QUOTIENT GROUPS 


In Section 6.2 we introduced a relation on a ring R with an ideal 7 by saying that 
w= y (mod /) in case wv € 7. and in Theorem 6.8 we proved that this defines 
an equivalence relation on R. Similarly, in the proof of Theorem 7.10 we defined 
a relation on a group G with subgroup H by saying that w * v in case uv | © H. 
and proved that this defines an equivalence relation on G. Of course uv | is the 
multiplicative version of wy, and so Theorems 6.8 and 7.10 do much the same 
thing. In Section 6.3 we named the equivalence classes with respect to congruence 
modulo / cosets, and noted that they had the form : 


u+1l={ut+s:s El}, 
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while in Section 7.4 we also called our equivalence classes with respect to ~ cosets, 
with the form 


Hu = {hu: h € H}. 
More precisely, Hu is a right coset, as opposed to the left coset 
uH = {uh:h € H}, 


which may be different. We saw an instance when Hu # uH after Example 4 of 
Section 7.4. This distinction does not arise in rings, in which addition is assumed 
to be commutative and so u + J] = / + u for every ring element wu. 

Finally, in Section 6.3 we showed how to make the set of all cosets of the ring 
R with respect to the ideal / into a ring by adding them as follows: 


(ieee AY el eG ey) a. 


This new ring was called the quotient ring of R by 7. We would like to define a 
quotient group in a similar way, but, as we will see, the possible noncommutativity 
of the group operation introduces a complication. 


Normal Subgroups 


In light of the definition of addition in a quotient ring, the most natural way to define 
the product of two right cosets of a subgroup H of a group G is as follows: 


(Hu)(Hv) = Huy). (8.4) 


The first order of business is to show that this operation is well-defined. This means 
showing that if Hu = Ha and Hv = Hy, then H(uv) = Hiv). Since the right cosets 
of H are the equivalence classes with respect to the relation ~ defined above. this 
is equivalent to proving that 
if ua ' © Hand w0' € H, then (uv)(av) | € H. (8.5) 
If we were in an Abelian group, we could write 
1- 


(uv)(av) | = uve ‘a! = (ua')(v0')" 


and this would be in Hf since #/ is closed under multiplication. Unfortunately, in a 
non-Abelian group (8.5) need not be true. For example, let G — $,. and let H be 
the subgroup {e, (1 2)}. Take w = (2 3), @ = (3 2 1), v = (1 3), and o = (1 2 3). 
Then 


de (2. 38 2 1)7' = (2.3)(1 23)= (12) EH, 
ve! = (1 300123)! = (130321) = (12) EX. 
but 
Gove” = 230 3G 210 23)) | = 23) 3)e" = (13:2) EH. 


It turns out that the condition needed to guarantee that (8.4) gives a well-defined 
operation is quite simple, namely, that fe ~ vif for all group elements g. 
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@ THEOREM 8.8 Let H be a subgroup of a group G. Then the following statements are equiv- 


alent. 


(a) Equation (8.4) defines a well-defined operation on the cosets of H inG. 
(b) We have gH = Hg for all elements g € G. 
(c) We have gH C Hg for all elements g € G. 


Proof First we will show that (b) implies (a) by proving (8.5). Suppose that 
ut'=h, CH and w'=h, EH. 


We must show that (uv)(av) | © H. Now uh, © uH = Hu. and so uh. = hw. where 
h; € H. But then (uv)(a@v)"' = uv 'a' = uhyt' = huit' = hah, € H. 

Now we show that (a) implies (c). Let w © gH. so that w = gh forh © H. We 
will apply (8.5) with u = 4@ = g, v = h, and ¥ = e. Note that ua '=e€H ond 
vw! = h EH. Thus by (8.5) we have ghe | = ghige) | = Gavia) | © H. But then 
w = gh = (gh)(g_'g) = (ghg ')g © Hg. This shows that gH C Hg. 

It only remains to show that (c) implies (b). Suppose that gH C He for all elements 
g © G, and let w = he © Hg. where h © H. Thenw' = ¢ 'h' € g ‘HC He |. 
Let w! = Avg '', with h, © H. Thenw = (hg ')' = eh, | © eH. This proves that 
Hg C gH, and so Hg = gH. 


We say that a subgroup H of a group G is normal in G. if Hg = gH tor all 
elements g € G. Notice that if G 1s Abelian, then every subgroup is nermal. since 
Hg = {hg:h © H} = {gh: h € H} = eH. 


Furthermore, if h © H, then Hh = H = HH since H ty a group. Thus to check whether 
a subgroup H is normal in G it is only necessary to confirm that He = ef tor all 
£eG \ A. 


M@ EXAMPLE 1. Let G = S,. Then the subgroup #7 — (1 2 3)) © fe. (1 2 3). (3 2 1)} is normal 


in G since 
ACY2) = {etl 2). (1 2 3G 2), Gare): 
= {(1 2), (23), (1 3)} = H@3) =A 3), 
while 
(1 2)H = {(1 2)e, (1 2)C1 2 3), (1 2903.2 1} 
= {(1 2), (1 3), (2 3)} = (1 30H = (2 30H. 


This is sufficient to confirm the normality of H. since G \ H = {(1 2), (1 3). (2 3)}. 
On the other hand the subgroup A = ((1 2)) = {e. (1 2)} is net normal, since 


K(13) = {e(1 3), 0 20S Se 3)}, 
while 


(1 3)K = {C1 3)e, (1 3) 2)} = (03) a 
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@ EXAMPLE 2 The fact that H is a normal subgroup of S, in Example | is a special case of 
the following. Suppose H is a subgroup of G having only two (right) cosets. Since 
the right cosets of H form a partition of G, they must be H itself and G \ H. Thus 
we have 


Hg=HifgEu and Hg =G\Hife € H. 
But the same argument applies to left cosets, and so we see that 
Hg = gsH=HifgEH and Hg = gsH=G\Hifg € H. 


Thus any subgroup of index 2 in G must be normal in G. In Example | the 
group S, has 6 elements and the subgroup H has 3, and so H must be normal in 
S, 


M EXAMPLE 3 Consider the dihedral group‘D, = {N. Q, H, T, X, Y, D,, Ds}. The multiplication 
table for the group is given in Figure 7.13 in Section 7.4. There we computed that 
if A is the subgroup {N. X}, then AQ = {Q, D,}. while Q.K = {Q, D,}. Thus X is 
not normal in ‘D,. 

Note that /{ = {N. H. X, Y} is a subgroup of ‘D,, and that .K can be regarded 
as a subgroup of ./{. In fact, since ./{ has 4 elements, it must be isomorphic to either 
H, or H, of Section 7.2. Thus ./{ is Abelian, and so -X is normal as a subgroup of 
J{. This points up the fact that whether H is a normal subgroup of G depends on 
not only H, but also G. 

Notice that ./{ has 4 elements and ‘D, has 8, so that .{ must be a normal subgroup 
of ‘D, by the argument in Example 2. Thus we have groups -A, 7, and ‘Dy, with 
K C HC D,, such that K is normal in ZH, and -H is normal in ‘D,, but -K is not 
normal in‘D,. @& 


M@ THEOREM 8.9 Lert H be a normal subgroup of the group G. Let G/H denote the set of all 
right cosets of H in G, and define an operation on this set by 


(Hu)(Hv) = H(uv). 
Then G/H is a group with this operation. The identity of G/H is H. If G ts Abelian, 
then G/H is Abelian also. If G is finite, then |G| = \|H| x |G/H|. 


Proof Theorem 8.8 shows that the given operation is well-detined. Note that if ¢ 
is the identity of G, then 


H(Hu) = (He)(Hu) = H(eu) = Hu = H(ue) = (Hu)(He) = (HWH, 


and so A is the identity of G/H. We leave the rest of the proof of this theorem tor 


the exercises. I 
The group G/H is called the quotient group of G by H. 


m EXAMPLE 4 Let G = &,. and let © {{O], [3]}. Since the operation of G is written as ad- 
dition we will write the cosets of Has H + w instead of Hu. The group G is Abelian, 
so H is a normal subgroup. Then the cosets of A are exactly as shown in Figure 
7.12(a), namely, 
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H+ [0] = + 3] =", 
H + (1) = 2 + [4] =4Ulais 
H+ (2) = 4 $45) = (2a 
The addition table for G/H is shown in Figure 8.6. For example, 
(H + (2) + + (2) =A + (2+ 2)D=H+(41=A+ [1]. 


G/H H+{0) At), 8+ (2) 


H + {0} H-+{(0) H+ (1) “Az 
A H+{[l]) A+ (Zee aw 
|| H+ (2) H+{[0) A +{Tj 


Figure 8.6 


@ EXAMPLE 5 If R is any ring and / is an ideal, then we can regard R as an Abelian group 
under addition and / as a subgroup. Then the quotient group R// is the same as the 
quotient ring defined in Section 6.3, except that we only consider the operation of 
addition. Example 4 is a special case of this. 

In Example 1 of Section 6.3 the rng = with ideal (7) was considered. There 
the quotient ring =/(m) was found to be (ring) isomorphic to 2. This carries over 
to the corresponding additive groups if we only consider the operation of addition. 
Figure 8.7 shows the addition tables tor the isomorphic groups =/(4) and =,. 


=/(4) (4) + On 4) 4) oc | [Oe 12) es 


()+0 | @)+0 @F 1 Gomer 4) +3 (0) | (0) {1) [2] [3] 


2 
(44)+2 (4)+3 (4)+0 [1] 


(4) + 1 (4) + 1 | (1) 2] Bl 
(4) + 2 (4)+2 (4)+3 (4)+0 (441 (2) +} [2] 8) ) 
(4) + 3 4) +3 ()+0 + lias 2 (3] | 8) [0] 1) & 


Figure 8.7 


M@ EXAMPLE 6 We saw in Example | that H = {e, (1 2 3), (3 2 1)} is a normal subgroup of 
5,. Its cosets are 


He = H(123) = G21) ={e,) 23) 2) 
H(1 2) = H(1 3) = 3) = {as ee 
The multiplication table for $,/H is shown in Figure 8.8. 1 
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S;/H H H(1 2) 
H H H(1 2) 
H(1 2) Age) H 
Figure 8.8 


@ EXAMPLE 7 Let C be the Abelian group of complex numbers under addition, and let ® be 
the subgroup of real numbers. We will investigate the quotient group C/‘R. Consider 
complex numbers a + bi and c + di, where a, b, c, and d are real. Notice that in 
C/R we have R + (a + bi) = R + (c + di) if and only if (a + bi) — (c + di) = 
(a — c) + (b — d)i © 'R, which holds if and only if b = d. Thus there is a one-to- 
one correspondence between the cosets ‘R + (a + bi) and the real numbers b. 

We claim that in fact C/‘R = ‘R via this correspondence. Consider the function 
f: C/R —> B® defined by 


FER + {a + Bbi)) = B. 


We have already seen that ‘R + (a + bi) = ‘R + (c + di) if and only if b = d, so 
that f is well-defined and one-to-one. Clearly f is onto ‘R. Finally 


pormrnta +r) FR + (ce di)y*= (CR (a + c) + (6 + dD) 
=b+d=f(R + (a+ bi)) + f(R + (c + did). 
Thus f is an isomorphism. @& 


@ EXAMPLE 8 Now let (* be the set of nonzero complex numbers under multiplication, and 
let Lf be the subgroup of all complex numbers z such that |z| = 1. We will investigate 
the quotient group (*/l/. Notice that if z and w are complex numbers, then in (*/U 
we have Uz = Uw if and only if zw’' © U, which says |zw '| = 1, or |z| = |w}. 
Thus there is a one-to-one correspondence between the cosets Uz and the positive 
real numbers |z]. 

We claim that in fact (*/l! = 'R’ via this correspondence, where ‘R* is the mul- 
tiplicative group of positive real numbers. Consider the function g: (*/U — ‘RK’ de- 
fined by 


g(Uz) = |2I. 


We have already seen that U/z = Uw if and only if |z| = ||, and so g is well-defined 
and one-to-one. It is easily seen that g is onto ‘R*. Finally 


g((Uz)(Liw)) = g(U(zw)) = |zw| = |z||w] = g(Uz)g(Uw), 
and so g is an isomorphism. 
@ EXAMPLE 9 Let ¢ be the group of all symmetries of the frieze pattern shown in Figure 8.9. 


These are powers of the indicated translation 7 and the reflections in the vertical 
lines numbered in the diagram. Let M, represent a reflection in the line numbered /. 
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Then M,M, is a direct isometry in G and so must be a translation. Since M,M, takes 
the point P of the diagram into the point Q, we must have MjM, = T. Similarly 
M.M, = T' for all integers i. Let us denote M, by M for simplicity. Then MM, = .. 
and so M; = M_'T' = MT". Thus we have 


G = {M’T*: j = Oor 1 andk € 2}. 
Notice that since 7'M is an opposite isometry and so a reflection. we have 

T'M = (T'M)' = M'T' = MT". (8.6) 
In particular, G is not Abelian, since TM = MT~' # MT. 


=3) —2 ~] 0 ] a 3 
| | , 
pO 20 
T 
i 


Figure 8.9 


Now consider the subgroup . = (T°) = {7“: k € =}. We would like to com- 
pute G/H, but first we need to check that ./{ is normal in 4. By Theorem 8.8 it 
suffices to show that g.H C .Hg for each element ¢ © 4. Consider eh © gH, where 
h © H. Then g = MT‘, andh = T°", where j = O or 1, and k and m are integers. 
Then if 7 = 0 we have 


gh = MTT? =T"T = TMT = Toe He, 
while if j = 1 we use (8.6) to write 
gh = M'T'T*" = MT™"T* = T-"MT* = T7"2 © LHe. 


Thus Hf is normal in G. 

Consider an arbitrary clement e € y. Then g = T°. where j = 0 or 1 and 
kK € ©. We can use the division algorithm to find integers g and r such that k = 2g + r, 
where r = O or |. Then e@ © TT" MT = oT’. Since J and r are both 
in {O, I}, there are at most 4 cosets, namely 7, iM. NT. and MT. We leave for 
the exercises the proof that these are actually distinct. Thus 4/4 as a group of order 
4, and so ts isomorphic to either H, or H, of Section 7.2. We leave as an exercise 
the determination of which one it is. @ 


EXERCISES 8.3 


In Exercises 1-10 a group G and subgroup H are given. Tell whether H is normal in G. 
I. G=C, H ="R 
2. G = Ue, H = {[1], [9 
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3. G = S4, H = Ag, (see Exercises 40—44 of Section 8. 1) 
4. G=A,, H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 

5. G = Ay, H = {e, (1 2:3), (3 2 1)} 
6 
7 


-G=A,,H= {e, (1 2)(3 4)} 
. G = all 2 X 2 matrices with real entries is | with ad — be # 0, under multiplica- 
Ci 


tion, H = all such matrices with b = c = 0. 
8. G as in Exercise 7, H = all such matrices with b = c = 0 anda = d. 
9. G = ‘Ds, H = ({R), where R is a rotation through 72°. 
10. G =‘D;, H = (M), where M is a reflection in ‘Ds. 


In Exercises 11-18 write out a multiplication table for G/H. 
11. G = 23, H = {[0}, (4]} 

1G = 2) H = <3). 

13. G = Ue, H = {(1], [9]} 

EGEG — lig, 7 — {M). (8). [9}} 

15. G = Ay, H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 39} 

16. G = ‘Dg, H = {e, R’, R’} 

17. G ='R\ {0}, H =‘R* (under multiplication) 

18. G = 2, ® 2;, H = {(, [0]): x € =} 


19. Let G be a group, and let H = {x € G: xy = yx for all y € G}. Show that H is a normal 
subgroup of G. 


20. Show that A, is normal in S, for all integers n > 1. 
21. Let 1 be the set of all rotations in ‘D,. Show that J{ is normal in ‘D,,. 


Exercises 22 25 finish the proof of Theorem 8.9. Assume that H is a normal subgroup of 
the group G. 

22. Prove that multiplication is associative in G/H. 

23. Prove that in G/H we have (Hu) ' = H(u"'). 

24. Prove that G/H is Abelian if G is Abclian. 

25. Show that if G is finite, then |G] = |H||G/H|. 


26. Give an example of a group G and normal subgroup ff such that Af and G/H are both 
Abelian, but G is not. 

27. Show that ‘R/ = U, where U is as in Example 8. 

28. Show that if G, and G, are groups, if G = G, ® G2, and if H = {(x, e2): x € G)}, where 
e> is the identity of G», then H is a normal subgroup of G. 

29. Show that in the previous exercise, G/H = Gp. 

30. Show that if R is a ring and S is a subring of R, then S is a normal subgroup of R when 
R is regarded as a group with respect to the operation of addition. 
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31. Show that in Example 7 defining (R + u)(‘R + v) = ‘RK + uv does not give a well-defined 
operation on C/'R. 

32. Prove that the function f of Example 7 is onto. 

33. Prove that the function g of Example 8 is onto. 

34. Show that the 4 cosets listed in Example 9 are distinct. 

35. Which of H, and H; is isomorphic to G/.H in Example 9? 

Show that the intersection of two normal subgroups of a group G is a normal subgroup 
OfiG: 


37. Suppose that H is a subgroup of a group G, and that the set of nght cosets of H is the 
same as the set of left cosets. Show that H is normal in G. 


38. Show that every element of Q/Z has finite order. 

39. Show that not every element of ‘R/Z has finite order. 

40. Let H be a normal subgroup of the group G. Show that the function 6: G — G/H given 
by (g) = Hg is a homomorphism from G onto G/H. 

41. Let f: G— G’ be a homomorphism, where G and G' are groups. Show that the kernel 
of f is a normal subgroup of G. Hint: If ab = e, then ba = e. 


8.4 THE FIRST ISOMORPHISM THEOREM 


In this section we will present the group versions of some theorems that were proved 
for rings in Section 6.3. We will also further investigate normal subgroups. and when 
groups have subgroups of prescribed orders. 


Normal Subgroups and Kernels 


In Section 8.3 we saw that if H is a normal subgroup of the group G we can define 
anew group G/H whose elements are the cosets of H. Then the map y: G > G/H 
defined by 


nlg) = He 
is easily seen to be a homomorphism. For if g, and g, are elements of G, then 
(8182) = H(g.82) = (Hg,)(Hg2) = n(g1)n(g2). 


We call y the natural homomorphism trom G to G/H. The function 1 is clearly 
onto G/H. Furthermore, the identity element of G/H is H. Now g is in the kernel 
of y if and only if n(g) = Hg = H, that is, if and only if g © H. Thus the kernel 
of 7 is precisely H. 

We see that if fis any normal subgroup of G, then there exists a homomorphism 
on G for which # is the kernel. The following theorem shows that the converse also 
holds: the kernel of any homomorphism of a group is a normal subgroup. 
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@ THEOREM 8.10 Let f: G > G' be a homomorphism between the groups G and G'. Then the 
kernel of f is a normal subgroup of G. 


Proof Let K be the kernel of f. Then K is a subgroup of G by Theorem 8.5. Thus 
we need only prove that K is normal in G. By Theorem 8.8 it suffices to show that 
eK C Kg for every element of g © G. Let w € gK. Then w = gk for some k € K. 
Denote by e’ the identity element of G’. Then by Theorem 8.4 


figkg') = f(g) fF (9) = flede'(F(8)) | = f(gf(g))!| = e’. 


Thus gkg'' © K. Let gke ' =k, © K. Then w = gk = kg © Kg. We see that 
gk C Kg. 


The technique used in the proof above is useful enough to be stated as the first 
part of the following theorem. 


@ THEOREM 8.11 Let H be a subgroup of the group G. 


(a) H is normal in G if and only if whenever g © G and h € H, then ghg ' € H. 
(b) If H is normal in G and G/H is Abelian, then g,9.2, 'g.' © H for all 
elements g, and g, in G. 


Proof 

(a) Assume that H is normal in G, and let g€©G and hE H. Then 
gh © gH = Hg, and so gh = hig, where h, € H. Thus ghg | = h, € H. 

The proof of the converse parallels the argument used in the proof of Theorem 
8.10 and so we leave it for the exercises. 

(b) Now assume that H is normal in G and G/H is Abelian. Then for any ele- 
ments g, and g, of G we have 


H(g:922, ‘8. ') = (Hg,)(Hg)H(g, ‘82 ') = (Hg2(Hg)H(g1 ‘82 ') 
a H(g22\2) ‘82 = He = H, 
and so g.292; 2. '€H. Ef 


The following theorem corresponds to Theorem 6.11 for rings. 


@ THEOREM 8.12 (The First Isomorphism Theorem for Groups) Jes G and H be groups 
| and leth: G— H be a homomorphism from G to H having kernel K and image T. 
Then the mapping f: G/K — T defined by f(Kx) h(x) is an ixomorphism ef G/H 

onto T. 


Proof Note that K is normal in G by Theorem &.10, and so G/A makes sense. To 
finish the proof we must show the following. 


(i) The function f is well-defined, that is, if Kx = Ky, then h(x) = h(y). 
(ii) The function f is a homomorphism. 
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(iii) The function f is one-to-one. 
(iv) The function f is onto T. 


The proofs of these statements are similar to parts of the proof of Theorem 6.11. 
and so we leave them for the exercises. Mf 


We already saw some examples of Theorem 8.12 in the previous section. In 
Example 7 there we showed that the quotient ring (/‘K was isomorphic to °K via the 
function f: C/‘R — ‘R defined by f(R + (a + bi)) = b, where a and b are real num- 
bers. 

Another way to arrive at this result is through the first isomorphism theorem. 
Consider the function A: ( — ‘R defined by /(a + bi) = b. It is easily checked that 
h is a homomorphism with image ‘Kk. The kernel of A is ja ~ bi Ev: b = Of = R. 
Thus taking G = (, H = T ='R, and K = °K. we see from the first isomerphism | 
theorem that (/‘R = 'R. The actual isomorphism given by the theorem is 


f(R + (a + bi)) = h(a + bi) = b, : 


as in Example 7 of Section 8.3. 
Likewise in Example 8 of Section 8.3 we considered 


~ 


Ait. where «c* is the 


multiplicative group of nonzero complex numbers, and Ui = {2 € co: 2 = I}. In or- 
der to apply the first isomorphism theorem we need a homomorphism / detined on 
C* such that the kernel of /) is L{. If we detine 2 on c™ by Atz) = 2. then A takes 


lf into the real number |, and the image of A is “RK ’. Since | is the identity of the 
multiplicative group ‘R’, the first isomorphism theorem applies. We note that hr is a 
homomorphism because |zw| = |z|}w!. Thus C*/l = -R° by Theorem 8.12. The ex- 
plicit isomorphism given by the theorem is 

f(z) = h(z) = Iz. 


Of course this is the same function labeled ¢ in Example 8 of Seetion 8.3 


@ EXAMPLE 1 Consider the function A: -R + ¢* given by hiv) © cos 360°. = 7 sin 360°%. 
Notice that by equation (4.5) of Section 4.5 


h(x + y) = cos 360° + y) + isin 360° + y) 

= cos (360° + 360°y) + i sin (360°x + 360°) 

= (cos 360° + i sin 360°x)(cos 360°y + i sin 360°y) 
A(x)hCy). 


ll 


Thus /r is a homomorphism from the additive group -R into the multipheative group 
Cre - 
Note that cos 360° + @ sin 360° is a complex number with absolute value 1 
and angle 360%. Thus f(a) = 1 if and only if x is an integer. and so the kernel of 
his <. Also the image of /r is the set Uo of complex numbers with absolute value 1. 
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Then by the first isomorphism theorem with G = ‘R, H = (*, K = 2, andT = U, 
we have ‘R/= = U. The explicit isomorphism from ‘R/Z onto Lf is given by 


S(= + x) = h®) = cos 360°x + isin 360°. 


As an application of quotient groups we prove the following theorem. 


lM THEOREM 8.13 /fG is a finite Abelian group and p divides the order of G, where p is prime, 
then G contains an element of order p. 


Proof The proof will use the second principal of mathematical induction. (See Sec- 
tion 2.3). Let mn be the order of G. Our induction will be on n. If n = 1, then no 
prime divides nm, and so the statement of the theorem is vacuously true. 

Now suppose 7 > 1, and assume that the theorem holds for any Abelian group 
of order less than . Let the prime p divide n, and choose g € G, g # e. LetH = (g) 
and let m denote the order of H. Then 


n = |G| = |A| x |G/A| = m|G/A|, 


and so by the fundamental theorem of arithmetic p divides either m or else the order 
of G/H. 


Case 1p divides m. 
Note that H is cyclic and so is isomorphic to Z,, by Theorem 7.8. Then H (and 
so G) contains a cyclic subgroup (and so an element) of order p by Theorem 7.11. 


Case 2. p does not divide m. 

Since g # e, we have m > 1, and so the order of G/H is less than n and is 
divisible by p. Thus by the induction hypothesis G/H contains an element, say Hx, 
of order p. Then 


H = (Hx)? = Hx"), 


and so x” EH. 

Since the order of H is m we have (x")” = e by Lagrange’s theorem. Consider 
the element y = x”. Note that y” = (v”")" = e, and so if y # e, then y is our sought- 
after element of order p. But if y = x” = e, then 


(Hxy" = H(x") = He = H. 


Thus, since the order of f/x in G/H is p, we must have that p divides mm, contrary 
to our hypothesis. @ 


m@ EXAMPLE 2. Consider the group [/,,. This group consists of all elements [x] of =;, such that 
gcd(x, 77) = 1. We can find the order of [f,, by counting the integers v having 
gcd(x, 77) = 1 in the set S = jie easy. ., 16, 77}. Siaee 77 = 7- Li and 7 and 
11 are primes, it suffices to exclude integers in S divisible by 7 or II. Since there 
are 11 multiples of 7 in S (namely, 1-7, 2:7, ..., 11°7), 7 multiples of 11, and 
one multiple of both (namely, 77), the order of Lf;, is 77 11 —7+ 1 = 60. 
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Now since U,, is Abelian and 60 = 2-3-5, Theorem 8.13 tells us that U>, must 
contain elements of orders 2, 3, and 5. The reader should check that in fact [43], 
[23], and [64] have orders 2, 3, and 5, respectively. 


Is the Converse of Lagrange’s Theorem True? 


The converse of Lagrange’s theorem would say that if G is any finite group of order 
n and d is a positive divisor of n, then G has a subgroup of order d. (Notice that it 
is too much to expect always to find an element of order d. since that would imply 
that every finite group was cyclic). Theorem 7.11 implies that this is true for cyclic 
groups, and Theorem 8.13 gives the result in the case that d is prime and G is 
Abelian. 

Actually the restriction that G be Abelian can be dropped from Theorem 8.13. 
In fact it can be proved that if G is any finite group and if p is a prime such that p* 
divides the order of G, then G contains a subgroup of order p’*. 

Alternatively, the restriction that p be prime can be dropped. Thus if G is an 
Abelian group of finite order n and d is a positive divisor of m. then G has a subgroup 
of order d. Neither of these results will be proved in this book. 

The converse of Lagrange’s theorem is not true in general. however. In fact 
there is a group of order 12 that has no subgroup of order 6. Recall that in Section 
8.1 we proved that every permutation 7 could be written as a product of transpo- 
sitions, and that for a fixed permutation 7 the number of transpositions used was 
always even or odd. We say that 7 is even or odd, according as it can be written 
as a product of an even or odd number of transpositions. The set of all even per- 
mutations in S, is called the alternating group. and denoted by A,. It is easy to 
show that A, has index 2 in S,, and so forms a normal subgroup of S,,. 

Suppose n > 2. Each 3-cycle (a b c) is an even permutation, and so belongs to 
A,. Conversely, the equations that follow show that each product of two transposi- 
tions, and so each even permutation, can be written as a product of (one or more) 
3-cycles. 


(a b\(c d) = (abc\(cad) 
(a bac) = (abc) 
(a b)\(a b) = (a bc\(c ba) 


We summarize the above remarks in the following theorem. 


@ THEOREM 8.14 The alternating group A, is a normal subgroup of S, of index 2. Any subgroup 
of S,, that contains all the 3-cycles of S, must contain A,. 


Since A, has index 2 inS,,, its order is 2!/2. In particular, Ay has order 41/2 = 12, 
In fact, if we classify the permutations of A, according to the number k of elements 
moved, we find we have the following. 
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hier 3: (1 23), (NS"2), (1 24)) (1 42), (1 3 4), (1 4 3), (23 4), 243) 
kK=4; (12)G64), (1 3)24), (1 4) 3) 


The next theorem will help us show that A, has no subgroup of order 6. 
M@ THEOREM 8.15 Let G be a normal subgroup of A,. If G contains a 3-cycle, then G = A,. 


Proof We can assume n = 3, for otherwise there are no 3-cycles in A,. Suppose 
that the 3-cycle (a bc) is in G. Then (a b c)' = (ac b) € G, and so G contains 
all 3-cycles moving the elements of {a, b, c}. Thus we are done if n = 3. 

For n > 3 we will use part (a) of Theorem 8.11. Let N ={1, 2 .., nymaed 
suppose r € N\{a, b, c}. Then 


(cr\(abc\cr' = (crn(abcvcn = (abn EG. 


Also (a br) ' = (arb) € G. Together with what we have proved previously, this 
shows that G contains all 3-cycles moving a and b. 
Now suppose s € N\{a, b, r}. Then as above we have 


(b sar b\(bs) | = (bs\ar bbs) = (ars) eG. 


With our previous results this shows that G contains all 3-cycles that move a. 
Finally, choose t € N\{a, r, s}. Then 


(atars)at)' = (at\ars)(at) = (rst) EG. 


With our previous results this shows that G contains all 3-cycles, andsoG =A,. & 


Now we can show that A, has no subgroup of order 6. For suppose that H is a 
subgroup of A, of order 6. Then H is normal in A, since its index in A, is 2. Thus 
by Theorem 8.15 the subgroup H cannot contain a 3-cycle, since if it did, then H 
would be all of A,. But by our previous classification of the elements of A, we see 
that only 4 of its elements are not 3-cycles. Clearly these cannot form a subgroup 
with 6 elements. 

Although A, has no subgroup of order 6, it does have subgroups other than itself 
and {e}. In fact {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} is a normal subgroup of Ay. 

Since if G is a group, then G and {e} are always subgroups, these are called the 
trivial subgroups of G. It is easily seen that any finite group G whose order is not 
1 or a prime must have at least one nontrivial subgroup. For if we choose any element 
g €G, g#e, then H = (xg) # {e} is a subgroup of G. If H # G, then # is the 
desired subgroup, while if H = :¢. then G is cyclic, and since its order is not prime 
has a nontrivial subgroup by Theorem 7.11. 


Simple Groups 


We have just argued that any group whose order is not 1 or a prime has a nontrivial 
subgroup. It is not clear whether such a group need have a nontrivial normal subgroup, 
however. We call a group simple if it has no nontrivial normal subgroup. Since any 
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subgroup of an Abelian group is normal, the only simple Abelian groups are those 
with no nontrivial subgroups at all, namely those whose order is | or a prime. 

There are simple non-Abelian groups, however. In fact. we will prove that the 
alternating group A, of even permutations is simple for n = 5. The simplicity of As 
was used by Galois in his proof that there is no formula similar to the quadratic 
formula for finding the roots of polynomials of degree 5 or more. 

Simple groups have been the source of several stubborn mathematical problems. 
Around 1900 the English mathematician William Burnside conjectured that any non- 
Abelian simple group has even order. In 1963 Walter Feit and John G. Thompson 
used a whole issue of the Pacific Journal of Mathematics for a paper that included 
the first proof of Burnside’s conjecture. 

Many mathematicians have worked on the classification of simple groups. Only 
in 1981 did Daniel Gorenstein announce that he and others had found al] simple 
groups. Unfortunately, the total proof that no simple groups were left out. which is 
spread over many journal articles, runs more than 10.000 pages. 


@ THEOREM 8.16 [fn = S, then A, is simple. 


Proof We will suppose that H is a nontrivial normal subgroup of A, and derive a 
contradiction. Among the permutations in H \ {e}. let m be one that moves a minimal 
number m of elements of N = {1, 2, .... m}. Notice that m > 3. since any 2-cyele 
is odd, and if H contains a 3-cycle then H = A, by Theorem 8.15. Let 7 = y,y> ... Y,. 
where 1, ‘Y2, ---» ‘Yz are disjoint cycles of orders r;, r,, ..., 7,, with r, =r, =... =n. 


Casel r, = 3. 

Notice that in this case we must have m = 5. sinee if m = 4 then 7 must equal 
‘yy,, and hence be a 4-cycle, which is odd. 

Suppose y, takes a into } and b into ¢, where a. b. and ¢ are distinct. Choose 
distinct elements d and e in N\{a. b, c} also moved by 7. By Theorem 8.11 (a) we 
have 

t = (cde)nicde)' = (cde)n(ced) E H. 
Note that 
via 7: ab and b=, 
while 


Via T: ab and be. 


Q ‘ ~l eg = igs | “NY 
Thus 7 # t, and so wt is an element of H\{e}. But mt | moves no element of A 
not moved by 7, and sends a into itself. This contradicts the assumption that 7 moves 
a minimal number of elements. 


Case 2 r, = 2. 
Then r, = r; = +> =, = 2 also. Let y, = (@ 6) and y, = (cd). Sinceyn 15. 
we can choose e € N\{a, b, c, d}. Again by Theorem 8.11(a) we have 


t = (cde)n(cde)' = (cde)n(ced) E H. 
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Note that 
Via Tr: a— b, b> a, and c— d, 


while 


via T: a— b, b- a, and cme. 


Thus 7 # 1, and so m7 ' is an element of H \{e}. Although e may be moved by 


-} a . 
at but not 71, mt sends a and b into themselves, and so moves fewer elements 
of Nthan7r. 


EXERCISES 8.4 


In Exercises 1-6 a group is given. Subgroups of what orders are guaranteed by Theorem 


8.13? 

1. 2s 2. Us; 

3. Ung 4. 260/Z, 
‘Se Dio 6. Au ® 212 


In Exercises 7-12 a group is given. Subgroups of what orders are guaranteed by the asser- 
tions in the three paragraphs following Example 2? 


We x51 8. Us, 
9. Ugg LOM eH/Z2 
11. Dio 12. 2, BZ. 


13. Express each element of A, as the product of (one or more) 3-cycles. 
14. How many elements of L{4, have order 2? 

15. How many elements of 4; have order 2? 

16. How many elements of U4, are of the form 1” for some t E Ugo? 

17. How many elements of [/;, are of the form 1’ for some t € Us? 


18. Show that if H is a subgroup of the group G, and if ghg | © H whenever g € G and 
h E H, then H is normal in G. (This finishes the proof of Theorem 8.11.) 


19. Show (i) in the proof of the first isomorphism theorem. 
20. Show (ii) in the proof of the first isomorphism theorem. 
21. Show (iii) in the proof of the first isomorphism theorem. 


22. Show (iv) in the proof of the first isomorphism theorem. 


In Exercises 23-29 groups G and H are given and a function h: G — H. Show that h is a 

homomorphism. If the first isomorphism theorem ts applied, what are K and T? What groups 

does the theorem say are isomorphic, and what ts the explicit isomorphism? 

23. G = C\ {0}, H = ‘R \ {0} (under multiplication), h(a + bi) = a’ + b’, where a and b are 
real. 

24. G = H = R\ {0} (under multiplication), A(x) = x 

25. G = H = C\ {0} (under multiplication), A(z) = z/|z]. 
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26. G=H=C, h(a + bi) = a + b, where a and Bb are real. 
27. G= H = Js, A([x]) = [6x]. 

28. G = H = C\ {0} (under multiplication), A(z) = 2*/|z’|. 
29. G = H = C\ {0} (under multiplication), h(z) = z. 


30. Show that if G, and G, are finite cyclic groups, then G, © G; has a subgroup of any 
positive order dividing its order. 

31. Show that if H and K are subgroups of a group G with K C H, and if K is normal in 
G, then K is a normal subgroup of H. 


@2) Let H and K be subgroups of the group G, with K normal in G. Show that the set 


{kh: k © K and h € H} is a subgroup of G. 

33. Give an example to show that the previous exercise need not be true if K is not normal 
in G. 

34. Let G be an Abelian group and let H = {x € G: x = e}. Show that H is a subgroup 
of G. 


35. Let G be an Abelian group, and let K = {x © G: x = v for some y € G}. Show that K 
is a subgroup of G. 


36. Let G, H, and K be as in Exercises 34 and 35. Show that if G is finite. then G) = AK,. 


37. Let G be a finite Abelian group and p a prime. Suppose that exactly & elements of G 
have order p. Show that k + 1 divides the order of G. 


38. Prove that an element of S, has order 2 if and only if it can be written as a product of 
(one or more) disjoint transpositions. 


39. Show that {7 € S;: 7 = 7° for some + € S;} equals As. 


8.5 SOLVABILITY BY RADICALS 


For many years mathematicians searched for formulas. similar to the quadratic for- 
mula, giving roots of polynomials. According to the fundamental theorem of algebra. 
any polynomial with complex coetficients can be factored into linear factors over 
the complex numbers. However, just knowing that roots eaisr is different from hav- 
ing a formula for them. One equation that we do know how to solve explicitly is 


since we can find the nth roots of any complex number by Theorem 4.16. 

Given a polynomial with rational coefficients, the goal was to find a formula 
for its roots in terms of the coefficients. This formula can involve the rational op- 
erations of addition, subtraction, multiplication and division, along with the com- 
putation of nth roots. For example, the quadratic formula requires a square root. 

Formulas analogous to the quadratic formula were found for polynomials of de- 
grees 3. and 4, and a common assumption was that similar formulas would eventually 
be found tor polynomials of higher degrees. This assumption was incorrect. how- 
ever. Abel proved that there exist polynomials of degree 5 for which no such formula 
exists. 
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Let us try to make more precise what computing the roots of a polynomial 
P(x) © Q[x] from such a formula would entail. As long as we only add, subtract, 
multiply, and divide the coefficients of p(x), we remain in Q. If we extract a kth 
root, however, we may find ourselves with a number in an extension field of Q, say 
Q(a), where a is the root. Thus a = Wb, in the sense that a is a complex number 
such that a‘ = b € Q. We may later take a jth root which will lie in a similar ex- 
tension field of Q(a). We hope by continuing in this way to reach an extension field 
that contains all the roots of p(x). 

Suppose p(x) has the roots r,, r:, ..., r, in ©. We call the extension field 
Q(r,, r2, ..., T,) the splitting field of p(x). This is the smallest subfield of C con- 
taining all the roots of p(x). We say that p(x) is solvable by radicals if there exists 
a finite sequence of fields 


Geb, Gb, C £o.C.->* Geek. 


such that for each i with 0 < i < m, E,,, = Efa,;), where a,“ € E, for some integer 
k,, and such that E C E,,, where E is the splitting field of p(x). Our previous dis- 
cussion indicates that if formulas of the desired sort exist for the roots of p(x), then 
p(x) must be solvable by radicals. 


Groups of Automorphisms 


So far we have not shown why the question of finding roots of polynomials is being 
treated in a chapter on group theory. Let F be a field. By an automorphism of F 
we mean any ring isomorphism from F onto itself. The set of all automorphisms of 
F is a group under function composition by Theorems 3.15 and 3.16. 


M@ EXAMPLE 1 The function sending each complex number z into its conjugate 7 is an auto- 
morphism of the field (, as was proved in Example 10 of Section 3.6. Mf 


Now suppose that E is an extension of the field F. We will denote by G(E/F) 
the set of all automorphisms « of F that fix all clements of F, so that if. + © F, then 
a takes x into x. For example complex conjugation is an element of G(C/‘R), since 
if x € ‘kK, then « = x. It is easy to see that G(F/F) is a subgroup of the group of 
all automorphisms of £. For if a and B are in G(F/F) and x € F, then since both 
a and £ take x into itself, so do aB and a! 

In the particular case when F = Q and F 1s the splitting field of the polynomial 
p(x) € Q[x], then G(E/Q) is called the Galois group of p(x). 


@ THEOREM 8.17 Ler p(x) be a polynomial in Q\x| with n roots, Then the Galois group ef Pir) 
is isomorphic to a subgroup of S,,. 


Proof Let the roots of p(x) be r;, r2, ..-, rn, and let E = Q(r,, r2, ..., r,) be the 
splitting field of p(x). First we will show that tf a © G(E/Q), then @ takes any root 
r; into another root 7; of p(x). For let 


=I 
Oa a,x OM hea Phra: 
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and let r be a root of p(x). Suppose that a takes r into s. Then applying a to 
a,r" +a, yr" |} ++: +ar+a=0 

gives 
a,S" + a," | +++ + as + a = 0, 


since a is a homomorphism that fixes the coefficients a, and sends 0 into 0. Thus s 
is also a root of p(x). 

Next we show that if a © G(Q/E), then a is completely determined by how it 
permutes the roots r; of p(x). We can construct E = Q(r,, 72, ..-. Tn) bY successive 
extensions by the roots r,, r2, ..., 7,. Explicitly, let 


E,=Q, £E, = Eo), E, = Ext), ees E, = E,e)- 


Then E = E,, since each field E; is a subfield of E = Q(r,. r2. .... 7,). but E, con- 
tains Q and all of the roots of p(x). 

Now if the minimal polynomial of r, over Ey = Q has degree j. then it was 
proved in Section 6.4 that every element of E, = E,(r,) can be written in the form 


bury) + pear +o ee Ee 


where the coefficients b; are in Ey) = Q. Thus since a fixes elements of Q and is a 
homomorphism, the result of applying a to an element of E, depends only on what 
a does to r;. 

Similarly, every element of E, = E,(r,) has the form 


k-1 re 
Ce il? + cfr, "°°: Gi 3 Ge 


where the coefficients c, are in E,. Thus the result of applying a to an element of 
E, depends only on what @ does to r, and r,: Continuing this argument proves that 
how a permutes the roots of p(x) determines its action on E, = E. 

Finally we will define a homomorphism f: G(E/Q) — S,. Suppese that a is an 
element of G(E/Q) that takes r, into r, for all 7. Then we will define f(a) to be the 
permutation w in S, that takes / into 7 tor all 7. For example, if m = 3 and «@ inter- 
changes r, and r, and fixes r;, then we would have 


jor n= (122). 


Now suppose that B € G(E/Q) takes r, into r,- for all i. Then (8) = t. where + 
takes i’ into i" for all 7. Note that then a® takes r, into r-, while f(a) f(B) = mt 
takes i into i”. Thus f(@B) = f(a) f(B), and f is a homomorphism. 

The fact that f is one-to-one follows from our previous result that the auto- 
morphism a € G(E/Q) is completely determined by what « does on the roots r, of 
p(x). 


@ EXAMPLE 2 Let us find permutation groups isomorphic to the Galois groups of 9° — 4, 


x — 5,andx + 8. 
The polynomial 9° — 4 has the two roots 2/3 and —2/3, so its Galois group 
is isomorphic to a subgroup of S,={e, (1 2)}. But the splitting field 
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E = Q(2/3, —2/3) = Q, since 2/3 and —2/3 are already in Q. Thus the only au- 
ep in G(E/Q) = G(Q/Q) is the identity, and so the corresponding subgroup 
of S, is {e}. 

The roots of x7 — 5 are +\/5. Note that —\/5 € Q(V/5) and V5 € Q(-V5), 
and so the splitting field of x — 5is E = as, =v/5) = avs) = Q(-V5). By 
Exercise 39 of Section 6.4 there exists an isomorphism from Q(V/5) onto Q( -V/5) 
sending V5 into —\/5 and fixing the elements of Q. Thus G(E/Q) = S, = {e, (1 2)}. 

The roots of x° + 8 =.(x + 2)(? — 2x + 4) arer,; = -2,r,=1+ V/3i, and 
peel Biv lfeBaisethe splitting field of this polynomial, then any element of 
G(E/Q) must fix —2 € Q, and so if it is not the identity, it must interchange the 
two complex roots. But complex conjugation is an automorphism that does exactly 
that thus"G (2/0) ={e, (2°3)PC S,. 


Solvable Groups 


We say that a group G is solvable if there exist subgroups Hy, H,, ..., H, of G such 
that 


G@) G= Ay Diy. --* D A, = {e}, 
(2) H;,; ismermalan H; fori = 0, 1,2, ...,k — 1, 
(3) H,/H;., is Abelian for i = 0, 1,2, ...,k — 1. 


The explanation for the word “solvable” lies in the following theorem, which we 
will not prove. 


@ GALOIS’ THEOREM 1 7he polynomial p(x) € Q[x] is solvable by radicals if and only if the 
Galois group of p(x) is solvable. 


Galois’ theorem reduces the question of the solvability by radicals of a polynomial 
to a problem about a finite group. The following theorem suggests that the solvability 
by radicals of polynomials of degree more than 4 may not always be possible. 


@ THEOREM 8.18 /fn = 5S, then S, is not solvable. 


Proof Suppose that S, is solvable, so that S, = Hy DH, D... D A, = te}, where 
H,., is a normal subgroup of H, and #,/H,,, is Abelian for all ¢. Of course Hy = S,, 
contains all the 3-cycles of S,. We claim that H, does also. 

For let (a bc) be any 3-cycle in S,. Since n > S we can choose distinct elements 
dand e in{1], 2, .... m}\ fa, b, c}. Since #7, is normal in Hy and H,/H, is Abelian, 
Theorem 8.11(b) applies. Thus 


(adc)(ae b\adc) ‘(ae b)' = (adcyae bac dabe) = (abc) E M,. 


We see that H, contains all the 3-cycles of S,. 

But now the same argument can be used to show that 7, contains every 3-cycle 
in S, because H, does. Continuing in this way leads to the impossible conclusion 
that {e} contains all the 3-cycles of S,. Thus S, is not solvable. @& 
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The rest of this section will be devoted to showing that there is a polynomial of 
degree 5 over Q whose Galois group is Ss. 


@ THEOREM 8.19 Let p(x) be an irreducible polynomial of degree n in Q\x] with roots r,. r>. 
.., r, and let E = Q(r,, rr, ..., T,) be the splitting field of p(x). Then given i and 
jin {l, 2, ..., n}, there exists a © G(E/Q) that takes r; into r;. 


Proof We can assume that p(x) is monic, since dividing by its leading coefficient 
does not change the irreducibility or roots of a polynomial. Notice that by the ar- 
gument given in the proof of Theorem 8.17 any homomorphism fixing the elements 
of Q takes any root of p(x) into another root of p(x). 

By Exercise 39 in Section 6.4 (taking $ onginally as the identity function on 
Q) there exists an isomorphism $: Q(r,) ~ Q(r,) taking r, into r, and fixing the 
elements of Q. 


Casel Q(r) =E. 

Then the roots of p(x) all lie in Q(r,), and so their images under 6, which are 
also roots of p(x), all lie in Q(r,). These are distinct since is one-to-one, and so 
Q(r;) D QAM, rr, .... 1) = E. Thits*@y) = 2. Gat en PE @ the reqewet an- 
tomorphism. 


Case 2. Q(r;) is a proper subset of E. 

Then some root 7, € Q(r,). Let g(x) be the minimal polynomial ef r, ower Qu). 
If, as in Exercise 39 of Section 6.4. we extend to an isomerphism from Qu )[a] 
to Q(r,)[x], then g'(x) = 6(g(x)) is monic and irreducible over QU )[ 4]. If 8 ts any 
root of g'(x), then by the exercise we can extend 6 to an isomorphism from QU". 7) 
to Q(y,, s). Note that s will be another root of p(x). and so the image of ® will still 
be a subset of EF. 

If QU, ri) = E, we are done, as in Case 1. otherwise we extend & again as in 
Case 2. Since p(x) has only a tinite number of roots. eventually we arrive at the 
desired automorphism. & 


M EXAMPLE 3 Let us find a permutation group isomorphic to the Galois group of x — 9. Since 
this polynomial has no rational roots, it is irreducible over Q. Its roots are 


3 5) a 4 " 
r= Vo. r, = V cos 120° + isin 120°. Gad #,2 Wot Ta” = § err Te"). 


By Theorem 8.19 there is an element in G(E/Q) taking any one of these into any 
other, where E is the splitting field of 1‘ — 9. Furthermore. complex conjugation 
interchanges r, and r;. 

We see that G(E/Q) is isomorphic to a subgroup H of S, that contains (2 3) and 
some permutation 7 taking | into 2. If m = (1 2). then (1 2)(2 3) = (1 32) EH. 
But then (1 3 2)" = (1 2 3) © H also. Thus # contains at least 4-elements. Since 
the order of S; is 6, H = S;. 

Likewise, if w = (1 2 3), then w* = (13 2) € H, and (1 2 3)(2 3) = (1 3) EH. 
— must have H = S,. Thus the Galois group of x — 9 is isomorphic to 

a0 
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We say that a subgroup H of S, is transitive if whenever i and j are in Alice 2ee cn}, 
then there is a permutation 7 € H that takes i into j. Theorem 8.19 implies that if 
p(x) is an irreducible polynomial in Q[x] with n roots, then the subgroup of S,, iso- 
morphic to its Galois group is transitive. 


@ THEOREM 8.20 Let H be a transitive subgroup of S,, where p is prime. If H contains a 
transposition, then H = S,. 


Proof We define a relation ~ on P = {1, 2, ..., n} by saying that i ~ j in case 
i= j or (i j) © H. Then ~ is an equivalence relation on P. Reflexivity and sym- 
metry follow immediately from the definition of ~, while if i, j, and k are distinct 
elements of P such that i ~ j and j ~ k, then (i /) and (j k) are in H, and therefore 
so is (i J)(j kG J) = (ik), which implies that i ~ k. 

Now we will show that any two equivalence classes with respect to ~ have the 
same number of elements. Let w be in H, and if i € P, denote the image of 7 under 
a by i’. Now if (i) € H, then 


aj) =a (ipa EH. 


Thus 7 ~ j implies i’ ~ j’ and so 7 maps the equivalence class [i] into [i’]. Since 
am is one-to-one, this means that |[/]| < |[i’]|. But H is transitive, so we can choose 
i and i’ arbitrarily. Then for any i and j we have |[i]| <= |{,]| and |{j]| = |[/J|, and 
so |[a]| = ILI. 

Now the equivalence classes partition P = {1, 2, ..., p}, and each has the same 
number m of elements. Since p is prime, m = | or m = p. But by hypothesis, 1 
contains a transposition (/ j). Thus [/] contains at least the two elements i and j, and 
so [i] is all of P. This shows that H contains all transpositions. But it was shown in 
Section 8.1 that every permutation can be expressed as a product of transpositions. 
Thus H = S,. @ 


A Polynomial Not Solvable by Radicals 


We will show that the polynomial p(x) = 6° 15x" + 20 is not solvable by rad- 
icals. We leave for the exercises the application of Eisenstein’s criterion (Theorem 
5.13) to show that p(x) is irreducible. We will use a little calculus to find out about 
the roots of p(x), the graph of which is shown in Figure 8.10. Note that according 
to the discussion after Example 6 in Section 5.3 the polynomial ring ‘K[x] ts iso- 
morphic to the ring of polynomial functions over ‘R 
Note that the derivative of p(x) is 
p'(x) = 30x" — 60x” = 30x"(x — 2). 
Thus p(x) is increasing for x < O and « ~ 2, and decreasing for Os. 1s. 2. Since 
p(—2)"= 412, p(O) = 20, p(2) = —28, p(3) = 263, 


there are exactly three real roots: 


one between —2 and 0, one between O and 2, and one between 2 and 3. 
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Figure 8.10 


It will be shown in the exercises that these are all roots of multiplicity one. Thus 
p(x), since it is of degree 5, must have exactly two nonreal roots. and by Corollary 
1 to Theorem 5.15, these are conjugates of each other. 

The information in the previous paragraph is sufficient to show that the Galois 
group of p(x) is isomorphic to S;. Let the roots of p(x) be r,. ry. rs. 7s. Ts. WheTe r, 
and r, are the nonreal roots, and let E be the splitting field of p(x). Then complex 
conjugation is an element of the Galois group of p(x) that interchanges r, and r; and 
leaves the real roots of p(x) fixed. The permutation corresponding to this automerph- 
ism under the isomorphism of Theorem 8.17 is the transposition (1 2). Furthermore. 
we have already noted that Theorem 8.19 implies that the subgroup of S. corte- 
sponding to G(E/Q) is transitive. Thus this subgroup is all ef S< by Theorem 8.20. 

We see that the Galois group of p(x) is isomorphic to $<. But S$, is not solvable 
by Theorem 8.18, and so neither is the Galois group of pia). Thus by Galois” theo- 
rem, the polynomial p(x) is not solvable by radicals. 


EXERCISES 8.5 


1. Show that §, is solvable. 
2. Show that S$, is solvable. 


In Exercises 3-8 find the order of the Galois group of the given polynomial. 


3.°+ 5x +6 4.x°-3 
5. x7 +4 6.x + 5 
y ae ee ca | 8. x +9 


9, What are all the automorphisms in G(Q(\/2)/Q)? 
10. Does S, contain a nontrivial transitive subgroup containing a transposition? 
11. Does S, contain a nontrivial transitive subgroup containing a transposition? 


12. Explain how the Eisenstein criterion can be used te show that 6° - 15x° + 20 is irte- 
ducible over Q. 


13. 
14. 
15. 


16. 


7. 
18. 
19. 
20. 
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Show that A, is solvable. 
Show that A,, is not solvable for n = 5. 


Show that to find the roots of ax’ + bx’ + cx + d © Q[x], we can assume that a = | 
and b = 0. Hint: Consider a substitution x = X + A, where A is chosen appropriately. 


Show that to find the roots of x° + cx + d€ Q[x], we can assume that d # 0, and then 
it suffices to solve an equation of the form x° + dx’? + e © Qfx]. Hint: Consider a sub- 
stitution x = X + B/X, where B is chosen appropriately. 


Show that any polynomial of degree 3 in Q[x] can be solved by radicals. 
Show that if EF, F, and K are fields such that EF D F D K, then G(E/F) C G(E/K). 
Show that if E is an extension field of Q and @ is an automorphism of E, then a € G(E/Q). 


Let A be a set of automorphisms of a field E, and let F = {x © E: a takes x into x for 
all « € A}. Show that F is a subfield of E. 


@) Show that if E is a field and F is the prime subfield of E, then any automorphism of E 


22. 
23. 


24. 
25. 


26. 


is in G(E/F). 
Show that A, is a transitive subgroup of S, for n = 3. 


Show that if p(x) € ‘R[x] and r is a real root of multiplicity greater than 1, then r is also 
a root of the derivative p'(x). 


Show that the real roots of 6x° — 15x* + 20 all have multiplicity 1. 


Show that if p(x) is an irreducible polynomial in Q[x] with degree n, if p(x) has exactly 
n - 2 real roots, each with multiplicity 1, and if m is prime, then the Galois group of 
p(x) is isomorphic to S,. 


Show that if 7 is prime, then there exist elements a and B in S, such that (a, B) = S,. 


SUPPLEMENTARY EXERCISES FOR CHAPTER 8 


. Let 7 € S,, and let [x],, denote the equivalence class containing x with respect to the 


relation of Exercise 35 of Section 8.1. Show that if 7 is written as the product of disjoint 
cycles, then |[x],,| is either 1 or else the order of one of these cycles. 


2. Give an example where 7 and 7 are distinct elements of S,, and yet [x], = [x], for x = 
1, 2, ..., a. The notation is that of the previous exercise. 

3, Prove that if m7 and t do not move any of the same elements and mt = €, then 7 = T = €. 

4. Prove that if m € S, is the product of two disjoint cycles or orders r,; and r2, then the 
order of am is Icm(r,, r2). Show that this need not be true if the cycles are not disjoint. 

5. What is the order of 


le28 45 6 7 B@ Ho 
lOteee OPER SIT el 4 (636 


in S;,? 


. Prove that if m € S, and 7° = e, then mw is either & or the product of disjoint transpo- 


sitions. 
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10. 


11. 


12. 


13: 
14. 


15. 


16. 
iz 


18. 


19. 


20. 


21 
D2 


ae. 
24. 


. Let G be a group, and define f: G— G by f(x) = x '. Show that f is a one-to-one 


correspondence: 


. Show that the function f in the previous exercise is a homomorphism if and only if G is 


Abelian. 


. Let f: G > G’ and g: G’ > G", where G, G’, and G" are groups and f and g are homo- 


morphisms. Prove that gf is a homomorphism from G into G". 

Suppose * is a binary operation on the set S, G is a group, and f is a function from G 

onto S such that f(xy) = f(x) * f(y) for all elements x and y in G. Prove that S is a group 

with respect to the operation *. 

Let H, and H, be subgroups of an Abelian group G with identity e such that 

(1) If g € G, then there exist h,; € H, and h, € H; such that g = hy,hp. 

(2) If h, E lok. hy S Jabs and hyh, = e, then h, = hy eae 

Prove that G = H, ® A). 

Suppose 2‘ + 1 = p is prime, where k € 2°. 

(a) Show that if d is the order of [2] in Li, then d divides 2k and d > k. 

(b) Conclude that d = 2k and that k is a power of 2. (Another proof is in Exercise 28 
of Section 5.6.) 

Use direct sums to exhibit three nonisomorphic Abelian groups of order 8. 


Let H, and H, be normal subgroups of the group G. Show that {/,/,: h, € H,. hy € H} 
is a normal subgroup of G. 


Let f be a homomorphism from G into G’. and let H’ be a subgroup of G’. Show that 
H = {g € G: f(g) € H’} is a subgroup of G. 


Show that in the previous exercise if H’ is normal in G’, then H is normal in G. 


Let H be a subgroup of the group G, let v © G. and let H’ = {xia |: h © H}. Show that 
H' is a subgroup of G and H = H'. 


Let G be a subgroup of S,. Show that the number of odd permutations in G is either 0 
or |G|/2. 

(The second isomorphism theorem for groups) Let H and K be subgroups of G. with K 
normal in G, and let HK = {hk: h © H. k € K}. Show that HK is a subgroup of G. K 
is normal in HK, HO K is normal in H, and H/(H NM K) = HK/K. 


Let K be a normal subgroup of G and let ./f be a subgroup of G/A. Prove that (v: Ka © 21} 
is a subgroup of G. 


? Via e ‘ . 
Prove that the only automorphism of Q(V 2) is the identity. 
Suppose that p is prime, ga) © Qhrj. and |G(E/Q), = p, where F is the splitting field 
of g(v). Prove that the degree of g(a) ts at least p. Show that this need net be true if Pp 
is not prime. 


Let ev) = 2)" 3) and let E be the splitting field of e(.). Show that |G(E/Q)) = 4. 
Let E be as in the previous exercise. Prove or disprove: G(E/Q) is cyclic. 


Richard Hamming 
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neering and a fellow of the Institute of Electrical and Electronics 
Engineers (IEEE), which has named one of its awards, the Ham- 
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awards and honors. Among these are the Turing Lecture Prize, 
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CHAPTER'S 


Algebraic Coding Theory 


It is claimed that if a hole two millimeters in diameter is drilled in a compact disc. 
it will still play without any discernible loss of quality. The explanation for this is 
redundancy, the repetition of information so that it can be reconstructed even if some 
is lost or incorrectly transmitted. 

The methods of such reconstruction are mathematical. and will be investigated 
in this chapter. There are many applications besides compact dises. Data transmis- 
sion is always subject to errors, but with suitable encoding. mest of these can be 
corrected. An example where this is important is the radio transmission of data trom 
a satellite thousands of miles from the receiving station. Another is the encoding of 
information in the memory of a computer so that even if parts of it become unread- 
able, the information can be recovered from what is left. 


9.1 ERROR-DETECTING AND ERROR- 
CORRECTING CODES 


384 


We will consider information in the form of a sequence of 0's and I's. called binary 
digits. This is the form in which information is stored in the memory of a computer 
or on a compact dise or digital audio tape, or sent from one computer to another 
over telephone lines. 

In order to fix our ideas we will consider information being transmitted in the 
form of a string of binary digits. Blocks of digits may represent letters or numbers. 
For example, the 26 letters of the alphabet can be encoded in S-digit blocks as in 
the table in Figure 9.1. Using this system the message CAT would be transmitted 
as 


00010 00000 10011. 
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A 00000 I 01000 Q 10000 Y 11000 
B_ 00001 J 01001 R_ 10001 Z 11001 
C 00010 K 01010 S 10010 space 11010 
D 00011 L O1011 T 10011 period 11011 
E 00100 M_ 01100 U_ 10100 comma 11100 
F 00101 N 01101 V 10101 apostrophe 11101 
G 00110 O 01110 W_ 10110 semicolon 11110 
H 00111 PS Oli x 10Hi1 question mark 11111 


Figure 9.1 


Unfortunately. errors may occur. If, for example, the first digit of the encoded 
version of CAT somehow got changed from a 0 to a 1, then we would receive the 
string 

10010 00000 10011, 


which would be decoded as SAT instead. We will show how by introducing redun- 
dancy to the message, we will be able to detect and sometimes even correct such 
errors. 


M@ EXAMPLE 1 One of the simplest schemes is to add a parity check digit to each block of 
the message. In our example, we might append to each 5-digit block an extra digit 
chosen to make the total number of 1's in the block even. For example, we would 
add a | to 00010, making it 000101, while we would add a 0 to 00000, forming 
000000. Under this system, CAT becomes 


000101 000000 100111, (F215 


and SAT becomes 

100100 000000 100111. 

Now suppose the first digit in (9.1) gets changed to a | as before. We read the 

message 

100101 000000 100111. 
Clearly something is wrong here. The block 100101 must be a mistake, since it 
contains an odd number of |’s. Unfortunately we cannot inter what the original block 
was. Even assuming that only one digit was changed, the original block could have 
been 


It 


C, 110101 = space, 101101 = W, 
Q, 100111 = T, or 100100 = S, 


000101 
100001 


depending on which digit was changed. Probably the best translation of the message 
would be 
yes T. 
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At least we would know that an error had occurred, and in some circumstances could 
request a retransmission of the message. Mf 


Example | illustrates an error-detecting scheme. We can tell if an error is made, 
but cannot reconstruct the correct message. Later we will examine error-correcting 
systems, in which we can not only detect an error, but also make a reasonable guess 
of what the intended message was. 

Of course in Example 1 the message CAT = 000101 could still be read as 
SAT = 100100 if two digits got changed in transmission, both the first and last digit. 
If the probability p of an error in any one digit is small, however. then the probability 
of more than one error in a block is much smaller still. For example. if p = .01, 
then the probability of exactly one error in a 6-digit block is about .057. while the 
probability of two or more errors is about .0014. Thus in this case a single error in 
a block is about 40 times more likely than two or more errors. 

In this chapter we will confine all questions of probability to the exercises. and 
concentrate on the algebraic ideas involved in coding theory. In general. however, 
we will assume the following. 


(a) The probability of changing a 0 to a | is the same as that of changing a 1 
toa 0. 

(b) The probability of an error in any digit is the same, and independent of 
whether there are errors in other digits. 

(c) The probability of an error in any one digit is sufficiently small so that in 
any block, if there are errors, the number of them is likely to be small. 


™@ EXAMPLE 2 Another error-detecting scheme is simply to send each block twice. Thus C 


becomes 00010 00010 = 0001000010, and CAT is sent as 
0001000010 0000000000 1001110011. 
If the first digit is changed to a 1 we receive 
1001000010 0000000000 1001110011. 


and recognize that there must be an error in the first block. Assuming that only one 
digit is incorrect, the block sent must have been OOOLOOOOLO = C or LOOLOLOOLO = S. 
Since we cannot tell which, the message must be interpreted as ? AT. 


The system in Example 2 seems inferior to that in Example 1 since each letter 
must be represented by a block of 10 digits, as opposed to 6 digits. with no evident 
advantage in detecting errors. In order to quantify the relative proportion of infor- 
mation of coding schemes, let us adopt some language. Suppose the information we 
are trying to send consists of blocks of & binary digits. We will call each such block 
a message word, and call & its length. Thus in our example we have k = 5. and a 
typical word is 00010, which represents C. (Ignore the fact that C is a letter and not 
an English word.) 

What we send are not k-digit words, however, but longer strings called code- 
words. If cach codeword has length n, then the system is called a (k, 7) block code. 
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Example | gives a (5, 6) block code and Example 2 a (5, 10) block code. Since we 
will consider only block codes in this chapter, we will generally drop the word “block” 
and refer to them simply as “codes.” 

The efficiency of a code is the ratio k/n. The efficiencies in Examples 1 and 2 
are 5/6 ~ .83 and 5/10 = .5 respectively. All other things being equal, we prefer 
a code having a larger efficiency. The efficiency of a code can be thought of as the 
proportion of information in a transmission. 

In our examples so far we have formed the codewords by simply adjoining digits 
to the corresponding message words. Other systems are conceivable, however. All 
that is really needed is a one-to-one function V from the set of message words into 
the set of codewords. Then given a message 


Wy. Wo, W355 - 205 
what is transmitted is 
V(w,), V(w.), V(w;), eee 


We call WV the coding function. Notice that if Y were not required to be one-to- 
one, then we would have c = V(w) = V(w’), with w ¥ w’. But then if the codeword 
c were received, we would have no way of telling whether the message word was 
w or w’. The general scheme of coding, transmission, and decoding is shown in 


Figure 9.2. 
OWI. ——- 

—e oe van a'a'eva'aal a k-digit message 
k-digit message n-digit transmission n-digit blocks | decoder | words or error 
words codewords (with noise) received indications 

=. WWW> eens 
Wn 
Figure 9.2 


@ EXAMPLE 3 Suppose that given any 5-digit word w, we form V(w) simply by repeating 1 
three times. Thus ¥(00010) = 00010000 1000010, and CAT is encoded as 


000 100001000010 OOBDODOODOOO00000 1001110011 1001T. 


This (5, 15) code has the low efficiency of 5/15 = 1/3. It has the advantage of 
being error-correcting, however. Suppose the first digit of C = 00010000 LO000 TO 
is changed, so that we receive 100100001000010 instead. We know that something 
is wrong, since this is not any 5-digit word repeated three mes. Breaking what ts 
received up into three parts gives 


10010 00010 00010. 


Assuming only one error, we see that it must occur in digits 1,6, or TT. Furthermore. 
we can correct it simply by taking a majority vote. Thus we decide the original word 
was 00010. 


This works no matter where the error occurs, so long as there ts only one error 
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in the codeword. For example, if c = 101101001010110 is received. we break c 
into 
10110 10010 10110, 


and decide that the original word must have been 10110 = W. @& 


A minimal requirement we might impose on a code is that it detect any error 
involving just one digit in a block. To achieve this we need more than that the coding 
function V be one-to-one. Suppose that two elements c, and c, in the image of V 
differ in only a single digit. Then if that digit of c, gets changed. we will read c; 
and not know that an error has occurred. 

Given two codewords c, and c, of the same length. we define the distance be- 
tween c, and c, to be the number of corresponding digits that are different in c, and 
c,. We denote this by d(c,, c,). For example, 


d(10110, 10111) = 1, and d(10010001, 01101010) = 7. 


In light of the previous discussion, we see that in order for a code to enable us to 
detect single-digit errors, the distance between any two distinct codewords must be 
at least 2. It appears from Figure 9.3 that we can correct single-digit errors if the 
distance between any two codewords is at least 3. sinee if c, is sent and changed to 
the non-codeword c,’ a distance | away. then any other codeword must be at least 
2 away, and so cannot have been sent if there is a single-digit error. 


codewords 
Cy c Cc (op 
— ©#—_—_@__+—__.+_—__@ «+--+ -@ «+ —« -g@ 
con G Ci, Cc Cs ra c. 
Figure 9.3 


Such a conclusion relies on geometric intuition, however. and must be contirmed 
by a proof. Actually. there ts no reason to think of codewords as Iving on a line as 
in the figure. Nonetheless, the following theorem can be used to verity our reason- 


ing. 


@ THEOREM 9.1 (The Triangle Inequality) = /f«). ¢. and ¢; are any words of the same length, 


then 


dc), C3) = Mc 3 C>) + aes, C,). (9.2) 


Proof Suppose the words ¢, and c, differ in their Ath digits. Then either c, and c, 
or clse ¢, and ¢, must also differ in the kth digit. Thus every difference counted on 
the left side of (9.2) must also be counted on the right side. This implies the in- 
equality. 
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Now suppose that the block c’ is received, and d(c’, c,) = 1, where c, is a 
codeword. Suppose also that the distance between any two distinct codewords is at 
least 3. Let c, be any codeword different from c,. Then by (9.2) we have 


3S dc), 2) = d(c,, c') + d(c', c.) = 1 + dc’, c,), 


and so d(c', c,) = 2. Thus if at most one digit is wrong, c, cannot have been the 
codeword sent. We can safely assume that c, is the correct codeword. 


@ EXAMPLE 4 Suppose that given a message word w, we form the corresponding codeword 
by listing w twice and then appending a digit that is 0 or 1 according as the number 
of 1's in w is even or odd. For example, the word C = 00010 would lead to the 
codeword 00010 00010 1. We claim that this scheme can correct all single-digit 
errors. 

On receiving an 1|1-digit block, we break it into two 5-digit blocks b, and b, 
and a single parity check digit p. If b, = b,, then we ignore p, and take the message 
word to be b,. If b, # b3, however, we use p to decide which of b, or b, is the 
original word w. Note that if there is only one error, then the numbers of 1’s in 5, 
and b, cannot be both even or both odd. Thus we will choose the block b, or b, with 
the even or odd number of 1’s according as p = 0 or p = 1. 

We will show that in fact the distance between any two distinct codewords is 
at least 3 in this scheme. Consider distinct words w, and w,. The corresponding 
codewords have the form w,w,p, and w,w,p,, where we have indicated by juxta- 
position the concatenation of blocks. Now if w, differs from w, in two or more digits, 
then we have d(w,w,p,, W2W2p2) = 4, because of the repetition. If w, and w, differ 
in a single digit, however, then the number of I’s is odd in one and even in the 
other. Thus p, # p2 and so d(w,w,p,, w2w2p2) = 3. Notice that this analysis does 
not depend on the length of the message words. MH 


Our general decoding scheme will be as follows. Suppose that WV is the coding 
function, and let C be the set of all codewords, that is, the image of W. Since V is 
one-to-one, an inverse function VW | exists with domain C. If we receive an n-digit 
codeword c, we will decode it as the corresponding k-digit word w = W '(c). If we 
receive a noncodeword c', however, we will decode to w = W '(c), where ¢ is the 
nearest codeword to c’. This will be the codeword that differs from c’ in the smallest 
number of digits. If there is a tie for which codeword is nearest, then we will simply 
record that an error has been made. 


@ THEOREM 9.2 Consider a block code where d is the minimal distance between any two 
distinct codewords. Then this scheme is error-correcting for m or fewer errors if 
and only if d 2 2m + 1. It is error-detecting for mor fewer errors if and only if 
d =m + 1. 


Proof We will prove the statement about error-correcting codes, and leave the 
statement about error-detecting codes for the exercises. Suppose that d+ 2m + 1. 
Let the codeword c be sent and the word ¢’ received. Then d(c. c') sar if there are 
m or fewer mistakes. To show that c’ will be corrected to c, as it should be, we 
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must show that no other codeword is as close or closer to c’. But if the codeword 
c* is no further from c’ than c, then d(c*, c’) = m. This means that 


dc, c*) = d(c, c') + dc’, c¥) = m+ m=2m 


by the triangle inequality, contradicting the definition of d. 

Conversely, suppose that d = 2m + | is false. so that d = 2m. Then there exist 
distinct codewords c and c* such that d(c, c*) = 2m. To make things definite assume 
that c and c* differ in their first r digits and agree in the remaining n — r digits. so 
that r = 2m. Let s = min(r, m), and let c’ be the word formed by changing each 
of the first s digits of c. Then d(c, c’) = 5 = m, and so c could be sent and c’ 
received with no more than m errors. We will show that 


dte*, c') SG c 7: 


which means that the code will not correct m errors in this case. 


Casel r=m. 
Then s = r, so that c’ = c¥. Thus d(c*, c') = 0 = d(c, c’). 


Case2 r>m. 
Then s = m. Since c’ agrees with c* in exactly their first m and last n — r digits. 
we have 


dc*,c)=n—-(m+n-r) =r — m= 2m -—- ma=m=s=dec'). 

Theorem 9.2 shows that in order to have a good code. that 1s. one that corrects 
as many errors in a block as possible, the codewords must be chosen so that the 
minimum distance between them is large. (See Figure 9.4. where the heavy dets 


represent codewords.) The rest of this chapter will be coneerned with discovering 
such good codes. 


set of n-digit words set of a-digit words 


bad code good code 


Figure 9.4 
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Another issue needing attention is the actual implementation of encoding and 
decoding. Interpreting non-codewords that are received is a special problem. When 
n, the length of the words sent, is large, comparing a received word with all code- 
words to find the nearest one could take more time than is available. When a compact 


disc is playing, for example, it is not acceptable to stop the music to wait for de- 
coding. 


EXERCISES 9.1 


Note: Exercises 9-12 and 37—39 require concepts of probability. 
In Exercises 1—4 encode, using the method of Example 1. 


LaPeer 2. CUP 
3. THE 4. SPY 


In Exercises 5—8 decode, using the method of Example 1. 


5. 100111101000001100 6 O01TTTOOL000T01 LOIN 
Uo (WW BI Ot) di Oo aN 8. 100010101000001000 


9. Find the probability of exactly one mistake in a 6-digit codeword, if the probability of 
an error in any digit is .01. 


10. Find the probability of more than one mistake in a 6-digit codeword, if the probability 
of an error in any digit is .01. 

11. Let 6-digit codewords be sent, and let p be the probability of an error in any digit. For 
what p is the probability of one mistake in a codeword equal to the probability of two 
mistakes? 


12. Let 3-digit codewords be sent, and let p be the probability of an error in any digit. For 
what p is the probability of one mistake in a codeword equal to the probability of more 
than one mistake? 


In Exercises 13-14 decode, assuming the method of Example 2. 


POO] LOO aT ROR OME OFOFOMFOFOMMe Tf ORM 
14,.01011010110000000000101 1110110 


15. What is the efficiency of a block code if the message words have length 4 and the code- 
words have length 7? 


16. Suppose that the method of Example 4 is applied to message words of Iength 4. What 
is the efficiency of this code? 


17. Find d(1010, 0001). 18. Find d(lOlol, 01110). 
19. Find d(10110111, 11101101). 20. Find d(01 10001111, 1001001001). 


In Exercises 21 -24 consider a code with codewords OOOOOO, LL LO00, OOOLT LE. ELELIEE. Fard 
the nearest codeword to the given word. 
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21. 101000 22. 100111 
23. OL 24. 100011 
In Exercises 25-26 decode using the method of Example 3. 


25. 010110101100011001000010000100101100011000110 
26. 100111001111011010100111101110111000010001100 


In Exercises 27-28 decode using the method of Example 4. 


27.011000111000111001110001 hOD1 hemo 
28.101101001001001110011011000100000 


In Exercises 29-32 compute the minimum distance between any pwo of the codewords given. 


29. 0000, 1010, 0101, 1111 30. 11110, 11011, O1111, 10111, 1110! 
31. 100001, 010100, 001010, 011110, 101011, 110101 
32. 100110, 010101, 001111, 110011, 010001, 101001, 111100 


In Exercises 33-34 encode using the method of Exercise 42. 
Ses 10l 34. 0001 

In Exercises 35—36 decode using the method of Exercise 42. 
35. 11100011 36. 11101101 


37. Find the probability p, of exactly one mistake in an n-digit codeword, if the probability 
of a mistake in any digit is p. 

38. Find the probability p’ of more than one mistake in an n-digit codeword, if the probability 
of a mistake in any digit is p. 

39. Let p, p,, and p’ be as in Exercises 37 and 38. Shew that if 1s tived, then p'/p, = 0 
as p > 0. 


Exercises 40 and 41 finish the proof of Theorem 9.2. Assume a block code where the minimum 
distance between any two distinct codewords is d. 

Show that if d = m + 1, then all errors in m or fewer digits are detected. 

Show that if all errors in m or fewer digits can be detected, then d => m + 1. 

42. Consider the following table. 


ay a> as 
QA, aj (crs 
amma | 


We define a (4, 8) code as follows. Let a,a,a,a, be the message word. Choose a, so 
that the number of I's in the first row is even. and choose a, so that the number of 1's 
in the second row is even, Choose a- and ay similarly, using columns. Show that this 
code corrects all single-digit errors. 
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43. gee J be a positive integer. Generalize the previous exercise to show that there is a 
Gee yr ge J) code that corrects all single-digit errors. 

44. Use the previous exercise to show that if € > 0, then there exists a code correcting all 
single-digit errors with efficiency exceeding 1 — e€. 


9.2 THE ALGEBRA OF BLOCK CODES 


In this section we will put our study of codes in an algebraic setting. We start with 
the digits 0 and | that are the basic building blocks of the information we want to 
store or transmit. We can regard these as elements of the ring 2,. Furthermore, a 
string of m elements of =, can be thought of as a 1 X m matrix (sometimes called 
a row vector). Thus in a (k, m) code the message words are elements of Wf, .4(>) 
and the codewords are elements of .¥f,.,,(2,). We will use the more os notation 
=." for M,.,,(—2). Thus if VY is the coding function of a (k, n) code, then VW: 2‘ > 3”, 
aaa the image of V is the set of codewords. 

According to the definition of matrix addition, elements o 
wise, so that for example 


Weenie) LhOOO]— (021 14+1 0471 040 140 149 
MeO Ob Ty]; 


cee m 


are added point- 


ee 


For a fixed m, the set =,” of | < m matrices with entries in 2, is an Abelian group 
under addition. The identity element is the matrix 0 of all O's, and each matrix is 
its own inverse, since 0 + 0 = 1 + 1 = Oin Z,. 

In the context of codes, this means that both the domain 2,‘ and codomain = 
of the coding function VY are additive groups. The set of codewords, which is the 
image of WV. is a subset of the group —,". It turns out that there are advantages to 
choosing the set of codewords to be a subgroup of 2". As a matter of fact, in each 
of the examples of codes given in Section 9.1, the set of codewords is a subgroup 
of =.". We call a (k, n) code a linear code if the set of codewords is a subgroup of 


avn 
awe? + 


ag 


We will confirm the statement about the examples in Section 9.1. First we note 
that according to Exercise 42 in Section 7.3, in order to show that a nonempty subset 
of a finite additive group is a subgroup, it suffices to show that it is closed under 
addition. 

Example | of Section 9.1 was a (5, 6) code in which we added a parity check 
digit to each 5-digit message word so as to make the number of I's in each codeword 
even. Thus the set of codewords in this example is just the set of all elements in =.° 
containing an even number of I's. But we claim that if two words ¢, and cy both 
have an even number of |’s, then so does c; + ¢>. 


If c is any word, let w(c) denote the number of 1’s in c. Let c, = [4 x)... Xn] 
andes = (yy Yo «<> Yal- CHEN 
w(c, + co) = w(c,) + wle2) — 22, (9.3) 


where ¢ is the number of / such that 1, = y, = 1. This is because every | inc, turns 
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up as a 1 in c, + c, unless it is cancelled by being added to a corresponding 1 in 
C>, and the same goes for the 1’s in c,. Thus if w(c,) and w(c2) are both even, then 
so is w(c, + cz) by (9.3). We see that the set of words with an even number of 1's 
is closed under addition, and so forms a subgroup. 

The number w(c) of 1’s in a word c is called the weight of c. The concepts of 
weight and distance are closely related, as the following theorem shows. 


@ THEOREM 9.3 /f u and v are two words of the same length, then d(u, v) = w(u — v). If H 


is a subgroup of =,", then the minimum distance between two distinct words in H is 
the same as the minimum weight of a nonzero element of H. 


Proof Consider words u = [u, u,... u,,] and v = [v, v;... v,,]. Note that u, — v, = 1 
exactly when u; and v, are different. This proves the first statement of the theorem. 
and the second statement follows immediately from it. @ 


According to Theorem 9.2 the error-correcting and error-detecting ability of a 
code depends directly on the minimum distance d between different codewords. 
Theorem 9.3 offers a much easier way to compute d in the case of a linear code. 
For if there are 2 codewords, then there are (2‘) — 2‘ pairs of distinet codewords 
to compute the distance between. On the other hand. there are only 2° — | nonzero 
codewords to compute the weight of when Theorem 9.3 applied. The second number 
is generally much smaller. For instance when & = 5. as in Example | of Section 
9.1, then making use of Theorem 9.3 means computing 2> — 1 = 31 weights instead 
of (2°)? — 2° = 992 distances. 

It is clear that the minimal weight for a nonzero word with an even number of 
1’s is 2, and so d = 2 for any code where a parity check digit is appended to each 
message word. Thus by Theorem 9.2 such a code will detect single errors and correct 
no errors. d 

Example 2 of Section 9.1 is a (5, 10) code in which codewords are formed by 
simply listing the message word twice. For example W([11010]) = [11010 11010]. 
Thus the set of codewords consists of all elements of 2." such that the last 5 digits 
repeat the first 5. This set is clearly closed under addition, and so the codewords 
are a subgroup of 2," and we have a linear code. The smallest weight of a nonzero 
codeword is 2, and so again this code detects single errors but corrects no errors. 

A similar argument applies to Example 3 of Section 9.1, in which each message 
word ts listed three times. Here the smallest weight of a nonzero codeword is 3. 
Thus by Theorem 9.2 this code corrects I-digit errors and detects 2-digit errors. 

Finally, in Example 4 of Section 9.1 codewords were formed from 5-digit mes- 
sage words by listing the message word w twice and then appending a parity check 
digit based on w. Thus a codeword is an element of <,'' such that 


(a) digits six through ten repeat digits one through five, and 
(b) there are an even number of 1’s among the last six digits. 


The arguments already given show that if codewords ¢, and ¢, have properties (a) 
and (b), then so does ¢, + c.. Thus this is a linear code. We easily see that the 
minimum weight of a nonzero word with properties (a) and (b) is 3. 


‘ 


-Coset Decoding 
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Suppose we have a linear (k, n) code. When a word c’ in 2,” is received, we need 
to find the nearest codeword in order to initiate the decoding process. We will now 
describe a technique that will avoid computing the distance between c’ and each 
codeword by means of a table prepared in advance. 

Let the set of codewords be the subgroup C of 2,". We list the elements of C, 
starting with 0, along the top of our table, as follows. 


Cye=n0 (SG. OG, 


Now we pick the element in =,” of smallest weight that has not been listed yet, say 
u,. We fill in the second row by adding u, to each of the codewords in the top row, 


in turn. 


uy Wet 1G; Ui ar (ey Res esta Ge 


Again we choose a word from =,” of smallest weight that has not been listed yet, 
say u>, and use it to form the third row of our table in the same way. We continue 
in this way until we have used up all the elements of Z,”. 

Notice that the second row is the coset u, + C, the third row is the coset u, + C, 
etc., and these are distinct by our choice of the elements u;. Thus each element in 
<," appears in our table exactly once by Theorem 7.10. The elements co, u,, U2, ... 
in the left-most column are called the coset leaders of their respective rows. 


M@ EXAMPLE 1. Consider the (2, 5) code where we form the codeword corresponding to a mes- 
sage word in <,° by listing it twice and then appending a parity check digit. This is 
a scaled-down version of Example 4 of Section 9.1, and can be shown to be a linear 
code in the same way. Here we have the set of codewords 
C = {[00 00 0], [01 01 1}, [10 10 1}, [11 11 O}}. 


Clearly u, = [10000] has minimal weight for a word in =,°\C. We use u, to make 
the second row of our table as follows. 


[00000] | [01011] [10101] [11110] 


(10000) | [11011] [00101] [O1110} 


An element of minimal weight not in the table yet is uw, = [01000], and we use it 
to form the third row of our table. 


(00000) | [O1O11] [10101] [11110] 


[10000] | {11011] [00101] [O1110] 

[01000] | [OOO11) [11101] [10110} 
We continue in the same way, ending with the table in Figure 9.5. The dotted line 
will be explained later. & 
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[00000] [01011] [10101] [11110] 


[ 10000} [11011] [00101] [01110] 
[01000] [00011] [11101] [10110] 
[00100] [01111] [10001] [11010] 
[00010} [01001] [10111] [11100] 


ee | ea 


[11000] [10011] [01101] [00110) 
[10010] [11001] [00111] [01100] 


Figure 9.5 


A table constructed for a linear code in this way is called a standard array. 
Given a transmitted word we find it in the array and associate it with the codeword 
at the top of the column in which it appears. 


m@ EXAMPLE 2 Let us use the standard array of Example | to decode the transmission 
01111 01110 01010 11001 10000 ITETO: 


We find these words in columns 2, 4. 2. 2. 1. and 4. respectively. and so replace 
them by the codewords 


O1011 11110 01011 01011 00000 11110 


atop these columns. Since the first two digits of each codeword is the original mes- 
sage word, the message is 


011101010011. @& 


This procedure is called coset decoding. Its justification is found in the follow- 
ing theorem. 


@ THEOREM 9.4 Let ¢ be the codeword at the top of the column containing the word v in a 
standard array. Then no other codeword is closer to v than c. 


Proof Let c* be a codeword different trom c. and let w be the coset leader of the 
row containing vy, so that v = uw 4+ c. (See Figure 9.6.) Suppose that dav. c*) < 
dv, c). Then by Theorem 9.3 we have w(v — c*) < w(v — c) = w(u). But 
(v — c¥) —u=(v -— u) — c¥ = c — c*® E C, and so v — c* is in the same row 
(1.e., coset) as uw. Thus the inequality contradicts the choice of the coset leader u. 


One problem with coset decoding as presented is that it decodes every word 
received, even those that must contain more than the number of errors that are cor- 
rectable. For the linear code in Example | the smallest weight of a nonzero codeword 
is 3, and so only single-digit errors can be corrected. For example the received word 
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Figure 9.6 


[11000] in column | would be corrected to [00000], and yet the codeword [11110] 
is the same distance away. 


This problem can be solved by noting that if c is any codeword and u is any 
coset leader, then 


w(u) = w(lu +c — c) = dtu + c,c). 


Thus all words in a row of the standard array are the same distance from the code- 
word to which they would be corrected, namely w(u), where u is the corresponding 
coset leader. If we know our code can correct only ¢ errors, then when using coset 
decoding we could only correct received words in rows with leaders of weight no 
more than ¢. By the construction these rows will always precede the rows with leaders 
of weight exceeding f¢. 

In Figure 9.5 the dotted line separates the rows whose coset leaders have weight 
more than |. In the transmission 


O11) 01110 01010 11001 10000 11110 


of Example 2 only the fourth word falls below that line. Thus a more reasonable 
decoding might be 


011101 70011. 


EXERCISES 9.2 


Note: Exercises 27 and 28 require concepts of probability. 


In Exercises 1—6 do the indicated matrix computation in 2,” for the appropriate m. 


1.{10101})+ [00111] 

® (110 160) + (011011) 

eS (101 Oem Momeeyiroi 11 
4.{111000)-(010101)+ [11001 1) 
5. 2110111) — 3{1011 0] 

6. 51 1001) - 910101] 
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In Exercises 7-12 tell whether the given set of words is a subgroup of the appropriate group 


ovm 


mn): 


ae 
8. 
9. 
10. 
11. 
12. 


13. 


{[1 0 1], (0 0 0}, [1 1 0), [0 1 1} 

{(0 00 OJ, [1110], [101 1], (01 1 1), (110 1} 

{[1 00 0], [100 1], (000 1], [000 0} 

{0 00 0}, [001 1), (010 0}, [1001], [1 101). [101 0). (011 1). [111 O} 
{[a, dp a3 a4 as] € Z,°: ay = a, + as} 

{[a, a, a; a4 as] © Z,°: a, = 0 if a; = 0} 


Let w € 2,°. Let V(w) be formed by listing w four times and then appending a parity 
check digit based on w. What is the efficiency of this code? Is 1 linear? What is the 
minimal distance between distinct codewords? 


In Exercises 14-17 construct the standard array for the given code. Draw a line above which 
received words can be corrected. When choosing among possible coset leaders u of the same 
weight choose u, before uy if uy > uy when interpreted as base 2 integers. For example. 
choose [1 0 0 1] before [0 1 1 0] because 1001, = 8 + 1 =9>0110,=4+2 = 6. 


14, 
15. 
16. 
17. 


The (2, 6) code formed by listing w € Z,’ three times. 

The (1, 5) code formed by listing w € Z,' five times. 

The (3, 6) code where V([w, w. w3]) = [w, wr. wz w, + Ww. w, + Ww; Ww. + wy). 
The (2, 6) code where V([w, w2}]) = [w, w. Ww, wr w, ww, + Wo). 


In Exercises 18—21 decode the given transmission by using the standard array in Figure 9.5. 
Do not correct words with more than one error. 


18. 
20. 


22. 
23. 
24. 


25. 
26. 


Pile 


28. 


29. 


10101 10001 00001 10110 19. 11011 11110 11100 01001 
00100 01011 10011 11010 00101 21. 01011 10100 10101 11001 11110 
Show that if a@ and b are in 2,”, then a + a = Oanda — b=a +b. 


Show that if a € 2,” and n € <, then na = 0 if n is even and na = a if n is odd. 
Show that if 1 is a subgroup of <,”, then the order of H is 2’, where r is an integer not 
exceeding m. 

Write out a proof of the second sentence of Theorem 9.3. 


Give an example to show that the second sentence of Theorem 9.3 may not be true if 
H is a subset but not a subgroup of =,". 


Consider the (5, 11) code of Example 4 of Section 9.1. Suppose the probability of an 
error in any one digit is .O1. Show that the probability of sending 100 blocks with all 
errors corrected is greater than .59. 

Suppose that under the circumstances of the previous exercise no error-correcting scheme 
is used. Show that the probability of sending 100 (S-digit) blecks with no errors is less 
than .007. 

Let r and s be positive integers. Consider the (r, rs + 1) code such that Vor) is w listed 
s times with a parity check digit based on w appended. Show that this is a linear code. 


- Show that the minimum distance between distinct codewords for the code in the previous 


exercise is s + I. 
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31. Show that if w = [w, w. ... w,] and if p is a parity check digit based on w, then 
(PRA ich Wola 


32. Prove that if a, b, and c are words of the same length, then d(a, b) = da + c, b + ¢). 
63) Show that the sum of all the elements in 2," is 0 if n > 1. 
34. Let G; be the additive group 2, for i © N = {1, 2, ..., n}. Show that 


z= Dd G,. 
ea 
(See Exercises 55—58 of Section 8.2.) 


cy mtn 


35. Show that 2," © 2," = 2,""" for all positive integers m and n. 

36. Show that the word v appears in the row with coset leader u and the column headed by 
c in the standard array if and only if v + u = c. Thus in a computer implementation of 
coset decoding only the coset leaders and codewords need be kept in memory. 


37. Suppose we have a linear (k, n) code with a standard array such that every element u in 
=," with w(u) = ¢ is a coset leader. Show that this code can correct any f errors. 


9.3 MATRIX CODES 


avn 


We have seen that a (k, n) block code involves a one-to-one function VW: 2,‘ > 2,", 
where the image C of W is the set of codewords. If C is a subgroup of =,”, then 
certain computations are easier, and what we have is called a linear code. One way 
to guarantee that C is a subgroup of <," is to require that VY be a homomorphism, 
since the image of a group homomorphism is a subgroup of its codomain by Theorem 
8.4. 

Because our domain 2,‘ and codomain =,” are groups of matrices, it 1s natural 
to look to matrices to find homomorphisms WV. The following theorem shows that 


matrix multiplication provides a simple way to define homomorphisms. 


@ THEOREM 9.5 Ler k and n be positive integers, and let A © M,.,(=s). Define WV: 24 > 2" 
by 
W(u) = uA (9.4) 


Then V is a homomorphism. If W is one-to-one, then tt defines a linear (k,n) block 


code. 


Proof Notice the product uA is defined, since w and A are | * A and & & nm ma- 
trices, respectively. Furthermore. the product vA isa 1X nm matrix, and so ts in <y. 
But then 

Wu + v) = (ut viA = uA + VA = Wu) + Vv) 
by one of the distributive laws for matrix multiplication. (See Exercise 23.) Thus ¥ 


is a homomorphism. As was noted above, Theorem 8.4 then says that the image of 
W is a subgroup of 2,". Thus if W is one-to-one, then it defines a linear code. a 
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If A is a k X n matrix such that (9.4) defines a one-to-one function from ap 
into <,”", then we say that W defines a matrix code. It so happens that every code 
we have considered so far is a matrix code. 


@ EXAMPLE 1 In Example | of Section 9.1 we examined the (5, 6) code formed by adding a 
digit to each message word to make the total number of 1s even. This corresponds 
to a matrix code with 


> 

i 
So erorer— 
SJE 
oorc Oo 
o-oo oo 
= =) 


For note that 


I O/0 6 0 4 
0 | 38 Gi 
[w, W.W;,W,WsJA = [w,w.Ww,W,W5])]0 0 1 0 0 1 
0 0 0.1 0 7 
OF OF EO F l 


=[w, W. Wy Wy We WwW, + Wr + wy + wy + wel. 


But w, + w2 + wy + wy + ws is O or | according as the number ef 1’s in the mes- 
sage word is even or odd, and so is exactly the parity check digit. 

Notice that we can think of partitioning the matrix A as A = |/< | J). where /< 
is the 5 X 5 identity matrix, and J is the 5 \ 1 matrix of all I's. The effeet of the 
first five columns of A (the /; part) is just to repeat the digits of the original message 
word. @ 


mM EXAMPLE 2 Consider the (2, 5) code of Example | of Section 9.2. in which each 2-digit 
message word was listed twice, and then a parity check digit appended. This is a 
matrix code corresponding to the matrix 


all. Ole Om 
ma, 9 oa 


For note that 


Pr 1 0.1 
[w, wJA = [w, wo] E — || = W2 Wr Wr WwW, + wy], 


As betore, wy, + wy is QO or | according as the message word [w) ws) has an even or 
odd number of 1|’s, and so is the required parity check digit. 

In this case A has the form [/, | J]. where the effect of J is to repeat the message 
word and append the parity check digit. 


M@ EXAMPLE 3 Consider the (4, 8) code of Exercise 42 of Section 9.1. This code was based 
on the array shown in Figure 9.7. 
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Figure 9.7 


We have W([a, a) a; a4]) = [a, a ay ay ds a4 Az dg], where the digits as, as, a7, 
and ay are chosen so as to make the number of 1’s in each row and column of the 
array even. Notice that this means that 


as = a, + ad, ag = a3 + aa, a, = @; + a3, Ag = a, + ay. 


But it is easily checked that this is the effect of multiplication on the right by the 
4 X 8 matrix 


iO ae 0 1 O01 0 
Wet 0) 0, P80. i 
(mo 4 0 0 Ph 1 0 
Omonor 1 0 WO 4 


Here A has the form [/, : J], where J is a 4 X 4 matrix. IE 


Systematic Codes 


awn 


In all our examples of codes so far, if VW: 2,‘ > 2," is the coding function and 
Wu) = c. then wu comprises the first & digits of c. Such a code is called a systematic 
code. Systematic codes have the obvious advantage that retrieving u from c = Vu) 
is easy. since if ¢ is a codeword, then the message word wu is just the first k digits 
omc. 

When we define VY by W(u) = uA. where A is ak X nm matrix, then we have a 
systematic code exactly when A has the form [/, : J], where /, is the A x & identity 
matrix and J is ak % (mn - k) matrix. All our examples were like this. Note that if 
A = {/, i J], then the corresponding function VY is automatically one-to-one, since 
if uw, * us, then the first k digits of W(e,) and W(,) are different. It is a somewhat 
surprising fact. proved in the following theorem, that every systematic linear code 
is in fact a matrix code. 


@ THEOREM 9.6 Let WV: =. => =.” be the coding function of a systematic linear code. Then 
there exists a unique matrix A © M,.,(2) such that V(u) = uA for all u € eC 


Proof Let 5, be the element of 2. with th digit | and all other digits 0, for ¢ = 
1, 2,..., k. For example if k = 3, then 6, = [1 00}, 6, = [0 1 0}, and 8, = [00 1]. 
Let 


eae, es...C,| — 410; font = 1, 2, ...,% 


Define A to be the k X n matrix with c; as its ith row. 


= fuyeyy For + Ca UjCyn tore + U2 oe UyC\, + °° + Wiel 


= [Myey WiC 12 «-- WCin] + [es€2) Yaar. - - MaGanl * > > eating tea - - UCin] 


i 


U,;C; SP UxC2 aF oie oP U,Cy. 


Denote this element of =,” by c. and let C be the image of VW. Our code is linear 
by assumption, and so C is a subgroup of 2.". Then each word c is in C, and hence 
Ge. . 

Now since the code is systematic, the first & digits of ¢ comprise 6. and so the 
first k digits of c = ujc, + user + + + ley are [uy us... 4] = uw. By assumption 
there is exactly one element in the image of VY with « as the first & digits. namely 
Wu). Thus V(u) = c = uA. 

We leave the proof that A is unique for the exercises. 1 


The proof of Theorem 9.6 gives an easy way to find the matn\ of a systematic 
linear code. . 


M COROLLARY Consider a systematic linear (k,n) block code. Fer i ® 1. 2.0... ke dere be 
the codeword corresponding to the message word 6, wheré & © 2 hav all digits 
0 except for al in position i. Then the matrix ef this cedé has the codewerds © as 
rows. 


W@ EXAMPLE 4 Consider the code based on the array in Figure 9.7. Note that 
c; = W([1000)) = [10001010], c, = W((0100)}) = [0100100 1}, 
ec; = W((0010)}) = (0010011 0), cy = ¥((000 1)) = (00010101). 


Thus the matrix of this code is 


ooo- 
2) SSS) 
o-=- © © 
[— (ee) (ah (=) 
(Sy) SS) ae 
—rm O © 
ta) I ee 
= Oo = So 


This agrees with our result in Example 3. 
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The Check Matrix of a Code 


In Section 9.2 we considered coset decoding, in which a standard array was used to 
associate each possible received word in =," with a codeword a minimal distance 
away. This amounts to finding a received word in a table with 2” entries, and so 
could be quite time-consuming if n is large. In this and the next section we will 
describe decoding methods that are more efficient in the case of a systematic matrix 
code. 

Let A = [/, : J] be the & X n matrix of a systematic (k, n) code. We define an 


n X (n — k) matrix A* by 


That is. A* is the matrix whose first k rows are the matrix J and whose last n — k 
rows form an identity matrix. 


M™ EXAMPLE 5 The matrix of Example 2 was 


m@ LEMMA 


She. 0s a ee 005 
a=|f 101 t= ae ertewhere = [1 , i 


Then k = 2,n =5,n— k = 3, and 


1 O 1 
Af 0 1 1 
At=]-:-|/=/]1 0 0 
ee OF 1 50 
On Oe | 
Note that in this case we have 
ie Gr 


We call A* the check matrix associated with A. The next result shows that the 
calculation at the end of Example 5 was no coincidence. 


Let A be the matrix of a systematic linear code, and let A* be its check matrix. 
Then AA* is a matrix of all zeros. 


Proof Suppose thatA = [/, : J) sak * nm matrix and A* iveitsen < (rn ™ &) check 
matrix. Note that AA* is defined and is ak * (7 — A) matrix. Let j,, be the element 
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in row rand column s of J. Then row r of A and column s of A* are as shown in 
Figure 9.8. Thus the element in row r and column s of the product matrix AA* is 


lL: [i 


- oy a 


row rof A column s of A* 


Figure 9.8 


The next theorem gives us an easy way to identify codewords for a matrix code. 


@ THEOREM 9.7 Let A* be the check matrix of a systematic linear (k,n) block code. and let 


c € Z,". Then c is a codeword if and only if cA* = 0. 


Proof We define a function ®: 2," — 2." “by O() = vA*. This makes sense since 
A* is ann X (n — &) matrix. Furthermore, © is a homomorphism by Theorem 9.5, 
Let K be the kernel of ®. We will tinish the proof by showing that K = C. the set 
of all codewords, 

First assume that c © C. Then ¢ — wA for some wv © 2.‘, where A is the matrix 
of the code. But then by the associative law for matrix multiplication (see Exercise 
27) 


P(c) = cA* = (UA)A* = u(AA*) = 0, 


since AA* is a matrix of all 0's by the lemma. Thus ¢ € K. This proves that C C K. 
Next we will show that ® is onto 2,""“. Given v = [v, v, ... v,-;] © 2", let 


om) 9 


u=[00...0v, v2... v,-4] © 2)”, where the first k digits of u are 0. Then 
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J 
D(u) = vA* =(00...0v, v,... v4) | °° | = fy, Vices ve) = Vv: 
Iiwe 


Thus ® is onto. 
Now since the image of ® is =,""*, we can conclude from the first isomorphism 
theorem for groups (Theorem 8.12) that 


~ aA ae een k 
~~)? /K =S xs? . 


Thus the order of =,"/K is the same as the order of Z,""“, namely 2”™*. Since 2,"/K 
istthesset ofecosetsvof K ine<,", Theorem 7.10*tells us that |25"| = |K| x |2,"/K], 
Gn2" = |K| x 2°) andisail|K| = 2". 

If ¥: =.°— 2," is the coding function, then VY is one-to-one, and therefore 
|C| = |=‘ | = 2". But we have already proved that C C K. Thus 2‘ = |C| < |K| = 2', 


which means thatC = K. Hf 


M@ EXAMPLE 6 Consider the (2, 5) code where we list each 2-digit message word twice and 
then append a parity test digit. In Example 2 we showed that the matrix of this code 
is 


Thus we have 


te On 

dj ORE 

fe 7 | and A*® =j]-::/=!11 0 O 
I, Ol 50 

OPO 


Note that if uw = [u, Wu uz us us| € Z,”, then 


| 
ae bam | 
UA® = fu) UW, Ugus}|}1 O Of] = [u, + uy w+ ug uy + uy + Us), 
oO 1-0 
(0) ): 


According to Theorem 9.7, u is a codeword if and only if 
Bud — O; u, + ug = 0, and u, +u,t+u,=0 


But the first two equations simply mean that the 3rd and 4th digits of « repeat digits 
1 and 2. Likewise the last equation means that wis chosen so as to make the number 
of 1’s among u,, “ and us even, which is just what a parity check digit should 
do. @ 
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EXERCISES 9.3 


In Exercises 1-6 find the matrix of each code. 


1. The code of Example 2 of Section 9.1. 
2. The code of Example 3 of Section 9.2. 
3. The code of Example 4 of Section 9.2. 
4. The (2, 10) code where each message word is listed 5 times. 


5. The (6, 11) code based on the following table. We have Wi[a, a: a; Gy Gs QJ) = 


[@, Az A; A4 As Ag Az Ag Ay Aiy A),], Where az, Gg. Ay. dy. and a,, are chosen to make the 
number of 1’s in each row and column of the table even. 


Ag Ay Gy 


6. The (4, 7) code based on the following diagram. We have WVi[a,; a: a: as]) = 


[a, Gz A3 A4 As Ag A;], where as, ag, and a; are chosen to make the number of 1's in each 
disk A, B, and C even. 


In Exercises 7-16 a matrix A is specified. Find the corresponding check matrix A*. 


fae Tam ot oO w 
7 1 
ete Filo 17109 
10001 1 00 leimo 
TO reO tO 10. |/0 10 100 | 
Co Ce ae lets es a a 


11. The matrix of Exercise 1 12. The matrix of Exercise 2 


13. The matrix of Exercise 3 14. The matrix of Exercise 4 


aS. 


K7. 
18. 
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The matrix of Exercise 5 16. The matrix of Exercise 6 


What is the minimal distance between distinct codewords in Exercise 5? 


What is the minimal distance between distinct codewords in Exercise 6? 


In Exercises 19-22 a matrix A is given, along with some words. Use A* to decide which of 
these are codewords. 


2: 


22. 


Zo: 


PO el 1s 

B eat Urn OL. orton ororn 
7 0.0 bee 

Oe SOO en 1) 1 tat 0101), (0110 1) (11011) 
0 Sie a 

mo 0 0 1 0 

io 0M1 1 

00101 of 201000), (011100), {11100 1), [110101 0) 
000101 

(ao 05011 0 

1% ome 1 1 

Ee iia een OOM), (0 TOIT), 
geeo 14081" 0 


[1001010], (0101001) 


Show that if R is a ring, A and B are in ™,,.,(R), and C is in M,,.,(R), then 
(A + B)C = AC + BC. 


. Show that if A © .,,.,(R), where R is a ring with identity 1, and if 6, © .¥,.,,(R) has 


] in the ith place and 0’s elsewhere, then 6A is the ith row of A. 


. Show that under the hypotheses of the previous exercise, 1f A and A‘ are in .M,,.,(R) and 


if uA = WA’ for all u © M,..,,(R), then A = A’. 


. Use the previous exercise to show that the matrix A in Theorem 9.6 is unique. 


Show that if u, A, and B are in M,.,(R), M,.,(R), and M,,.,(R), respectively, where R 
is a ring, then (uA)B = u(AB). (This fact is used in the proof of Theorem 9.7.) 


Let V and W’ be coding functions corresponding to systematic (A, 1) codes, with images 


29. 


30. 


31. 


C and C’, respectively. Show that if C = C’, then V = WV’. Thus in this case the set of 
codewords determines the code. 

Let A = [/, : J] be the matrix of a (k, n) code. Show that if some row of J consists of 
all 0’s, then not all single digit errors can be detected. 

Consider a systematic linear (k, m) code with check matrix A*. Let u and v be in 2". 
Show that u and v are in the same row of a standard array for this code if and only tf 
uA* = vA*. 

Consider a (k, ) code with check matrix A*. Show that if two rows of A* are equal, 
then A cannot correct all single digit errors. Hint: Use Exercises 24 and 30. 
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9.4 MATRIX DECODING 


In this section we will see how the check matrix of a systematic linear code can be 
used to decode in a way that is computationally better than using a standard array. 
We will also introduce a class of codes correcting single errors whose efficiency can 
be made arbitrarily close to 1. 


Syndromes 


Consider a systematic linear (k, n) code with matrix A and check matrix A*. If we 
decode using a standard array, then each received word must be checked against 2" 
possibilities, and this may take a long time if nm is large. We will describe a better 
method, based on the following theorem. 


™@ THEOREM 9.8 Let A* be the check matrix of a systematic matrix code, and let C be the set 
of codewords. Then u and v are in the same coset of C if and only if uA* = vA*. 


Proof Note that uvA* = vA* if and only if wA* — vA* = (u — v)A* = 0. But by 
Theorem 9.7 (u — v)A* = 0 if and only if uv — ¥ 1s a codeword, i.e.. wu and v are 
in the same coset of C. Hf 


If v € <,", then vA* is called the syndrome of v. Since the rows of a standard 
array are the cosets of C, all elements in a row have the same syndrome. Thus only 
the coset leaders and their syndromes need to be stored in order to determine which 
coset a received word falls into. In fact, if v is a received word and u is its coset 
leader, then v = u + c, where cis the codeword atop the column containing v. Thus 
c=v-—u=v+tu. Recall that in coset decoding we decode v as c. Thus the fol- 
lowing decoding scheme can be used. 


= | 


Syndrome Decoding 


Assume we have a list of all the coset leaders and their syndromes. 


(1) If v is received, compute its syndrome s = vA*. 
(2) Let u be the coset leader with syndrome s. 
(3) Decode v as the first k digits of c = v + wu. 


(os 


M EXAMPLE 1 Consider the (2, 5) code whose standard array is given in Figure 9.5, In Example 
6 of Section 9.3 we found the check matrix of this code to be 


L “Ose! 
O 1 4 
A*=/|1 0 0 
0 Leg 
0 qq 
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We use A* to compute the syndrome of each coset leader, producing the following 


table. 
Coset leader u Syndrome uA* 
[00000] . [000] 
[10000] [101] 
[01000] [O11] 
[00100] [100] 
[00010] [010] 
[00001] [001] 
[11000] [110] 
[10010] . [111] 


Suppose we receive the word v = [10111]. We compute its syndrome 
s = [10111JA* = [O10]. The corresponding coset leader is u = [00010]. Thus 
c =v + u = [10111] + [00010] = [10101]. Note that this heads the column con- 
taining v in the standard array of Figure 9.5. We decode to [10], the first two digits 
ahic. 

As before. we could take account of the fact that our code can correct only 
single-digit errors by simply noting as erroneous any received words with syndromes 
below the dotted line. B 


In Example | we have replaced searching a standard array having 32 entries 
with searching a list of 8 syndromes. For codes with longer words the saving in time 
is even greater. Consider, for example, the (5, 11) code of Example 4 of Section 
9.1. Here the standard array contains 2'' = 2048 entries, while the index of the 
subgroup C of codewords in 2,'' is 2° = 64, and so there are only 64 syndromes. 


Matrix Codes Correcting All Single-Digit Errors 


In concentrating on matrix decoding methods we have somewhat lost sight of the 
error-detecting and correcting properties of our codes. Although any & X nm matrix 
of the form A = [/, : J] can be used to define a systematic linear code, we would 
like the matrix A to possess desirable error-correcting properties. The following theo- 
rem gives a partial result along these lines. 


@ THEOREM 9.9 Ler A be a matrix in M,.,(2) of the form [l,i J], and let A*® be the corre- 
sponding check matrix. Suppose that 


(a) no row of A* ts all zeros, and 
(b) no two rows of A* are the same. 


Then the (k,n) block code corresponding to A corrects all single-digit errors. 
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Proof According to Theorems 9.2 and 9.3 it suffices to show that the minimal 
weight of any nonzero codeword is 3. Let 8, be the element of =," having a | in the 
ith position and all other digits 0. According to Exercise 24 of Section 9.3 the product 
§,A* is the ith row of A*. Note that the only nonzero words in =,” of weight less 
than 3 are of the form 6; or 8; + 6;, where i # j. 

Now if v is a codeword, then vA* = 0 by Theorem 9.7. But if 8,A* = 0. then 
the ith row of A®* is all zeros, contradicting (a). Likewise if (6, + 8)A* = 0. then 
8,A* = —8,A* = 8,A*, and so two rows of A* are the same. contradicting (b). Thus 


no elements of 2," of weight 1 or 2 are codewords, and so the minimal weight of 
a nonzero codeword is 3. 


Exercises 29 and 31 of Section 9.3 show that conditions (a) and (b) in Theorem 
9.9 are actually necessary as well as sufficient for a systematic matrix code to correct 
all single-digit errors. 

In the case of a matrix code whose check matrix A* satisfies the hypotheses of 
Theorem 9.9 there is a decoding method that improves on syndrome decoding. Let 
the codeword c be sent and the codeword c’ received, where just the digit in the ith 
place of c has been changed. Then c’ = c + 8,, where 8, is as defined in the proof 
of Theorem 9.9. Thus 


c'A*¥ = (c + 6)A* = cA* + 5,A* = 0 + BA* = B*. 


But we saw in that proof that 5,A* is the ith row of A*. This is the basis for the 
following decoding scheme. 


Check Matrix Row Decoding 


Suppose that a code has a check matrix A* with distinet rows and no rew of 
Zeros, 


(1) If c’ is received, compute its syndrome s = c'A*. 

(2) If s = 0, then c’ is a codeword, and we decode to its first k digits. 

(3) If sis the (th row of A*, then torm ¢ by changing the ith digit of ¢’. Decade 
to the first k digits of c. ' 

(4) If s is not 0 or a row of A*, then record an erroneous word received. (In 
this case more than one digit is wrong.) 


@ EXAMPLE 2 Consider the code of Example 1. which had the check matrix 


GC am 
ay =eul © @ 
Oo f WW 
Z_ a 


Notice that this matrix satisfies conditions (a) and (b) of Theorem 9.9, and so we 
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can use our new decoding method. Suppose the message [11100], [O1101], [10101] 
is received. 

We have [11100]A* = [010], which is row 4 of A*. Then we take the codeword 
sent to be [11100] + [00010] = [11110], and decode to [111]. 

Likewise [OLI1O1JA* = [110], which is not a row of A*. More than 2 digits have 
been changed, so we do not decode. 

Finally [LO101JA* = [000], and so [10101] is already a codeword. We decode 
it to [101]. 

Thus we would decode [11100], [01101], [10101] to [111], ?, [101]. 


In general, check matrix row decoding requires less computation than syndrome 
decoding. Note that for a (k, ) code there are 2” syndromes, and these must be 
computed in advance. On the other hand A* has only n rows, and we need to know 
these in either decoding system. For the (5, 11) code of Example 4 of Section 9.1 
there are 2'' * = 64 syndromes. but only n = 11 rows of A*. The matrix A* of this 
example can be shown to satisfy conditions (a) and (b) of Theorem 9.9. 


mM EXAMPLE 3 Let us use Theorem 9.9 to construct a systematic matrix code for message words 
of length 3 that corrects all single-digit errors. We might wonder how few extra 
digits we can get by with, that is, what is the minimal n such that there is a systematic 
matrix (3, m) code that corrects all single-digit errors? 

Clearly some extra digits are needed. for if we take n = 3, then all received 
words are codewords and no errors are corrected. Let us try n = 4. Then A = [/; : J]. 
where J is a3 X | matrix. Thus two rows of J must be the same and so 


cannot satisfy property (b) of Theorem 9.9. 
If we try n = 5, then J is a3 X 2 matrix, and 


/, Ly, 
) a 


Again we see that two rows of A* must be the same. 
Taking n = 6 makes J a 3 X 3 matrix, and 


[Gp oy w) 

: ae 

J . 5 . 

= - ee 
M 0 1 O 

aon0 1 


Now it is easy to find a suitable matrix J. For example 
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1 1 O 
J =p OU 
Ow i 
works, and leads to 
000) Vigo 
A=[,:iJ)=|]0 101 0 1 
OO) ih i kh 


The matrix A defines a (3, 6) code, and so the subgroup C of codewords has order 
2? = 8 and index 2°/2° = 8. By the proof of Theorem 9.9 no two elements of =." 
of weight 1 lie in the same coset, nor are such elements in C. Thus we can take as 
coset leaders [000000], [100000]. [010000], [001000]. [000100]. [OO0010). and 
[000001]. This only accounts for 7 cosets, however. so some coset leader must have 
weight exceeding 1. A received word falling into this coset must have at least two 
errors. For such words errors can be detected but not reliably corrected. @ 


Codes 


In Example 3 we saw that if k = 3, then we needed m = 6 in order to tind a sy»- 
tematic matrix code obeying conditions (a) and (b) of Theerem 9.9. Let us try to 
decide in general how big » must be in order to have a (4. m) code with a cheek 
matrix obeying these conditions. 

Note that A* is ann X (nm — k) matrix. Since each row has length » = 4. there 
are 2” “ possible different rows, and 2” * - | of these ate not all O's. But there are 
n rows, and so we need 2” “ — 1 = n. 


@ THEOREM 9.10 /n order for there to exist a systematic (k,n) matrix code correcting all 


single-digit errors it is necessary and sufficient that 2"-* — 1 = n. 


Proof By the argument just given the inequality is necessary and sufficient for the 
existence of a systematic matrix code with check matriy A* satisfying conditions (a) 
and (b) of Theorem 9.9. But these conditions are equivalent to single-digit: error 
correction by that theorem and Exercises 29 and 31 of Section 9.3. 


@ EXAMPLE 4 Let us decide how large 1 must be to correct all single-digit errors if the message 


words have length k = 5. We construct the following table. 


a 


ty 
+ 
| 
= 
~ 
— 
~~) 
PA) 


Thus we need n = 9 in order that a (S. 7) systematic matrix code correct all single- 
digit errors. 


Especially convenient are codes where n = 2"* — 1. If we set r = n — k, then 


our equation is m = 2’ — 1, that is, m must be 1 less than a power of 2. Then 
ne | ee eee 
kK=n-r=2 -r |. We must take r > | since otherwise k = O and there are 


no message words. The first few values of k and n are given in the following table. 
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a...10 
Ce ee 
7 TS die 8 


For such a pair k, » we can construct a check matrix A* satisfying conditions 
(a) and (b) of Theorem 9.9. Note that A* is ann X (n — k) matrix, so it has n rows, 
each of length » — k = r. But then there are exactly 2” — 1 = n possible nonzero 
rows for A*, and so each of these must be used; that is the rows of A* are exactly 
all nonzero words of length r. A matrix code with such a check matrix is called a 
Hamming code. 


M@ EXAMPLE 5 Let us examine the Hamming code for r = 2. We see from the table above that 


k = 1 and n = 3. Then n — k = 2, and the check matrix has the form 


aif 
Ve a 


tas 
l 
I, 0 


0 ’ 
] 


where the top row cannot be all 0’s and must be different from the other rows of 
A*. Clearly the top row must consist of two I’s. Then J = [1 1] andA = [/, : J] = 
[1 1 1]. Since [u,JA = [u, u, u,], the code amounts to repeating each digit three 
times. Figure 9.9 shows the check matrix decoding of each possible received word. 


Received word Syndrome Row of A* Codeword Message word 
[0 0 QO] [O 0] — [0 0 O] [0] 
oO] ‘ee 8 1 DaeOr 0) + [1 840] = [0 0 0] [0] 
om 1 0] [1 0} 2 (on) 0) + [O° s1 Oye (0 0.0] [0] 
io 0-1) {oO 1) 5 iO OT) +{[0 0 I}=—[0 0 0 [0] 

{1 1 Oj [OT] 5 toto, {0° 0 leet! 1°41] [1] 
Lor Tt] {1 0] 2 WC (O | Ofeeit 1 1) [1] 
[Oo 1 J] [1 1] ] wee i+ ll 0 Cel 1 1 [1] 
ff 1] {OO} — Ceres! {1] 
Figure 9.9 
Suppose we have a Hamming code. and a word ¢’ is received. Lets = c'A* be 


the syndrome of c’. If s = 0. then c’ is a codeword and we assume no error has 

been made. But if s 4 0. then » appears as a row of At, by the definition of a 

Hamming code. Thus c’ will be decoded as the first k digits of co + 6, where ys ts 

the ith row of A*. We sec that in the case of a Hamming code when check matrix 

row decoding is applied step (4) never happens, and every received word ts decoded. 
Note that the efficiency of the Hamming code corresponding to r is 


r large enough. (See Exerc 
arbitrarily close to 1. 


EXERCISES 9.4 


Note: Exercise 33 requires concepts of probability. 


In Exercises 1—4 consider the matrix code with matrix 


1 
A=]0 


0 0 1 0 
1 -rOREO. § 
OPO lt 0 


Compute the syndrome of each word given. 


1. [10101 0) 
3. [01101 0} 


2. (110110) 
4.[1 10011) 


In Exercises 5—8 consider the matrix code with matrix 


Paes) 
a=|)4 


Compute the syndrome of each word given. 


5. [101010] 
7. (0 1 200 100) 


100 1 
O- 1° Lean 


6. (11011 0) 
8. [11001 1) 


In Exercises 9-12 use the table of coset leaders and syndromes in Evample | to decode the 


word. Decode only single-digit errors. 


9. (1000 1) 
11. (0101 1) 


10. [001 10) 
12. [0 T t er] 


In Exercises 13-16 consider a code with the matrin and svndrome table gwen. Decode using 


syndrome decoding. 


coset leader syndrome 

iol {0000} {0 0] 

A= O- 1 One [1000] {1 1] 

[0 100] [0 1] 

[00 1 0} [1 0] 
) Fe a es Us 14. [1 100] 
15.9[0°1 0 1] 16. [1 10 1] 

In Exercises 17 and 18 make a syndrome table as in Example 1. In deciding on coset leaders 


use the convention given before Exercises 14—17 of Section 9.3. 


.a=|! ; 


ee ley | 
0 0 cat TR 8) 
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19. How many entries does the standard array of a (k, n) linear code have? 

20. How many coset leaders does the standard array of a (k, n) linear code have? 

21. Consider a (25, 51) matrix code where each 25-digit message word is listed twice and 
a parity check digit appended. A computer can compare a received word against the 


entries in a standard array at the rate of one billion per second. How long will it take to 
compare a word to the whole array? 


22. With the hypotheses of the previous problem, how long will it take the computer to 
compare the syndrome of a received word with the syndromes of all the coset leaders? 


In Exercises 23 and 24 a check matrix A* and list of received words is given. Decode the 
list using check matrix row decoding. 


1 a0 
Ger i 
ol 0 “Oe lit ti, 12 1000}, (10101), [10110] 
C1 ae 
OO: li 
oe tae | 
jo mel 
ov. inl 0 Pehl O10 1], (01110), (00101), [11100] 
On 1 © 
C0: > | 


In Exercises 25-26 decide the minimal value of n such that there exists a systematic (k, n) 
matrix code correcting all single-digit errors. 


25: k = 10 26. k = 25 


In Exercises 27-28 a number e is given. Find the smallest value of r such that the corre- 
sponding Hamming code has efficiency more than e. 


27.02 =-.9 28. e = .99 


29. Show that the code of Exercise 6 of Section 9.3 is a Hamming code. 


Let N = {1, 2, 3, 4}, and let S,, S», ..., S, be the distinct subsets of N containing more 
than one element. If u = [u, uw... 4) € 2“, define V(u) = [u, uz... uy by bo bs ba), 
where 


Sey 


tES, 
in Z for i = 1, 2, 3, 4. Show that this defines a Hamming code. 

31. Suppose r > | and j are integers such that 2! - r- 1 = j° = k. Then there ts a (k, m) 
Hamming code and a (k, 1) code generalizing Exercise 42 of Section 9.1. Show that 
ny = Nn. 

32. Show that any Hamming code decodes incorrectly all received words with more than one 
error. 

33. Consider a Hamming (4, 7) code. Let p be the probability of an error in any one digit. 
Show that if p < 1/2, then the probability that a word is incorrectly decoded is less than 
the probability of at least one error when an uncoded 4-digit word is sent. 
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34. 


(a) Prove by mathematical induction that 7° + 1 = 2’ for all integers r = 5. 
(b) Deduce that 


~ 
— 


for all integers r = 5. 


SUPPLEMENTARY EXERCISES FOR CHAPTER 9 


= a 


= 


iF1) 


ee 


10. 


11. 


02° 


13. 
14, 
|e 


Consider a (k, n) block code where the distance between any two codewords is at least 
3. Show that k = n — log, (n + 1). 

Consider a (k, n) block code where the distance between any two codewords is at least 
5. Show that k <n + 1 — log, (n? + n + 2). 


Let the probability that any particular digit is sent incorrectly be p = .1. and let P be 
the probability that there is more than one error in an n-digit word. What ts the smallest 
value of m such that P > .2? P > .5? 


. Let p = .O1 in the previous exercise. What is the smallest value of m such that P > .1? 
. Show that the number of words in =," of weight 7 is the coefficient of x” in (x + 1)”. 


. Let C be the set of codewords for a linear code. Prove that the number of words in C 


with odd weight is either 0 or |C|/2. 
Generalize Exercise 30 of Section 9.4 by taking N = {1, 2, .... r}. 
Show that if wu and v are in =", then w(u — v) = w(u) — wiv). 


Let u = [u, u ... u,] and v = [v, v2 ... v,]. Show that equality holds in the previous 


exercise if and only if u; = v; for i = 1, 2, ..., m (interpreted as real numbers). 


If u and v are as in the previous exercise, define uv to be [u,v, wor. ... u,v,). Let 


x, y, and z be elements of =,” such that w(x) = n. Prove that w(vz) + w((x + yz) = wiz), 
but that this need not be true if w(x) < nr. 


Show that with the definition of multiplicanion given in the previews exercise and the 
usual definition of addition 2." is a commutative ring iomerphie to the ring R of Example 
4 in Section 3.2, where § = {1, 2, ..., ar}. 


Suppose one row of the standard array of a systematic linear code is 


(OOO PO] O11 1) (GT Tap! TeOIS 
Decode [1 00 1 1]. 


Prove or disprove: The set of elements in =," with weights divisible by 2 is a subgroup. 
Prove or disprove: The set of elements in 2.” with weights divisible by 3 is a subgroup. 


Show that the sum of the weights of the elements of 2,” is n2”~'. 
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Answers to Selected Exercises 


CHAPTER 1 


Exercises 1.1 


1. (a) False (b) False (c) False (d) True 
3. (a) True (b) True (c) False (d) True 
Sa) rue (b) True (c) False (d) Tne 
7a) eine (b) True (c) False (d) True 
9. (a) True (b) True (c) False (d) False 
11. (a) If 6 3, then3 > 6. (b) If 6 = 3, then 3 = 6. 

13. (a) If the flower show was postponed, then it rained on Friday. 


(b) If the flower show was not postponed, then it did not rain on Friday 


15. (a) If you got better, then you took the red pill. 


(b) If you did not get better, then you didn’t take the red pill. 
17. For some n, (n + 2)(n + 3)(n + 4)/4 is not an integer. 
19. For every n,n +n+1#0 


21. Someone does not like vanilla ice cream. 


23. No animals can see in the dark 


25. If n = 3, then (n + 2)(n + 3)(n + 4)/4 = (5 - 6+ 7)/4 is not an integer 
27. Tale 
AAS), 2) if P, then O | notQ | not F if not Q, then not P 
ee ee | 
it 7 I F T 
F | F | T F | I 
T | 7 F I I 
F | 7 | T 7 7 


419 


420 Answers to Selected Exercises 


Exercises 1.2 


1. False 3. True 5. False 7. False 

9. True iatirue 13. False 15. False 

17. False 19. True 202 ay 23.4001, 3.5, 7) 
25. {2, 4} 27. {1, 2, 4, 6} 29. {1} Sie 2} 

33. {(1, 2), (1, 4), (1, 6), (4, 2), (4, 4, (4, 6)} 

35. © B70 (oe. OF 39. {2, 3} 


44. First we will prove that (A UB)N (BUC)CBU(ANC). If x is an element of 
(A UB) N (BU OC), then x € A U B and x € B UC. Hence x € B or x is an element 
of both A and C. That is, x € Borx € ANC. It follows that x € B U (A NM C). There- 
fore (A UB)N(BUC)CBU(AN ©). 

Next we will prove that BU (AMC) C (AU B)N(B UC). If x is an element of 
BU(AN QO), thenx € Borx € ANC. Hence x € B or x is an element of both A and 
C. Thus x © AUB and xG& BUC, and so x€ (A UB) N(B UC). Therefore 
BIOW(A GM GC) G AUB ats Ore): 

Since (AUB) N(BUC)CBU(ANC)andBU(ANC)CAUB)N(BUC), 
it follows that (A UB)N (BUC) =BUCANC). 

51. False 53,, Pe 55. False Si 

Eh fp = G 61. p 63. pr 65. pqr 

67. 1-8, —7... . 7: 8}. 1-2 eee 


Exercises 1.3 


1. (a) No (b) Yes 3. (a) No (b) Yes 5. (a) Yes (b) No 

7. (a) Wess (b) Yes 9. 78/11 Il. 1653 

13. 6123/1000 15252575 17. 2:404949 .._. 

19. 6 + Oi, 10 + OF 7) Oe ee) ee WY | 2359) —s4iaes— 271 

Bis VR 27. No 29. No 

31. (a)-(e), (g) 33. (a)-(g). (i) 35. (a)-(f), (h) 

37. (a) No (b) No 39. (a) No (b) Yes 41. (a) Yes (b) No 

42. (a) Since x * y=x + y — xy andy *x =y +x —- yr = x + y — xy, the operation is 
commutative. 


(b) Since (x * y) *z = (x + y — xy) *®2z = (x + y — wy) + 2 - (+ y — xyz and 


Pt al’) eee SS rt Pd AH) ) EF (Waa nl o4 Sad | SG (WC Sb hd ASN) 
SX Ere 2 A, ace ee 
Sel goo AY 5h) om baa el (frig reo arg 


= Ov wo) @ 3 on ft ¥ Wels’ 


the operation is also associative. 


43. 0.16 + 0.12 45. -0.4 + (-0.2)i 47. 0.4 + (-1.2)i 
Exercises 1.4 
ineres 3. No, x # 1/2 
5. Yes nm Now € a 
9. (a) No, f(0) = f(1) (b) No, f() ¥ -1 11. (a) Yes (b) Yes 
13. (a) Yes (b) No, f(x) ¥ 1 15. (a) Yes (b) Yes 


17. (a) Yes (b) Yes 
19, (a) No, f(1, —2) = f(—2, 1) (b) No, f(x, y) ¥ (-1, 2) 


20. 
23. 
34. 


32. 
43. 
47. 


Exercises 1. 


. domain Q, codomain ‘R, fh(x) = 3Vx’ + 1 + 2 


5 
1 
3 
= 
7 
9 
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(a) No, two 6.5-pound infants (b) No, f(x) + 1,000,000 
{y € R: y = 0} 25. {y € 27: y is odd} 27. {y GE ‘R: y = —3} 
Suppose that u, v € ‘R and f(u) = f(v). There are four cases to consider. 


Casel u=Oandv=0O. 


In this case f(u) = u + | and f(v) = v + 1. Since f(u) = f(v), we haveu + 1 =v + 1. 
Thus u = v. 


Case2 u<Oandv< 0. 
In this case f(u) = u + 1/2 and f(v) = v + 1/2. Since f(u) = f(v), we have u + 1/2 = 
vic 1/25 Tiss v. 


Case3 u=Oandyv< 0. 

In this case f(u) = u + 1 and f(v) = v + 1/2. Since f(u) = f(v), we have u + 1 = 
v + 1/2. Thus u = v — 1/2 < v < 0, contradicting that u = 0. Therefore case 3 cannot 
occur. 


Case4 u<Oandv=0O. 

In this case f (u) = u + 1/2 andf(v) = v + 1. Since f(u) = f(v), we have u + 1/2 = 
v + 1. Thus v = uw — 1/2 < u < 0, contradicting that v = 0. Therefore case 4 cannot 
occur. 


Since we have u = v in each case that can occur, we conclude that f(u) = f(v) implies 
u = v. Therefore f is one-to-one. 


ie 1), (2,4), GC. 9} 41. {(1, 5), 7); Geo), Gy} 
{(1, 1), (4, 2), (9, 3), (16, 4} 45. Yes, one-to-one and onto 
Not a function 49. Yes. neither one-to-one nor onto 


. domain ‘R, codomain C, gf(x) = 2 + (3x + 2)i 


? 


Undefined 
. domain Z, codomain C, (gh)F(x) = 2 + i V(ix/2 + x°/3P + 1 
tetaxy = x 11. No inverse 13. f '‘(Q) = 3x -5 
omit vx iw 860 
Ss if oS) i ie x0 
27. Let f: ST, g: T— U, and h: T — U be functions such that gf = Af and f is onto T. 


Choose an arbitrary element ¢ © 7. To prove that g = A, itis sutficrent to show that 
g(t) = A(t). Because f is onto 7, there exists s € § such that f(s) =¢. Thus 
g(t) = g(f(s)) = ge f(s) hf(s) At f(s)) A(t) 

Take S=T=U R16) rc, 260) xr, and A(x) |x Then f is not onto, 


gh (x) = g(x) x and hf (x) A(x’) 1x 30 ef Af. But e(—-1) 1 and 
h(-1) = |-1| = 1, so that g # Ah 
Exercises 1.6 . aly 
TeeRe= 10 1),464, 2) 3. Re {(2, 5), (3, 4), (4, 3), G. 2)} 
5. (6, y) € G for any y € 'R 
7. (d) holds; (a) fails if x 1, y = 2; (b) and (c) fail if x 9 Q, 5 
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9. (d) holds; (a) fails if x = —2, y = —3; (b) fails if x = —2, y = —3, z = —5; (c) fails 


ie 
13; 
i: 
21. 
25. 
29. 


AE 
35. 


Exercises 1.7 


le 


ifx=2,y=5,z=3 


(b), (c), and (d) hold; (a) fails ifx = 1, y = 1 


None 


Reflexive, symmetric, transitive 


Symmetric 


2n — 1, 2m} forallane 2 


15. Reflexive, symmetric 
19. Symmetric, transitive 
23. {1, 5}, {2, 4}, {3}, {6} 
27. {0}, {x, —x} for all x > 0 


Let E be an equivalence relation on S. Suppose first that x E y. If z © [x], we have = E x 
by definition of an equivalence class. But since E is transitive and both z E x and x E y 
hold, we have z E y. Thus z € [y]. Hence [x] C [y]. If z © [vy]. we have z E y by 
definition of an equivalence class. Now x E y and E is symmetric: so we also have y E x. 
But then z E y and y E x imply that z E x because E is transitive. Thus z € [x], and so 
[y] C [x]. Since both [x] € [y] and [y] C [x], we conclude that [x] =[y]. 

Now suppose that [x] = [y]. Because F is reflexive. we have x E x. Thus x € [x]. 
But if [x] = [y], we must also have x € [y}. Hence x E y. 


a5 
~x'+x°+ x7 + 2x + 4, degree 4 
_ x’ + 3x° + 3x4 + 3x° + 3x7 + 2x + 3, degree 7 


5 


~- 


. —x? — 3x + 1, degree 
. PSO OF hor 


No 33. {(1, 1), Cl, 2); CMT Ga) Cae aGe2e 
See 3. undefined ci3 —3 
0 2 10 “)o 1 2 
6 2 9 | se 16 
"| —9 2 "|[-5 6 38 
ig, 4 


sponding entries are equal. Let 1 < 7, j ~ 2. Then 


I 


[X(¥Z)]jj X;(YZ)); te X; (YZ), 


= Xi(V%inZy + Yi222;) + Xi2(V2Zy; + Yx2Z>)) 


= (aN + XaXa)Zy + (Xa¥i2 + X2¥o2)Zz 
= (XY)iZ1; + (XV) i2Zy, 
= ((XYZ\,. 

Hence X(¥Z) = (XY)Z. 


ery + 20 = = 
. (1 + 38x? + (1 + 4ix? + (-10 + Bix — (6 + 93) 
40) | 0 0 1! oO 
= Te = ¢ — ake = 
ake A 00 and B [: ik 29. Take J [ | 
. Since X(¥Z) and (XY)Z are both 2 x 2 matrices, it suffices to show that their corre- 
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CHAPTER 2 


Exercises 2.1 


1. True 3. True 5. True 7. False 
9. False 11. True 23. q=8,r=3 2. q=7,r=0 
27. q=0,r=0 29. g= —10,r = 10 31. Not possible 


33. d = 539; 539 = 5(4851) + (—4)(5929) 

35. d = 624; 624 = —2(76,128) + 49(3120) 

37. d = 30; 30 = —11(390) + (—6)(-—720) 

39. d = 47; 47 = 6(—7661) + 11(4183) 

41. If a = b = 0, then every integer divides both a and b. 

43. gcd(a, c) = 1 

53. Let a, b, and c be integers such that a ~ 0. If d = gcd(a, b), then d = ax + by for 


some integers x and y by Theorem 2.4. Hence dc = acx + bcy. So if a divides bc, then 
a divides dc by Theorem 2.1. 


57. Since —nab is a common multiple of a and b for every positive integer n, there is no 
smallest common multiple of a and b. 


61. Let a and b be nonzero integers, and let d = gced(a, b). Since d divides both a and b, 
there exist integers r and s such that a = dr and b = ds. Clearly a divides |as| = |drs 
and b divides |br| = |drs|. Thus |drs| is divisible by both a and b. Now suppose that m 
is a positive integer that is divisible by both a and b. Then m = au and m = bv for some 
integers u and v. Thus 


dru = au = m= bv = dsv. 


Hence ru = sv. Because s divides ru = sv and gcd(r, s) = 1 by Exercise 52, we see 
that s divides u by Exercise 53. Therefore u = st for some integer f. It follows that 


m = |m| = |au| = |(dr)(st)| = |drs| - |t| = |drs|, 


and so |drs| is the smallest positive integer that is divisible by both a and b. Thus 


\(dr)(ds)| — |ab| |ab| 
icone, dD) =\as) = ——— = = —— 
d d gcd(a, b) 
Exercises 2.2 
1. 24 3. 720 5. 10 
Ye DA 9. n 11. n(n 1)/2 


17. A base for the induction was not established. 
33. Clearly 12 divides 4! + 3' - 7' — 0. Assume that 12 divides 4° + 3° 7) = 0 for some 
positive integer k. Then 4‘ + 3‘— 7 = 12m for some integer m, and so 
4* + 3 — 12m = 7*. Thus 
ght! 4 gh! 7S lage AEN g ght HT") 
= 4(4") + 3(3*) — 7(4* + 3* — 12m) 
= —3(4*) — 4(3*) + 84m 


12¢7m — 48"! — 3*°'). 
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32. 


Exercises 2.3 
1 
5. 
9. 
13. 
ais 
23. 


aT. 


243) 


Exercises 2.4 


Hence 4‘*' + 3**! — 7**! is divisible by 12, proving the result for k + 1. It follows 
from the principle of mathematical induction that 4" + 3" — 7” is divisible by 12 for all 
positive integers n. 

S; if n=1 


$, US: User U Sameera if n>t 


2x 3?x5x7x 101 a2 3 Meo E53 
2% 3 XT 1 X13 7. 2* x 3.x 13? x 47 
2° x 3? x 5 = 360 li. 2? x 3? x 7 = 252 
2?x3=24 15. 27x 3 x 13 = 156 
0 19 No, 30 divides 6 x 10. 
Let a and b be positive integers greater than 1 with prime factorizations 


a=p\'p?...pr and b=pipr...ps 
as in Theorem 2.11. Then 
lem(eyb) =p: .. Pa 


where m; denotes the larger of r; and 5;. 


(a) 1, 5. 7235 

(b) Let p and gq be distinct primes. Clearly 1. p. yg. and pq all divide pg. We will show 
that any positive divisor of pq must be one of these. If m is a positive integer that 
divides pq, then pq = nm for some positive integer m. Theorem 2.10 implies that 
the same primes must appear on both sides of this equation: so the pmme factori- 
zation of n must contain none, one, or both of p and g. Therefore n = 1, n = p, 
n = q, orn = pq. 

Aol A] Ia 


1. True 3: gue 5. True 7. True 
6, aac ee 11. 4, 8, 12 13. 0 1S. 1 
17. 4 19. 1 2M, 24 23270 
25. 6 Pails Ps 

39, For every integer k we have x + kab € [x], MN [x],. 


CHAPTER 3 

Exercises 3.1 
1. [4] 3 [6] 5. [3] 7. [7] 
9. This result follows from axioms R, and Rx. 


. (a) 0 (b) The additive inverse of n is —n. 


. (a) The zero element of C is 0 + Oy. 


(b) The additive inverse of a + bi is (—a) + (—b)i. 


o {KU 
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21. S(x + y) + 4x = (5x + Sy) + 4x - distributive property 
= (Sy + 5x) + 4x commutativity of addition 
= Sy + (Sx + 4x) associativity of addition 
= Sy + 9x addition 
25. Elements in ‘R[x] and .¥f,,.,,0R) are not equivalence classes and so do not have different 
representations. 


27. Let x, y,z © C. Then x =a + bi, y = c + di, and z = r + si for some real numbers 
a,b. c. d. r. and s. Now 


Il 


Peary oe FA} (a + bi) + [((c + di) + (r+ si)| 
= (a + bi) + [(c + r) + (d+ s)i] 


= | ar (ie 3 DI ae (lo =e (i se Se 
and 
Ce oP $0) ar 2 = (Glen 1230) oe (@ sr Gill sede ar Sh) 
=[(a+c)+ (b+ d)i] + (r+ si) 
= [((@ se @) ae fel) se (Ko ar @)) se Ol 
Since addition of real numbers is commutative, we have x + (y + z) = (x + y) +2 


37. No 


Exercise 3.2 
eee a5 Bi Sy ey, Tew! 


in 4 fo) =f] | (0) [1] 
(1] [0] [0] [0] 
ae ee (i) | (Oo) ft] 


19, a [0] [1] [2] (3) (0) (1) [2] [3] 


[0] [0] [1] 12) [3] 10] | [0] (0) [0] [0] 
[1] [1 (2 [3] [0] [1] [0] [1} [2] {3] 


faa fet [3] [0] [1] (2} {0} {2} [0] (2] 
[3] [3] [0] [1] [2] [3] {0} {3] [2] [1] 
21. | 5 
Ss - Ss 
pa 25. w 20 29. y 
31. 


33. (a) w (b) Yes (c) x (d) Each element ts its own additive inverse 


37. The additive inverse of f is g defined by g(x) f(x) for all x 
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41. Yes, the identity element is the constant function h(x) = 1 for all x € R. 


43. m”” 

47. The identity element is S because XS = XN S = XandSX¥ =SNX =X for each subset 
X of S. 

S12 10; 0) : 55. Yes 


57. Let (a, b), (c, d), and (r, s) be elements of R X ‘R. Then 


(a, b)[(c, d) + (r, s)] = (a, bic + r, d + 5) 
= (a(d + s) + Wc + 7), b(d + s)) 
= (ad + as + bc + br, bd + bs), 
and 
(a, b)(c, d) + (a, b)(r, s) = (ad + be, bd) + (as + br. bs) 
= ((ad + bc) + (as + br), bd + bs) 
= (ad + as + be + br, bd + bs). 


Hence (a, b)[(c, d) + (r, s)] = (a, b)(c, d) + (a, b)(r, s). The other distributive property 
follows from the commutativity of multiplication (Exercise 55). 


Exercises 3.3 


(le SS |Bal) = [es Sh lbh = [k= og 5. Axiom R, 
7. Theorem 3.5(d) 9. 67 ise 
1k, 15. 0 


33. (a) Let n be the smallest positive integer such that nl, = Ox. and let ¢ be the charae- 
teristic of R. By definition of » we have n = c. On the other hand, for any x E R 
we have 


nx = n(1gx) = (nlpg)x = Opx = Og. 


Thus c = n. Hence n = c. 
(b) Clearly there can be no positive integer m such that m= Og for each 1 © R because 
nly # Og. Hence R has characteristic zero. 


Exercises 3.4 

1. No 3. es 5. Yes 

Ho WER 9. Yes 

IS. Since rO= 0, OES. If x, yE S, then rx =O and ry = 0. Hence r(x — y) = 
rx — ry = 0 — 0 = O and r(xy) = (rx)y = Oy = 0. Thus x — y € S and xy E S. There- 
fore § is a subring of R by Theorem 3.6. 

19. {[O], [4], [8], [12], [16]}; Yes, [16] 

21. ((8], [1)) 23. (14], {5}) 25. (1), [4]) 

4s (OM (OI 296 Slee l2 

33. {0} @ =, 

35. {(0, 0), (3, 0), (6, 0), (0, 4), (3, 4), (6, 4} 


41. The ring R P S has an identity element if and only if both R and S have identity elements. 
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43. M,,x.(‘R) ® 'E, where E is the ring of even integers. 
45. No 


47. If R and S have nonzero characteristics m and n, respectively, then the characteristic of 
R @® S is the least common multiple of m and n. Otherwise R ® S has characteristic 0. 


Exercises 3.5 ; 
1. The following elements are their own multiplication inverses: [1], [5], [7], and [11]. No 
other elements have multiplicative inverses. 


3. The following elements are their own multiplicative inverses: (1, 1), (1, —1), (-1, 1), 

and (—1, —1). No other elements have multiplicative inverses. 

[2], [3], [4], [6], [8], [9], [10] 

- Any element of the form (0, 6) for b # 0 or of the form (a, 0) for a # 0 is a zero 
divisor. 

9. in the ring {0} 


Nom 


32 


2 Mien 4 663 S22 
(d) ie Fe ©| 5 3 m3 =| 


21. ad — bc #0 

35. Let 1; # 0 be an identity element for a subring S of a ring R. Then 1,” = 1s. Suppose 
that 1; is not an identity element for R. Then 1x # x or xl; # x for some x € R. If 
lx # x, then 


= 
19. (a) | (b) No inverse (c) No inverse 


Is(1sx — x) = Is’x — Isx = Igx — Isx = 0, 


and so I, is a zero divisor in R. The proof is similar if xl; # x 


Exercises 3.6 


1. No 3. Yes 5. Yes 7. No 
9. No 11. Yes 13. No, A isn’t well-defined. 
17. W, S} 


31. No. R has no zero divisors 

33. No, every nonzero element of R is a zero divisor. 
35. They have different numbers of elements 

37. Only = has an identity element. 


39. Only 2), is commutative 


41. Only ‘R has an element x such that x? =2 

48. Zeandzs @ 2 

45. Clearly the zero element of R ® S, which is (0, 0), belongs to R’. If x, y © R’, then 
x = (a, O) and y (b, 0) for some elements a, b © R. Now x } (a — b, 0) and 


xy = (ab, 0) belong to R’ because a band ab are elements of R. Hence R’ ts a subring 


of R ® S by Theorem 3.6 
Define h: R > R' by h(r) = (r, 0). then for any a, b © R we have 


h(a + b) = (a + b, 0) = (a, 0) + (b, 0) = h(a) + A(b) 


428 Answers to 


49. 


Exercises 3.7 
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and 
h(ab) = (ab, 0) = (a, 0)(b, 0) = h(ajh(b). 


Thus # is a homomorphism. Since h is clearly one-to-one and onto R’, we see that /r is 
an isomorphism. Therefore R is isomorphic to R’. 


There are only two: the zero homomorphism and the identity function. 


True 3. False §. False 7. True 

Let x and y be negative elements in an ordered ring R. Then ~a1 and —y are positive 
elements of R, and so (—x)(—y) is a positive element of R. But (—x)(—y) = xy by Theo- 
rem 2.3(d); therefore xy is a positive element. 


Let x = O and y = O. Assume first that x < y. 


Casel x =0. 
If x = 0, then x? = 0. But 0 = x < y, and so 0 = Oy < yy = y' by Theorem 3.1%g). 
Hence x’ < y’. 


Case2 x>0. 

Since x < y and x > 0, we have x’ < xy by Theorem 3.1%(g). Also x < y and x > 0 
implies y > 0 by Theorem 3.19(d). So by Theorem 3.19(g) we have xy < yy = y*. But 
x’ < xy and xy < y’ implies x? < y’ by Theorem 3.19(d). 


Thus in either case x < y implies x < y’. 
Conversely, let x7 < y’. Assume that x < y is false. Then x = yorx >y 


Case <a, 
Then x” = xx = yy = y’, contradicting that x < y’. 


Case2 x > \. 

By the first paragraph of this proof we see that y << vu implies ©. contradicting that 
2 rad ¥ . 

Ae 


Thus in either case our assumption must be false, and so x < y. 


3 3. 63 5. No inverse wo) 
[53] DS eel) 13. [0] LSS) [0], (Se tS7] 
[O}, (Iter) 23. (c) No 


Ix and I denote the identity elements of K and R, respectively. Then (ly — Ip)]p = 
Ixle — Irnle = le — le = O. Since K has no zero divisors, it follows that I~ — lp = 
0. Thus lx = 1g. It follows from Corollary | to Theorem 3.1 that Og = Ox. 


Let S = {x EQ x > I}. If x ES, then (1 + x)/2 € S and 


] 
(Wi Ge sey . (Geae 50) 5. 


nrml— 


41. 
47. 
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Hence (1 + x)/2 is an element of S less than x. Thus for any element x in S, there is 
another element of S less than x. It follows that S contains no smallest element. 


No 43. Yes 45. No 

No 49. No 

(21, 10] ah Sle sbi Sale 

{ei Sy} Ol ileatos) iil (Eb Sy 

Let [a. b] = [a*. b*) and [c, d] = [c*. d*]. Then ab* = ba* and cd* = dc*. Multiplying 


these two equations gives acb*d* = bda*c*, so that [ac, bd] = [a*c*, b*d*]. Since 
[a, b]{c, d] = [ac, bd] and [a*, b*][c*, d*] = [a*c*, b*d*], we have [a, b]{c, d] = 
(aah al|ic* as) 

Addition and multiplication as defined by equations (4.2) and (4.3) will not yield ele- 
ments of F if b and d are zero divisors. 


29. Axioms R,, R2, R;, R,, Rg. Rg, and Ry are satisfied. 
si + -i0 i a b 0 1 a b 
————————— 
0 1 0 1 a b 0 0 0 0 0 
Udine 0 b a 1 0 1 a b 
a | a b 0 a 0 a b 
b b a 1 0 b 0 b 1 a 
Exercises 4.3 

1. 590 3. 0.49 5. None 

7. None 9. None 11. None 

17. Let a be a positive real number. Define z to be the greatest lower bound of the set 


Exercises 4.4 


{x € ‘R: x > O and x > a}. Then z > 0 and z* = a as on page 162. Clearly —z ¥ 0 and 


(—z) =a. So x = a has at least two real solutions. Now suppose that y is a solution 
of x a. Note that y ¥ 0 because 0° = 0 < a. If y > O, then Exercise 16 shows that 
y = z. On the other hand, if y < 0, then —y > O and (—y)’ y* = a. Thus —y = z by 


Exercise 16. Hence there are exactly two solutions of x a, namely, z and —z 


i, (at Uy 3. (-33, —4) 
5. (—.12 16) Tao /05).5 9,05) 
2 3 12 5 
2 +131, Vie. — +> fi. 2s] 
ee — 13 13 169 169 
13. —0.6 — 0.8i, 1, —0.6 — 0.8 15. 4V/2(cos 45 i sin 45°) 
IZ. 2V/3(cos 120° i sin 120°) 19. cos 135 i sin 135 
21. 6(cos 180° + ¢ sin 180°) 23. —V2 -— V2 
V3 ; 
25. - meat 2ia—5 SV 3i 
io) 2 
29. (-V/2/2, —V2/2) and (V2/2, V2/2) 
35. Let (x, y), (a, b), and (c, d) be complex numbers. Then 
(x, y)[(a, b) + (c, d)] = (x, ya + c, b + d) 
(a+ c)— Wb 1), x(b + d) + y(a + c)) 
= (xa X¢ yb yd, xb + xd + ye yc), 
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({O}, [0}) 
({1J, [0)) 
([2], [0)) 
((0}, [1]) 
(UH, (1) 
((2], (1) 
({0], {2]) 
(1], [2] 
([2], (2) 


and 
(x, y)(a, b) + (x, y(c, d) = (xa — yb, xb + ya) + (xc — yd, xd + yc) 
= (xa — yb + xc — yd, xb + ya + xd + yc) 


= (xa + xc — yb — yd, xb + xd + ya + yc). 


Since multiplication is commutative in C, only one of the distributive laws must be 
proved. 


51. The multiplication table for Z, X 2; is shown below; it is a field. 


(0), (0) (1). (0) 9382), 10) GO.) Gi.) GLA m1.) GiLep Wp 


({0}, [0}) : . 
((0}, (0)) (1), (0) = {2}, (0) =O). 11) D2. Df). (2). (2. 
((0}, (0}) (2), (0) (tj, (0) 0h (2) @2).2) di.) dO}. tp da} tp ay. 
{0}, (0}) (10), (1) (0).(2) (21,10) 2). U2.) difep diet dt. 
((0}, (0)) (1,0) (2),(2D (20D dO. 2) di fo) ih (fy 2). (ep = (oj. 
((0}, (0) (2), 01) (ly, 2D 2). 2) dt}. (0) = fO). fp). DO). (2) 2). 
0}, (0) 9 ((0),(2) (0),0) (1.10) d.e2p dh.) eb. tp @2.(p a2). 
((0}, (0}) =(1),(2D 2). (iD (2). 10) =O}. (2) 2.2) Oh LD ty. 
((0), (0) =(2),f2) (U,0D (ef) dO. 1p 2. fb a2). Ob dy. fe) (fO). 


({0], [0}) (0), {0}) 


S35. 27 


Exercises 4.5 


1. 24(cos 150° + i sin 150°) 


3. 3.5(cos 60° + i sin 60°) 


5. 30V/2(cos 330° + i sin 330°) 7. 4096(cos 120° + i sin 120°) 
9. 16(cos 120° + i sin 120°) I. 216V/6(cos 135° + i sin 135°) 
13. *V/8(cos 6 + i sin 6) for 8 = 22.5° or 202.5° 
15. 0.5(cos @ + i sin 8) for @ = 60°, 180°, or 300° 
17. *V4(cos 6 + i sin 6) for 8 = 20°, 140°, or 260° 
19. '*V/12(cos @ + i sin @) for ®@ = 30° + k(360°/7) and k = 0,1... ..6 
23. —a = a(—1) = r(cos 8 + i sin 6)(cos 180° + i sin 180°) 
= r[cos (@ + 180°) + i sin (8 + 180°)} 

27. cos 72°k + i sin 72°k for k = 0, 1, 2, 3, and 4 

V7I+i -V7I+i 
oo. a 5 
37 ee 39s. —3 — 2 


Exercises 4.6 
5. Let C and D be positive cuts. Then C # @ and D # ©: so there exist rational numbers 


c and d such that c € C and d € D. Then cd € CD, proving that CD # @. Also c € C 
implies c > 0 because C is positive, and likewise d € D implies d > 0. Hence if x € CD, 
then x > 0, so thatO €¢ CD. Thus CD # Q. 


7. Let C and D be positive cuts. Then there exist positive rational numbers r and s such 


25. 
27. 
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9. 
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15. 
15. 


17. 
Zhe 
25. 
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29. 
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43. 


Answers to Selected Exercises 431 


that r ¢ C ands ¢ D. We will show that the positive rational number rs does not 
belong to CD. Assume that rs © CD. Then rs = xy for some x € C and some aS") 
Now r < x, for otherwise x € C and r = x imply r € C. Likewise s < y. Hence 
rs < xy = rs, a contradiction. Therefore rs ¢ CD, proving that CD is positive. 
Leme,. = {ff € QO r>noihenC,NCL1...NCN..o= O is nota cut. 


Define CD = —(—C)(D). 


(a) 5 (b)8 (ce) -V2 3. (a) 9 (b) —0.07 (ce) 5 
a 0 th) —3 Ac) —3 7. (a) 7 (b) 4 (c) 0 


5x* + 2x° — 3x, 10x’ — 6x‘ 

5x° + (V3 — 1x + (V2 — 4), 5V3x — (20 + V3)" + (4+ V6)x — 4V2 
x? + x* ey (1), x"! + x 4 54 3 

bie i+ Dilsizk +x +x + [Six 

Equal 19. Not equal 

Not equal 23. Equal 


2x* + x7 + 3 and —-2x* + x 

x, x + [1], xe + [2], 7? + x, x? + (2b, x? + x4 [1], x? + x + [2], x7 + (2) + [1], 
x + [2)x + [2], (2b°, (2b2 + [1], (2) + [2], [2}2 + x, (2)? + (2b, [2}°? + x + [1], 
[2p? + x + [2], [2h + [2]x + [1], (2)? + [2x + [2] 


(n — 1)n™ 


The definition of addition in R[x] 
Let u(x), v(x), w(x) © R[x]. These polynomials can be expressed as 
u(x) = a,x” + °°: + a,x + Qo, v(x) = bpx™ + -:> + bx + bo, 
and 
Mie) nce + Cn” ee + Ot + Co. 


For0 <k<=m +n, the coefficient of “ in u(x)[v(x) + w(x] is 


ap(b, + c,) + a; (by-, + Ce-) + °° > + ailbo + Co) 
— (a,b; i AgC,) a (a,b, } + AC, 1) ip eC + (abo + QC) 
= (apy + a\b,-; + ° + ado) + (aoc, + ayce=, + °** + AyCo), 


which is the coefficient of x’ in u(x)v(x) + u(xyw(x). Since the degree of the polynomials 
u(x)[v(x) + wix)} and u(x)v(x) + ulx)w(x) is the same, it follows _ that 
u(x)[vQx) + w0d)] = ulx)v(x) + ulx)w(x). 

A zero divisor in 2,4[x] is a nonzero polynomial in which the coetficient of each term is 


either [0] or [2]. 
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Exercises 5.2 


15. 


17. 
19. 
21. 


23. 


25. 
33. 


Exercises 5.3 


g(x) = Sx* — x — 2x? + 4x + 13, r(x) = 20 - 27x +1 
go=axtxrtxrtxr,r@=axrt+xt [1 
q(x) = (2)? + x + [2], rx) = x + [2] 
g(x) = 3x7 + VOr -— V2x + 1, rx) = (5 + V2)x +: TV3 
q(x) = 2° +x +7, r(x) = 14 
ga) = 4 Far — x — 2, re) 1 
g(x) = —x' + x — 40° + x — 6, r(x) = 40 
ec! tlle eee 
Nera 5% aie ie ee A 
x — 5x + 2, ux) = 1, vO) = -—2r - 1 
x+x+ [1], ud) = 1, va) = —x 
x’ + 1, u(x) = x*, v(x) = -x* - 1 


x 1, u(x) ee (x) Pe 
pte) 3 53 oP Sy Gg) Se = 
x Ux 3 3 3" 3 


= ({2)x + (5))(5}e — [2]}) in 2holx) 
Let a and b be the leading coefficients of u(x) and v(x). respectively. Then u(x) = @ ‘u(x) 
and v’(x) = b 'v(x) are monic polynomials in Fix] of degrees m and n. The leading 
coefficient of u(x)v(x) is ab, but u(x)v(x) = p(x) is monic. Hence ab = 1, and so 
a'b"' = (ba)' = (ab)' = 1"' = 1. Thus 


u'(x)v'(x) = [a 'u(x)}[b 'vQ)] = ab u(x) = 1 - p(x) = par). 


1. [1] is a root of multiplicity 1 

3. [0], [1], [3], and [4] are roots of multiplicity | 

5. —3, —2, 2, and 3 are roots of multiplicity | 

7. V2 and —2V2 are roots of multiplicity 1 

9% & — [1D@ — [2) ll. &@ — [1)@ —(2@— [3e — (4) 
13. (x — [1])° 15. (x + 1) + 20x — -2)Q" + 4) 

18. Let F be a field and p(x) a polynomial of degree 2 or 3 over F. Hc is a root of pir). 


19. 
23. 
27. 


then the factor theorem guarantees that x ~ ¢ 1s a factor of par). Hence pir) is not 
irreducible. Thus if p(x) is irreducible, then pia) has no roots. Conversely. if pO) is not 
irreducible, then p(v) = u(y)v(x) tor some polynomials wi), va) € Fla] with positive 
degree. Since p(x) has degree 2 or 3, Theorem 5.2 implies that wv) or vv) has degree 
1. Thus Exercise 36 of Section 5.2 shows that p(x) has a root. 


(Go iP) 21. (& = 13) 
Irreducible 25. (x — [6])(Qx? — [5]}x — [8]) 
xe +1=( —- [2)@ — [3]) in Sx] 


299. xP +x =x00+ [ID=O- ES WEs — |S) tt Sadia 


Se 


33. 
45. 


(a) 3(x? + 2)(x? — 2) (b) 3@’ + 2) + V2) — V2) 
(c) 3 + iV2) — iV 2)x + V2) - V2) 
20 


Let uy(x), u(x), . . .. u(x) be the distinct monic irreducible polynomials in F[x] that 
divide p(x) or q(x). Write p(x) and g(x) in the form 


Exercises 5.4 
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P(x) = auy(x)"uy(x)” uy) — and — g(x) = buy (x) (x)... u(x)", 


WHETE'? |. Ton... -. SigeSieuday . . ausmare nonnegative integers, and let m, be the smaller of 
r, and s; for 1 = i = k. Then the greatest common divisor of p(x) and q(x) is 


Ni) aay... Sa. 


NW oneeel Aeae7/ 

Seieeee, 0, 10, 2 1/9 2/3) 25/3, 10/3, £1/9, £2/9) +5 /SeeO9 

5. 3/4 and —1 are roots of multiplicity one 

7. 1/3 is a root of multiplicity two, and —4 is a root of multiplicity one 

9. ~—2 is a root of multiplicity three, and | is a root of multiplicity one 

11. —1 is a root of multiplicity three, and 3 is a root of multiplicity one 

17. c = 5k, where k is an odd integer 19. c = 1 + 3k, where & is an integer 
a. (ae + thee + Qi — 2) 23 — Nye — 4x ee) 
oe (+ DG? +2+ DO — x + 1) 2700 Fae 2 xt 2) 
38. Let h: = — —,, be the function defined by A(z) = [z]. Then by Example | in Section 


Exercise 5.5 


3.6, h is a homomorphism. Hence by Exercise 44 in Section 5.1 the function 
H: <{x] — =,[x] defined by H(p(x)) = p(x) is a homomorphism. It follows that if 
P(x) = u(x)v(x) in 2[x], then 


P(x) = A(p(x)) = H(u@)v(x)) = A(u(x))AW()) = uv) v(x) in Z,,[x]. 


Now suppose that p(x) © —[x], that p(x) is irreducible in =,,[x], and m does not divide 
the leading coefficient of p(x). Assume that p(x) is not irreducible in Q[x]. Then there 
exist polynomials u,(x). v(x) © Q{x] of positive degrees such that p(x) = u,(x)v\(x). By 
Theorem 5.12 there exist polynomials u(x), v(x) €© [x] of positive degrees such that 
p(x) = u(x)v(x). Thus p(x) = a(x)v(x). Since p(x) is irreducible in Z,,[x], a(x) or V(x) 
must have degree zero. Now u(x) = b,x + +++ + byx + bo for some k > 0. Note that 
b, must divide the leading coefficient of pOx) = u(x)v(x). Since m does not divide the 
leading coefficient of p(x), it follows that m does not divide b,. Thus a(x) has degree 
k > 0. A similar argument shows that v(x) has positive degree. This contradiction proves 
that p(x) must be irreducible in Q[x]. 


13+ V6 3. No real roots §. -5 + V34 
=5+VI17 33 + V/93 
sig, a an 8 9. No real roots 1 A=— 
4 6 
Was 3/2, V2 15. 2, -V5 17. 5 — 2i,2 - 4i 
ios —2 —si 5 — 2 21.5 - 31,3 +13 23. 2 -—i, -5 + 3i 


. (a) 402 — 5) (b) 40x + V'5)(x — V5) (€) Same as (b) 

. (a) —20¢ — 4x + 5) (b) Same as (a) (c) —20e —-2- )xX- 2+ 1) 

. (a) (1/2)(x — 5)(x + 2) (b) Same as (a) (c) Same as (a) 

(a) (x + I(x — 2)? — 3) (b) (& + D(x — 290 + V3)x — V3) (©) Same as (b) 
. (a) —50° — 2) (b) —S(Qx — 2V2)(0? 4 V2x + >V/4) 


_ NOP SN/108 4/2 °0/108 
(ey) SSgy = Ny A(« a rs i)| —j 


A oS Saati 
“<5 | 9 
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35. (a) (1/4)(x2 + 9)? (b) Same as (a) (ce) (1/4)(x + 38)*(x — 3i)° 
37. (a) (« + 1°? — x +1) (b) Same as (a) 
(c) « + v(x a= )(: 2m 2) 
22 2° 2 
39. (a) Irreducible (b) (xX? + V2x + 1)0? — V2x + 1) 
V2 Ne 5h VO V2 Ne 12 
© (-F-Py( | Yer $+) 
2 2 
41. x + 4x + 29 


45. Let p(x) = a,x" + +++ + ax + ao © ‘R[x] be a polynomial of degree 1 having only 
nonnegative coefficients. If c is a positive real number, then 


SP ee eee 


2 2 2 


P(c) = a,c" +++: + ac+ a2a,c">0 


because a, ~ 0. Thus c is not a root of p(x), and so p(x) has no positive roots. Similarly. 
if all the coefficients of p(x) are nonpositive, then 


p(c) = a,c” + +++ + ac + ag S a,c" < 0, 
so that p(x) has no positive roots. 


Exercises 5.6 
17. No 23. No 
25. (a) By De Moivre’s theorem we have 


z’ = cos 70 + isin 70 = cos 360° + isin 360° = J. 


So z is aroot of x’ —-lL=(@—- Dab+ xr 424+ 84+ 2 4+ 4+ 1). 
(b) Since z ¥ 1, (a) implies that z is a root of x° + x + x4 + x + x? +x 4+ 1. So 


l epee A PFS Fw ee |] 


om l l 
2 Pe lt et ae : a0, 


(c) Since 


to | — 


il 


3 
(24 32 + = 


+ 
l= 
—— 
& 
—_ 
ry 
+ 
ty 
+ 
ae 
——— 
| 
to 
imma 
ta 
+ 
‘o[e 
[=e 
| 


rot 


(d 


— 


—_ 


(e 


(f) 
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by (b). Therefore y is a root of x° + x? - 2x - 1. 
From (c) we have y = 2 cos 0. If y is a constructible number, then cos 6 is a 
constructible number. and hence 


sin 8 = V1 — cos’ 6 


is a constructible number. Thus by Exercise 19, an angle with measure 6 is con- 
structible. Conversely, if an angle with measure @ is constructible, then cos @ is a 
constructible number by Exercise 19. Hence y = 2 cos 8 is a constructible number. 


It follows from the rational root theorem that x’ + x? — 2x — 1 has no rational roots 
and so is irreducible over Q. Hence (c) and the Corollary to Theorein 5.20 imply 
that y is not a constructible number. 


Since y = 2 cos 6 and y is not a constructible number, neither is cos 8 = cos 360°/7. 
Thus Exercise 24 shows that it is not possible to construct a regular 7-sided polygon 
with straightedge and compass. 


3. No 5. No Ue 8 
11. Wes 13. Yes 15. No 
, 2, (ear J, hae 24g i, BI se Ne A ce 


moan rtoree + 1, Pe se, oe et i, oC, P+ 1, ee et eee Se 
Pe dele + Pe tt + 
25. r +1 27. t+ 1 29. ° +2 31.2 +21+2 


r+ 0 1 t rt] 
rae | 0 0 0 0 
t 1 0 l t =P | 
1 t 0 t l ap jl 
0 eo Il 0 tet r+ 
t+ ¢? rt+i Coat r+teti 
t+ 1 r P+ rP+t eP+et 
fi i - m f CP ee | rte 
| P+e Pttti a P+) 
9) eer t (wet re t ta 
ee oer] ) | t red 
rte 1 0 t+ 1 t 
P+ t t+] 0 ] 
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: @ 
0 0 0 te) 0 0 0 0 : 0 
1 0 1 t tial i fr | f+t Fre 
t 0 t i rP+t 1 fae C41 “Fete 
ae 0 on fee Perr + rP+t t+] 0 
e 0 r 1 P+ t ae ot) t+1 F441 
P+ 0 Daca ct 4 vine a re gal f+ 0 
mr st 0 P+t P+ t+1 t+1 r+ Pt+t 1) 
P+ttl 0 P+rt+iPrt+et+i 0 f+r+ i 0 0 P+ri+} 
IT. 
41. Let v(x) = u(x)w(x) in F[x] and f(x) = g(x) (mod v(x)). Then there exists q(x) © F[x} 
such that 
f(x) — g(x) = q@x)v(x). 
Hence 


45. The elements of ‘R[x]/(x’) have the form ar + b, where a, b © ‘R and1 


Exercises 6.2 


f(x) — g(x) = [qx)w(x)Ju(x), 
so that u(x) divides f(x) — g(x). Thus fix) = g(x) (mod u(x)). 


{x]. These 
elements are added and multiplied by the rules 


(at + b) + (ct +d) =(a+c)t+(b+d) and (at + b\ct + d) = (ad + bce) + bd. 


7. {0}, {0, 3}, {0, 2, 4}, and % 


it xcrleethent: 


x+0€E1+ J. Hence] C1 + J, and similarly J C 7 + J. In 
particularly, Oe €/ C2 + J. Letr,s E+ J. Thenr = u + v ands = x + y for some 
u, x © J and some v, y € J. Since u — x € J and v — y € J, we have 


ros = e+ vy = (x + yee ay (vie 
If a E R, then 
ar=a(u+v)=aut+avEl+ J 


because au € / and av € J. Likewise ra € 7 + J. Thus /] + J is an ideal of R. 


15. The ideals have the form (m) ® (n) for some nonnegative integers m and n. 


25. Let R = Mo x2(‘R) and a 


ae 


0 al and define § = {ra: r € ‘R}. Then 


les 


0 


0 0 


but 


Therefore S is not an ideal of R. 
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29. For any integer m = 2, Example 1 shows that {km: k € 2} is an ideal of Z. Then for 
any x, y © ~ we have x = y (mod /) if and only if x — y € /, that is, if and only if 
x — y = km for some k € Z. Hence x = y (mod J) if and only if x = y (mod m). 


Exercises 6.3 
17. The ring R/I is isomorphic to Z. 
25. Letr. s & R. Then 
nets) = (Fr +s) +1, +s) + J) 
=NGer ay Got 1), (7 J) > (sa) 
= (7 a JG? ae dd) ae OG arf Se ap) 
= h(r) + h(s) 


and 


h(rs) = (rs + I,rs + J) 
=(7r + Dst+D), 7 + JD + J) 
= (7 ar [te ar JING ap GS ae oD) 
= h(r)h(s). 
39. (3) = {0, 3, 6, 9} and (2) = {0, 2, 4, 6, 8, 10} 
41. If R/I is a field, then J is a maximal ideal of R. However, {0} is a maximal ideal of 


Mo,.('R) by Exercise 44 of Section 6.2, but M22(‘R)/{O} is isomorphic to .,,.(‘R), which 
is not a field. 


Exercises 6.4 


lee = 5 aa. 5 5. x’ — 6x + 10 
7, 2 = 2V2x +3 9x -— 7 
11. x4 — 16° + 4 13. x‘ — 10x? + 15 


15. V3 + 2V/72 is a root of x° — 9x* + 27x’ — 29. 
17. The elements of Q(7) have the form 


a,w" + a,-\w" | +--+: + a; + ay 
baw bea eet byt + Dy 
Penner. @.tiy,. «> domOmeOmnis ++-» Op Sa and b,, # 0. 


19, p(x) = x = 2x7 - 2 
272 N72 


Doma Owed, act | 


(b) =f 0 | a a+] 
0 0 l a mor | 

] ] 0) ai a | a 

a a ae | 0) I 

at 1 a ar il a I 0 
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31. The minimal polynomial of ab over F is x” + Cp-Ox" | +... + yb" 'x + cob" if ab # 
0, and it is x if ab = 0. : 

35. Let a © K be algebraic over E, and let p(x) € E[x] be the minimal polynomial of a over 
E. Since E C F, we have p(x) € F[x]. Hence a is algebraic over F. Furthermore, by 
Theorem 6.14 the minimal polynomial of a over F divides p(x) in F[x]. 


_ Exercises 6.5 


1 Ue | be S22 
Tas Sort 

13. 1 + 1 # ¢ for any integer k 

1S. t-7 1 


Wet+xt+1l=a-)a-PYa-er-d 
19. P®-—x=xe — Da -OA@-—t-Da-Pa-P-DYa-P-Na-P-t-DY 
23. 


0 0 0 0 0 0 0 0 0 0 
1 0 1 2 t t+1 t+2 2t 22+ 1 21+ 2 
2 0 2 1 2t 21 2 ee) f t+2 Gan | 
t 0 t 2t a+ | 1 t+] t+ 2 21 +2 2 
t+1 0 ae Ql PISS 2 1 fea 7 2t 2: t 2r + | 
[pap 2 0 Gop Ps Pree tI t+ 1 2 2 24h 32 92 ] t 
2t 0 2t t Mane 2 2 2+ 2 9281 t+ 1 1 
72) oe | 0 AX | fete PTE ae t | fase || 2 2 
243 Ge B2 0 2h tee tl 2 2+ 1 t 1 2r t+2 


25. The addition table is the same as that for Exercise 35 of Section 6.1. The multiplication 
table is as follows. 


0 1 t t+1 @ rP +i ft 0 toed 
0 0 ) 0 0 0 0 0 0 
1 0 1 t tt+1 Pr P+ P+: f+44+1 
t 0 t cr rP+t P+1 P+eti 1 t+ 
P tal 0 ren fo tat P+) 1 t oP £44 ? 
cr 0 or P+) i P+te+] tt t Pa 
eae O fr+1 f+t4+1 t t+1 oe r 1 
+t UT sen 1 P+rti t P Pa P+ 
P+rtt+1 Ou Seti Fen i fla a 1 r+ t 


27. 


J. 


CHAPTER 7 


Exercises 7.1 
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We will prove that (i) implies (ii), (ii) implies (iii), and (iii) implies (i). Assume that (i) 
is true, and let p(x) € F[x] be a polynomial of positive degree. By Theorem 5.10 we 
can write p(x) as a product of irreducible polynomials, which by (i) must be of degree 
1. If ax — b is one of these polynomials, then a '‘b is a root of P(x) in F[x], proving 
(ii). 

Now assume that (1i) is true, and let q(x) © F[x] be a polynomial of positive degree. 
Write q(x) as a product of irreducible polynomials as in Theorem 5.10. Since each of 
these polynomials has a root in F by (ii), each polynomial must have degree 1 in order 
to be irreducible. Thus q(x) splits in Fx], proving (iii). 

Finally, assume (iii). Let v(x) © F[x] be an irreducible polynomial. Since v(x) splits 
in F[x] by (iii), it must have degree 1 in order to be irreducible. Thus (i) is true. 


The function g: Z,[x]/(x*? + x + 1) Z,[x]/(e + x7 + 1) defined by 
ep) + +x4+ 1) =pat D+ tx +1), 
that is, 
g(ar + bt +c) =ar + bt+(at+b+o), 


is an isomorphism. 


lees 


. Gz fails 
. G,, G3, Gs fail 
5 Go, G3, G, fail 


Yes 


° G, fails 
» Gy, Gartail 
pes 


N H T Xx Y D, OD, 
N H if X 1 D, OD, 
Q it N Ds» 7) X if 
H N Q ye X D D, 
if Q o DD Y x 
X Y D, N H Q if 
yi X dD, H N ip Qv 
D, Dj Y D, x if Q N H 
D, D, x D, Le Q o H N 
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25. 120 
29. 


(1] SB) lig? 
[3] [3] (9) ( 7) 
[7] 7] UL Se 13) 
[9] 9} (7) BB) {i 


31. To show that Li, is well-defined, we must show that if [x] = [y] in =,. then ged(x. n) = 
1 if and only if gcd(y, n) = 1. But by Exercise 34 of Section 3.5 gcd(x. nm) = | if and 
only if [x] has a multiplicative inverse in 2,, and this clearly depends only on the equiv- 
alence class and not its representative. 

Now U,, is closed under multiplication by Exercise 51 of Section 2.1. Muluplication 
is associative because <, is a ring, and [1] is the identity of l/,. We have already seen 
that each element [x] in U,, has a multiplicative inverse [y] in =,. and since {v]7' = [x). 
then [y] € U, also. 


33. {N}, {N, H}, Rs 


Exercises 7.2 


127 
3. X 
i 
7. 3 
9.40) ' = D,' = De XO = XT =p 
it. 
€ @ 

e € a 

a ae 
13. 


1s: 


jee 
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20. Suppose G is a non-Abelian group of order 5. Then G contains elements a and b such 
that ab # ba. Neither a nor b can be e, and a and b are not inverses of each other, so 
ab # a # ba and ab # b # ba. Thus the distinct elements of G are e, a, b, c, and d, 
where c = ab and d = ba. Note that ca = aba = ad. If we had ca = ad = e, then both 
c and d would be inverses of a, contradicting c * d. But a must have some inverse; it 
must be a itself. Also ca = ad cannot be a, c, d or e, so ca = b. But then d = ba = 
(ca)a = ca* = c, contrary to our assumption. 

21. e(bc) = be = (eb)c, alec) = ac = (ae)c, a(be) = ab = (ab)e 

23. The nonzero real numbers under multiplication. 

25. No 

272 NGS 

29. No 

31. No 

33. No 

355 Yes 


a7. 


element 


order 


39. element [1] [2] [4] [5] | [7] | (8] | 
order | 6 3 6 3 z 


41. [1), [3], [7], [9] 
Aaa(2),. [5] 
Sexe” = (x> 


1 


" 
A x | 1 
f(x) 1 
ae | 1 | 2 : 3 
fo | ol 4 aa oe 


Exercises 7.3 
1 


> 


in 
N 
tN 


I so St 
> YN + 


13.08 


42. Suppose G is a finite group and H is a nonempty subset closed under the group -sirecubiil 
Let x € H. Since G is finite, x must have finite order, so x” = e for some n € 2°. Thus 
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Exercises 7.4 
1. 


3. 
Ae 
10: 
ue 
11. 
13. 


AS. 
Mp 


19. 


PAE 
23. 
25. 
27. 
29. 
al. 
AR 
35. 
eu: 


Exercises 7.5 


i: 


e EH. Also (""')x = e, sox’ = x ' EH. Since H satisfies G, through G,, it is a 
subgroup. 


{0}, [3], [6], (90}, {{1], [4], [7], (10]}, {[23, (5), (8), (11)} 

iN, Ht, {Q, Th 

{1, y, v°, v3 fy, v*, y’} fy’, y°, y°}, where y = cos 40° + i sin 40° 
{N, Y}, {Q, Di}, {H, X}, {T, Da} 

{{1], [4], (73}, {(2], [8]. [5]} 

(EVEN) a ea) aaa 


Right: {e, c}, {a, g}, {b, d} 
Left: {e, c}, {a, d}, {b, g} 


11 
101 


n 21 | 22 | 234 24 | 25) | 268 | 027 | 2see 29 iso 


p(n) 12 WON eee 8 20° Vt2 + 18 Tt 2 aes 8 


{7], [14], [21], [28] 

4 

4 

12 

p(1) + (2) + o(4) + @(7) + (14) + 9728) = 14+14+2+6+6+ 12 = 28 


8 if 15 divides n, none otherwise 


bey ei 

F(u) = ux"'y 

The order of U, is p ~— 1 by Exercise 35 of Section 7.3. Since p does not divide n, 
[n] € U,. Then [n}’"' = [n?~'] = [1] by the previous exercise. This means that 


n’-' = | (mod p). 


Same as in Example 3. 


3. Same as in Example 2. 
5 
7 


. 1,R,M,, and M;, where R ts a rotation throught 180°, M, is reflection in the line seyment 


I and M,, where M, is reflection in the line of symmetry of the triangle. 


through the middle of the figure, and M) is reflection in the perpendicular bisector of 
the segment just mentioned. 


. 1, R, R’, and R’, where R is a rotation through 90°. . 
. MR’ 
oe 
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MR? MR*> MR* M MR MR? R?2 R> Rt #f R 
MR* MR* M MR MR? MR> R-~ R* R R* J 


i: 


19 


Zi 
23: 
26. 


ver 


Lee 


ila 

1 fa 

Since by definition F is a one-to-one correspondence of the plane onto itself, F™' exists 
and is a one-to-one correspondence of the plane onto itself by Theorem 1.4. Let P and 
Q be points, and suppose F ' takes P into R and Q into S. Then F takes R into P and 
S into Q. Since F is an isometry, the distance between P and Q is the same as the distance 
between R and S. Thus F ' is an isometry. 


as y7T)y =i 
Mil 
& - a’)x + 2al(c — by) (a - b’yy + 2b(c — =) 
a+b’ a + b’ 
CHAPTER 8 


Exercises 8.1 


il 


S44 
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3 
| 
a bed 
pi tl (ay Ce 
5. 
2 334m 
2, 3-050 
Oe 
1 <2 3. 5a0s 
3° 5. 1 24 
9. 
A BC D\iAce C DwilA Bac D) (4 Ba 4 
A BC D/*\—R C B APNEA D ChReID se 
11. 
€ (12) (13),—s« (23)—Ss«(123)—Ss« (1322) 
€ E (12) (13) @23)—s(123)~—s (12) 
(12) (12) € (123) @32) @3 (23) 
(13) (13) (132) € (123) (23) (12) 
(23) (23) 123) “4s2) E (12) (13) 
(123) (123) (23)~—Ss (12) (13) (132) € 
(132) (132) (13). "3 (12) £ (123) 
rey 
ig (3) [5] ay 
Sas a A I 
15. 20 
17. n(n — 1)/2 
19. 
1 aad 3) 
3 2 aos 
at: 
ete a 4 *) 
2 VGaiiese4 
By 


ieee a 
An lee 4 Sea 
97.235 46) 
29. (1 4)(2 5 3) 


ot. 
33. 
36. 


45. 


Exercises 8.2 


({0], 


[0}) 


([1], [0}) 


({O}, 
({1], 
({0}, 
({1], 
({0}, 
({1], 


(1}) 
[1}) 
[2}) 
[2]) 
(3]) 
[3]}) 


({0}, [0}) ¢{1], [0]) 
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(3 2)(1 2)(6 2) 
(1 4)(3 4)(5 4)(2 4) 
Let (a; a) ... a,) = 7)T ... T%, where 7; is a transposition for 1 <= i = k. Suppose 7; = 


(a b), but that 1, does not move a or b if j # i. Then (a, a ... a,) interchanges a and 
b. This is impossible because r > 2. 


(a, (oo a) 


- Isomorphism 

. Not a homomorphism 

- Not a homomorphism 

- Homomorphism, not an isomorphism 
- Not a homomorphism 

. Isomorphism 

. Homomorphism, not an isomorphism 
. The even integers, {0} 

. {{0], [2], [4)}, all multiples of 3 

- {(0], [2], [4]}, {[0], [3]} 

~ {[1]}, Us 

- Up, {{1}} 

bay 1EF 

a7. 
Zo: 
({0], 


R \ {0}, {z € C: |z| = 1} 


({1], [0])  ({0], (1) 


({0}, (1) 


[0}) ({0}, [2}) 


({0}, (21) 


((1], [2p 
({1}, (2) 


({0}, [3}) 
({0}, (3) 


((1], 


({1], 


((1J, (0}) (0), (0)) (CH, 1) (0), 11) EN, (2) 0), (2) 1), BD (0), 


(0), (1)) (01), (1) = (0), (2}) 0), (2) = 0), (3) 1), (3) = 0}, (0), 
(1.0) 0,0) (i, 2) €0),2D di, GB) 0), 3) 1), (0) (0d), 
((0},(2)) (f1), (2) =((0], 3) »3=1), BY =O), (0}) (1), (0) = (0), 1D. 
(1), (2) (0), (2) (BD) = (£0), (3 AN), FOL) = (f0}, (0) (1), 11) 0), 
((0}, (3) (1), (3) 0), (0) ({11, (0) (10), 1), OD OL, 2D), 
((1J, (3)) (0), (3) (1), (0) §= 0}, (0) =), D0}, 11), 2D {0}, 
SI. 
(11,0) (3,0) (i. 2) 3), 2) 
(1), (1) (14,0) (3).0D di. pd (3), 2) 
((3], (1) ((3], 01) (i, OD 3), (2) (ny. (2) 
({1}, (2) 1}, (2) (3), (2D) (CH, OD 3), OD 
((3], [2D ((3), (21) (01), (2) 93}, 1D (EN, OD 
33. S3 


35. {{1), [2]. [4], [8], [9], {13}, (15), (16]} 
48. Let gcd(m, n) = d > 1. We will show that if x € G PH, then the order of x is less 


(3}) 


(3)) 
[0]) 
[0]) 
[1)) 
(1) 
[2}) 
(2]) 
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than or equal to mn/d. This will show that G ® H is not cyclic, since |G ® H| = mn. 


Let e and f be the identities of G and H, respectively. We know that g” = e and h" = 
f whenever g € G andh € H. Let x.= (g, h) © G GH. Then 


xls — (9, hy" = Sey an ae ot es 


and this is the identity of G ® H. Thus the order of x is no more than mn/d by Theorem 
7. 


Exercises 8.3 


1. Normal 
3. Normal 
5. Not normal; (1 2 4)H # A(1 2 4) 


me le el eel 
7. Not normal; F Ales peas | 


9. Normal 


H H A3] A{5] A{7) 
A[3} Al3] H A{7) H{5] 
ALS} AS] ALT] H H{3) 
A{7] A{7) ATS] A[3] H 
15% 
MUo2 3) HB 21) 
H AU 2 3). HGR) 
H(1 2 3) AC 23) WS asa2 1} H 
HG zal) Jolie) % My; H Al 2 3) 
17. 
H A(~1) 
H H HMt=1) 


elise!) (= 1) H 


35. H,, since (HM)? = (HT)? = (HMTY = H 


36. Let H and K be normal subgroups of G. Then HO K is a subgroup by Theorem 8.7. 
Let g € G, and let x € g(H M K). Then x = gt, where t © HO K. Thus x € gH and 


Exercises 8.4 


33. 


Exercises 8.5 
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x € gk. Since H and K are normal, x € Hg and x € Kg by Theorem 8.8. Sox = hg = kg, 
where h © H and k € K. By cancellation hh = k€@ HO K. Thus x € (H 1 K)g. Then 
by Theorem 8.8, H M K is normal in G. 


SS 7 


Se ae | 


None 

Ih Si W7fs Sol 

Mees) On gla 2142 
2. 45 


~ evn Zens 21); <1 2 3), (13.2), (1 2.4), (1:4 2), (1 34), (1 43), 2 34) 43) 


are themselves 3-cycles; (1 2)(3 4) = (1 2 3)(3 1 4); (1 3)(2 4) = (1 3 2)(2 1 4); 
(1 4)(2 3) = (1 4 2)@2 I 3) 


3 
a 
. K =U, T = 8*, (C\ (0) /U = ®* via f(U(a + bd) = a’ + 


K = 8", T = U, (C\ (0})/R* = U via f(R*z) = z/\z| 


. K = {[0}, [5], [10}}, 7 = {[0], [3], [6], (9), [12]}, 2is/K = T via f(K + [x]) = [6x] 


K ={1, —1,i, —i}, T=C\ {0}, (C\ (O)/{1, -1, i, -H=C\ {O} viaf({1, —1, i, —dz) = 2° 


. Let KH = {kh: k © K and h € H}. Clearly e © KH. Suppose x and y are in KH. Say 


x= kh, y = koh, with k, and k, in K and h, and A, in H. Then xy! = (k,h\)(koh2) | 
= khh, 'k, | = khjk,', where h; © H. Then h3k,' € hyK = Khy, since K is normal. 
Thus hjk, ' = ksh;, where k; © K. Then xy | = k,k3h, © KH. Thus KH is a subgroup 
by Theorem 7.5. 


G = S;, H = {e, (12)}, K = {e, (13)} 


1. Ho = S3, A, = {e, (123), (132)}, A. = {e} 

Bie | 

Se 2 

ip, 2 

9. The identity function and a such that a(a + bV/2) = a — bV2, a and b in Q. 


. Yes; |((1 2), (1 2345 6))| = 24 

. Hy = As, Hy = {e, (1 2)3 4), (1 3)(2 4), (1 4)(2 3)}, Ws = {eh 

. A= —b/3 

. Take A in Exercise 20 to be the set of all automorphisms of E. Then according to that 


exercise the set F’ of elements of E fixed by all elements of A is a subfield of EF. But 
the prime field F is by definition the intersection of all subfields of E, and so F € i 
Then if a is an automorphism of E, a fixes all elements of F', and so all elements of 


F. Thus a © G(E/F). 
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CHAPTER 9 


Exercises 9.1 
I. 


Se 
2: 


41. 


Exercises 9.2 


011110 001001 
100111 OO ict 
TUG 


Be + I 
. 6(.01)(.99)° ~ .05706 


p=2/9 


as ielane @ 
_ 4/7 
rae 


4 


a ae ea 
Cie ae ee a 


FP POno mo 
- 1100 


np(1 —_ p)”' 


10/000 21 
001001 


. Suppose d = m + |. Let the codeword c be sent and ¢’ received. where c’ = c. An 


error will be detected unless c' is also a codeword. But in this case d(c’. c) =m + 1. 
Thus there must be more than m wrong digits. 


Suppose d < m + 1. Then there exist codewords ¢, and c, such that d(c,, ¢2) S m. Thus 
c, and c, differ in m or fewer digits. Then by changing these digits ¢, can be sent and 
c, received. This contradicts the assumption that all errors in m or fewer digits can be 


detected. 


SO O10) 
.(0111 1) 
. 110110) 


Yes 
Yes 


: Yes 
uae eves: 


i? 


15. 


[00000 0} 


[10000 0} 
(010000) 
(001000) 
[00010090] 
(00001 0) 
(00000 1j 


[110000] 
1101000] 
[100100] 
[10001 0} 
(000001) 
[011000] 
(010010) 
(001100) 
(00011 0} 


19, 01 
21. O01 


33. Let the sum of the elements of 2,” be [a, a)... 
number of elements [b, b2 .. 
be 0 or 1, kK = 2””"', which is even for n > 


a,=...=a, = 0. 
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ie 


(00000) 


[10000] 
(01000) 
(00100) 
(00010) 
foo0001] 
[11000] 
[10100] 
[10010] 
[10001] 
[01100] 
[01010] 
(01001) 
[00110] 
(00101) 
(00011) 


Ie Lea 


HOS TGF 2 


0 


Ses 


Qo o 0O'=— © 


(010101) 


[110101] 
(000101} 
f(O11101] 
f(01000]] 
(010111) 
(010100) 


[100101] 
(yt on 
[110001] 
(110111) 
[110100] 
(001101) 
(00011 4] 
(011001) 
(01001 4] 


11 


Ciatisleipa) 


[01110] 
(10011) 
[10101] 
[10110] 
[11001] 
[11010] 
[11100] 
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(Ore tT] 


[00101 1) 
rout] 
(100011) 
coset} 
(P0100 1) 
{10101 0] 


(Oe O41] 
fo0001 1) 
foolli 1 
f(o01001] 
(001010) 
IS Wino 3 28 
Pele Ot] 
feo Ol Pt] 
reo .1 101) 


1. Thus a, = 


[11119] 


(011110) 
{t Oneil 0] 
(110110) 
(et 1 Onna] 
‘1 i100] 
eid] 


1 Oj 
1 0} 


a,]. Then a, = k(1), where k is the 
. b,] € 2," such that b, = 1. Since by, by, .. 
O, and in the same way a, = 


., 5, can each 
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xoeecucsim| 
Onmoone 
=COoHoo 
Qoorne 
—==—sOCO 
eocooe 
ecoocoo-°o 
ooonco 
Senses 
Oonocoooo 
jm ce coesce 


11. 


0 O 


I 


. 


iS. 


i. 
19. 
21. 
28. 


Exercises 9.4 


nN we 
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Po Oe OO. ft 
O 1 “E 0? O41 
oF 0: Teun ol 
eo OP 0) 1 
oo 0 0 1 1 
foo 0 0 0 
Cow & oO 0 
ew r oC 0 0 
OR Gr hard a0 
070, Om 07 1 0 
€eoeo¢e i 
Loe t..0-0 
Deo. 0. te 
io Oo Oe 1 
tn ft 0 
C ig wa Oo 
Go FQ @ 1 
EQ Oo @ © 
er 0.0 © 
eo } © 0 
eo @ i @ 
(0) (00) 0) 9) 
3 
Carl SO SOR Ome 1) 


oO meioO "OmmOlm(O) ee due te OO] 

Let uw € 23", and consider V(u) and V'(u). The first k digits of each of these are the 
same as u, since the corresponding codes are systematic. But only one element of C, the 
image of W. has its first k digits the same as u. Since V(u) and V'(u) are both in C = 
Cc’. we must have W(u) = V’(u). Thus ¥ = W’. 


@ 1 1] 
© a 

fo oo wl 
nm © 0 Oo 
(1 Oj 

[(O 1] 


452 
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1S, (1 Ui 
17. Coset leader u Syndrome uA* 
(0000 0} {0 0 Oj 
{10000] DE dt ty 
(0 1000] [O 1 O] 
{00 100] [1 0 O} 
[0000 1] {0 0 1] 
[1 1000} [1 0 1] 
[10100] [O 1 1] 
(1000 1] [1 1 0] 
19.52" 
21. ~26 days 
Pe {OL Tu, te (EE 0 
25. n = 14 
27. r= 6 
30. There are 2* — 4 — 1 = 11 subsets of N with more than one element. so k = 11 and 
n= 11+ 4 = 15. Clearly this code is systematic. Note that if u = [u, u2 ... u,) and 
v = [v, v2... %], then Vu + v) = [u, + v, up + v2... uy + Vv; bd, bs b; by), where 
p= 3 (uj; + vj) = > u; + > Vj. 
ES, iés, iES 


Thus Y(u + v) = Vu) + V(r), WV is a homomorphism. the image of VW is 4 subgroup 
of Z,'°, and so the code is linear. 

Let 8, € Z,'' have 1 in position ¢ and 0’s otherwise. Then ¥(5,) = [8, : by by> Bix Bea) 
where b,, = | or 0 according as i € S, or not. Thus by Theorem 9.6 ¥ corresponds to 
the matrix A = [/,, : B], where B is the 11 < 4 matrix [b,,}. Then 


Note that the rows of B are exactly all elements of 2° with mere than one 1, while the 
rows of /, are all such elements with one 1. Thus by definition we have a Hamming 
code. 
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A,, 351, 370 

Abel, Niels Henrik, 341 

Abelian group, 297 

Absolute value of a complex 
number, 172 

Absolute value in an ordered ring, 
137 

Additive inverse, 86, 101 

Algebraic over a field, 277 

Alternating group, 370 

Annihilator of a subset, 269 

Archimedean property of ‘R, 163 

Automorphism, 375 


Binary digit, 384 
Binary operation, 19 
Binomial coefficient, 66 
Binomial theorem, 67 
Block code, 386 


Cc 


C, 18 

Cancellation laws 
of addition, 99 
of multiplication, 120 
in groups, 303 


Cartesian product, 14 
Cauchy sequence, 276 
Characteristic of a ring, 107 
Characteristic zero, 107 
Check matrix, 403 
Check matrix row decoding, 410 
Chinese remainder theorem for rings, 
269 
Circle in a field, 243 
Closure, 16 
Code, 387 
Codeword, 386 
Coding function, 387 
Codomain, 24 
Coefficient of a polynomial, 47, 196 
Commutative ring, 91 
Commuting elements, 304 
Complete ordered ring, 161 
Complex numbers, 18, 168 
Composition of functions, 33 
Conclusion of an implication, 6 
Congruence 
modulo an integer, 78 
modulo a polynomial, 255 
modulo an ideal, 266 
Conjugate of a complex number, 170 
Constant term of a polynomial, 200 
Constructible number, 239 
Containment, 12 
Contrapositive, 4 
Converse. 3 


Coset 

of a ring, 270 

of a group, 320 
Coset decoding, 396 
Coset leader, 395 
Cut, 185 
Cycle, 346 
Cyclic group, 309 


D 


‘Dy 297 
HDe, isi 
d(c,, Cz), 388 
Dedekind, Richard, 84 
Degree of a polynomial, 46, 196 
De Moivre’s theorem, 178 
Derivative, 252 
Descartes’s rule of signs, 253 
Difference of sets, 12 
Difference of elements, 102 
Dihedral group, 331 
Direct isometry, 330 
Direct proof, 6 
Direct sum, 

of rings, 114 

of groups, 354, 358 
Discriminant. 236 
Disjoint sets, 13 
Disjoint cycles, 347 
Distance between codewords. 388 
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Divides, 

i Sy 

i 925 75) 

in R[x], 204 
Division algorithm, 53, 206 
Division in a field, 151 
Divisor, 52, 204 
Domain, 24 
Doubling a cube, 239 
E 
E, 91 
Efficiency, 387 
Eisenstein irreducibility criterion, 

230 

Element of a set, 11 
Empty set, 13 
Equality 

of sets, 11 

of matrices, 45 

of polynomials, 47, 196 
Equivalence class, 43 
Equivalence relation, 41 
Error-correcting code, 386 
Error-detecting code, 386 
Euclid, 51 
Euclidean algorithm, 57, 212 
Euler, Leonhard, 142 
Euler phi-function, 323 
Euler’s theorem, 326 
Evaluation mapping, 216 
Even integer, 6 
Even permutation, 370 
Exponent, 121 
Extension field, 260 


F 
‘F(S), 36 
'F*(S), 36 


Factor, 52, 204 
Factor ring, 270 
Factor theorem, 217 
Factorial notation, 65 
Fermat’s little theorem, 291, 326 
Field of quotients, 156 
Field, 143 
First isomorphism theorem 
for rings, 271 
for groups, 367 
Frieze pattern, 334 
Frobenius mapping, 290 


Function, 24 

Fundamental theorem of algebra, 233 

Fundamental theorem of arithmetic, 
73 


gcd(a, b), 56 

G(E/F), 375 

Galois, Evariste, 341 

Galois field of order p”, 288 

Galois group, 375 

Galois’ theorem, 377 

Gauss, Karl Friedrich, 194 

Gaussian integers, 276 

Gauss’s lemma, 228 

Generalized addition and 
multiplication, 103 

Generator of a group, 309 

Geometric constructions, 239 

Glide reflection, 332 

Greatest common divisor, 56, 82, 
211 

Greatest lower bound, 160 

Group, 297 

of permutations, 344 


H 


Half-turn, 339 
Hamming, Richard, 383 
Hamming code, 413 
Homomorphic image, 273 
Homomorphism, 

of rings, 125 

of groups, 351 
Hypothesis of an implication, 6 


Is, 36 
Ideal, 264 
Idempotent element, 125 
Identity element, 91, 297 
Identity function, 36 
Identity matrix, 91 
Image 

of an element, 24 

of a function, 27 
Implication, 2 
Indeterminate, 196 
Index, 321 
Indirect proof, 8 


Induction hypothesis, 63 
Inductive step, 63 
Infinite order, 308 
Integer, 4 
Integra] domain, 146 
Intersection of sets, 12, 14 
Inverse 

of a function, 35 

of an element, 297 
Irrational cut, 187 
Irrational number, 18 
Irreducible polynomial, 221 
Isometry, 327 
Isomorphic rings, 131 
Isomorphic groups, 312 
Isomorphism 

of rings, 129 

of groups, 312 


K 


(k, n) block code, 386 

Kernel. 
of a ring homomorphism, 265 
of a group homomorphism, 353 


L 


Iem(a, b), 61 
Lagrange, Joseph-Louis, 293 
Lagrange interpolation formula, 252 
Lagrange’s theorem, 321 
Leading coefficient. 47. 196 
Least common multiple, 60 
Least upper bound, 166 
Left cancellation law. 
of addition. 100 
of multiplication, 120 
Left coset, 322 
Left identity element, 124 
Left inverse, 125 
Length of a message word, 386 
Less than or equal to relation, 137 
Less than relation, 136 
Linear code. 393 
Line in a field. 242 
Lower bound, 160 


NERS). 45 
Matrix. 45 
Matrix code. 400 


Maximal ideal, 275 
Message word, 386 
Minimal polynomial, 279 
Monic polynomial, 205 
Multiple, 52, 105, 305 
Multiplication table, 304 
Multiplicative inverse, 119 
Multiplicity of a root, 218 


Pa ad Wd 
Natural homomorphism 
of rings, 271 
of groups, 366 
Natural number, 17 
Negation of a statement, 4 
Negative element, 134 
Noether, Emmy, 254 
Noncommutative ring, 91 
Normal subgroup, 360 


O 


Odd integer, 6 
Odd permutation, 370 
One-to-one correspondence, 34 
One-to-one function, 25 
Onto function, 26 
Opposite isometry, 330 
Order, 
of a group, 304 
of an element, 308 
Ordered ring, 134 


P 


Parity check digit, 385 
Partition, 42 
Permutation, 344 
Point in a field, 242 
Polynomial, 47, 196 
Polynomial function, 201 
induced by a polynomial, 202 
Positive cut, 186 
Positive element, 134 
Power, 305 
Prime 
invest 
in ‘E, 76 
Prime subfield, 284 
Primitive mth root of unity, 192 
Principal ideal generated by a, 266 


Principal nth root, 165 

Principle of mathematical induction, 
63, 71 

Product of polynomials, 197 

Proof, 6 

Proof by contradiction, 8 

Public-key cryptography, 74 


Q 


Q, 17 

Quadratic extension of a field, 241 
Quaternions, 113 

Quotient, 53, 206 

Quotient group, 361 

Quotient ring, 270 


R, 16 
‘Ri 
R,, 296 
R,, 301 
r-cycle, 346 
Radical, 269 
Rational cut, 187 
Rational number, 17 
Rational root theorem, 225 
Real numbers, 16, 184 
Recursive definition, 68 
Reflexive relation, 40 
Relation, 38 
Relatively prime polynomials, 215 
Remainder, 53, 206 
Remainder theorem, 217 
Repeating decimal, 18 
Right cancellation law, 

of addition, 100 

of multiplication, 120 
Right coset, 322 
Right inverse, 125 
Ring, 86 
Ring with identity, 91] 
Root of a polynomial, 216 
Root of unity, 182 


S 
S{x], 47 


S(T), 327 
Sa» 343 
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Second isomorphism theorem 
for rings, 275 
for groups, 382 
Second principle of induction, 71 
Set, 11 
Set operations, 12, 14 
Simple 
extension, 277 
group, 371 
Smallest element in an ordered ring, 
138 
Solvable by radicals, 238, 375 
Solvable group, 377 
Split polynomial, 283 
Splitting field, 375 
Square matrix, 47 
Squaring a circle, 239 
Standard array, 396 
Statement, | 
Subfield, 144 
obtained by adjoining a,, a, .. ., 
an 27 
Subgroup, 307 
generated by g, 308 
generated by x,, X2, - . 
Subring, 110 
Subset, 12 
Sum of polynomials, 196 
Symmetric group, 343 
Symmetric relation, 40 
Symmetry, 327 
Syndrome, 408 
Syndrome decoding, 408 
Synthetic division, 209 
Systematic code, 401 
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Term of a polynomial, 196 
Terminating decimal, 18 
Third isomorphism theorem for 
rings, 275 

Torsion ideal, 292 
Transcendental over a field, 277 
Transitive subgroup, 379 
Transitive relation, 40 
Translation, 332 
Transposition, 347 
Triangle inequality, 

for ¢, 172 

in coding theory, 388 
Trichotomy, 40, 134 


w(c), 394 
ion of sets, 12, 14 Wallpaper patterns, 334 
ique factorization theorem, 222 Weight, 394 


‘Upper bound, 166 Well-defined operations, 90 
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